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ON THE CONVERSE THEOREM OF APPROXIMATION IN
VARIOUS METRICS FOR NONPERIODIC FUNCTIONS

1. Introduction and Preliminaries

The converse theorem of approximation in various metrics £m
periodic functions of several variables was proved in [5]. In this paper we prove
the theorem of representation for the derivative of a function, andiagmove
the analogous converse theorem for-peniodic functions defined on the space

R". In this way we generalize and improve the converse theorem from [4], 6.4.
As usual we say thatafunctioh(x1 X)L (R”),ld: p<a, if

I, =211 o o § -%’ifl”dm <o, x=(x%.%,)
CRrR" + CrR" -
The notions of the best approximation and of the modulus of
smoothness argiven in [2] and [4].

Let g, =0, , (X...%,) n=,..n,), (g,1 Lp), be an entire
function of exponential type?, with respect to the variable; , (i 212,...,n).

The best approximatiorE, . (f), of a function f I Lp(R”) by
entire functions of exponential type is the quantity

Enl,...n ( Inf H f- gnl,...n

The modulus of smoothness of orderof a function f with respect to

the variablex; is the quantity
w(f:a), = (f:0....0,d.0,...0),= sup|D; fH

Ihjed
where
o, f=al- %ef Xpeen g X+ T Xy X,).
The derlvatlve of a functiorf is denoted by symbol
flor) o KT
ux:;:llnl.lx;n

" milostomic@yahoo.com
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Lemmal.l. If A ®0 asi- @ then inequalities hold

2/
(1.1) VA, ¢ g ivtA

j=2/"141

2/
(12) 2(/+1)s '%/ ¢ 225 a iS-lA
i=2/ 141

for / =12,...ands?2 1.

Proof. We have

& it =) e ) e (e e (2
o Therefore

2/
(1.3) UV ¢ F ivt.
i=2/"tq
Since the sequencd is monotonic, (1.1) follows fror(i.3).

Multiplying the inequality (1.1) by 2?° we get the inequality (1.2).
Lemmal.l. has been proved.

Lemmal2 If A®0O asi- =, and s21, then the following
inequality holds

2m 2m1
(1.4) q i*'Ac2*t g i*'A, m=23..
i=2m 141 i=2™ 241

Proof. The following inequalities hold because the sequeAc is
monotonic

2m 2m
(1.5) a it'tAcA.. g i,
j=2™ 141 i=2™ 141
om1 om1
(1.6) a iv'AzA,.. g i,
j=2™ 241 j=2™ 241
We have
2m
& imelrfram
i=2m 141
g 12 (2m-2)5'1 ¢pm2 = pl-2s C'ézm)s'l Cpml
i=2™ 241

14



On the converse theorem of approximation in various metrics fopeadndic functions

From the above two inequalities it follows

2m 2m-1
(1.7) q ivte2*t g ivt.
j=2m™ 141 j=2™ 241

Multiplying the inequality (1.7) by A, and in view of (1.5) and
(1.6), we get (1.2). Lemma 1.2. has been proved.

Remark1.1. Lemmas 1.1. and 1.2. are valid O s<1 also, with
different constantsC = C(S) . So the inequality (1.1) becomes

2/
(1.1) 2V-sA, e 2ot F it'A, (0<s<1).

i=2/"141

2. Theorem of representation

Let g, =0, _, (X, X,): n=,...01,), (g,i Lp), be an entire
function of exponential typer?, with respect to the variablex; , (i :1,2,...,n),
by which the best approximatio, , (f), is achieved, i.e. let

(2.1) Enl,...nn(f)p :Hf - gn1 n
From these entire functiong,, ()(1,...,xn ) we create entire functions
(22) X/ = gz(/+1)|1__2/+1__2(/+1)|n - gznll_z/uzun ’ / :01]-:2,---

for given natural numberi;j ,(j ::L2,...,n) , where |, =1 for a

chosen numberi {1,2,...,n} .

(7 +1)

The functionx, is entire of exponential typ@" ' with respect to

the x; .
Theorem2.1. Let a function f [ Lp(R“) and r; be nonnegative

integer numbers, anq , (j :ZI.,...,n), be natiral numbers, wherk =1 for some

ii {12,...n}.
If the following inequality holds for the best approximation of functibn
-:: -1
(2'3) a % E/q'l../..f'n (f)p <a,

/=1

15
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where
a
(2.4) s = algJ 118 1¢ptqg<ua,
2 p 4=
then the functlonf has derivative f (1) belonging to the space

L, and in the sense df, the equality

(a) 0
(25)  flen) = gli) g g en),
/=0
holds.
Proof. For the sum
(2.6) G,=0,,+ax, ,m=012...
/=0

the equality
(27) Gm = gz(mﬂ)llu2m+1__2(m+1)ln .
holds. In view of (2.1) and (2 7) we conclude that

||f - m” m 1I1 oM+l 2(m+1)ln (f )p
hence, it follows that
(2.8) |f-Gu|,- 0@ m- =,
This means that the equality

(p) A
(2.9) f=g.,+tax
/=0

holds inL,.

In the next step we prove that the equality (2.9) holds inFor x;, we
have

(210) ”X/ ||p ¢ 2Ez“1..2’..2"n (f )P'

Applying the inequality of various metrics of S. M. Nikolsky,
([2],3.3.5.), we obtain

bl ¢ 2° %)2”1 3 IIX/II

hence, in V|ew of (2.10), it follows

OOI
olr
QH—\

1
q

ISEE
:

ar .
@1y |l,< 202" E,L (1),
]1

I OOOI

1€



On the converse theorem of approximation in various metrics fopeadndic functions

We will estimate the sum
t

(2.12) G -G,= §x , m<t,
/=m+l

in the norm Lq .

With the aim of estimating quantitA = |G, - Gm||: we will apply a

method which has been used in several papers. For examplmethod was
applied in papers [3nd[1] (see the estimate of quantity A in Lemmja The
method was also applied in pappé} to estimate quantity from (2.6)to (2.45).
Therefore taking into accounf2.11),from (2.12),we get

1
£ /qéi-igé'j fia
(2.13) ”Gt ) Gm”q < <i|/:m+12 e Eg"l..z’..z“n (f)D% '

Following the prooin [6] and starting from equalit{2.12),we will now
prove inequality(2.13).

Denote
q
(2.14) A=|G - G, = é_x, , m<t.
/=m+1 q
For a given numbeq denote{q] +1=k. This means thak | {23}

and that% <1.From(2.14)it follows that

(2.15)

q Ak a 96}(
A A k el kO -~
A:ﬁax, dx:f}ax, dx¢%a|x,| gdx R -
R, R, =m+1 hd R,

/=m+1 /=m+1 =
Denote
q
(2.16) da, =|x,|x.
We get
a8
(2.17) A¢ fpeq d 0 dx.
C/=ms1 ~
As k =k(q)is an integer, then
R I -
(2.18) eqdo=3a .-a 0dg,.
C/=ms1 — /;=m+l [ =mHl j=1

Now from (2.17) based on (2.18) we get

17
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t t

(2.19) At § . ré

/1 m+l /k m+l =1

Using the equality
1

a K
(2.20) OD D,D,;
j=1

,S=1
r<s

[ay

for D, =a’,j from (2.19) we get

.‘H

a ok-1
.E ¢ 0
(2.21) AcC . a n§£) a d .0 dx.
/1 m+l [/, =m+l 9B s=1 O
(}KS -

Applying H° Il der ' s integralk(kz'_léaqtmrsality t

from (2.21) we get that
2

t ok (k-1)

2220 A¢ 3§ .. 4 oeﬁdd )deu

/1 m+1 /k-m+lr s=18
r<s

Based on (2.16) we get that

(2.23) G, = f{ajra’,s)gdxz %{,‘g‘x,‘g %ix.
¢ -

+ +
For numbers a :u, ;:2‘=M equality i+i =1 holds.
p q a a
Therefore by applying H°l der's inequal.
g q
62 02
(2.24)  [laa 8 -

2 =

Functionx, is entlre of exponentlal type2(/+l)"with respect to

X; j =12,...,n. Therefore applying the inequality of SM. Nikolsky
([2],3.3.5.)we get

(2.25) %x,

18
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(2.26) %x, -

On the converse theorem of approximation in various metrics fopeadndic functions
Using the equality

f

F
q 1 qal 10 1 1 . :

2.27 — - —== —-—, blya,ay,

(2.27) 2p b 2¢ q§ 2 b { }

from (2.24) baed on (2.25), (2.26) and (2.10) we get

& - v !y
(2.28) G, < PURCERR R

1
41 )ik :g,"’al J|]2
éze Q = 2/ . olr ol |”(f)p o/sh_ ol 2/sln(f) ,l;l
Denote
% 19,
(2.29) e Eg,.l 5 an (F)p
Then
9.4 %%/Séé-i.gﬁ"? o1
(2.30) Go< @ ¢ TR Hapy
. 1 1.
Since— =1- — it holds that
a a
al 1¢,,al 14 al 19§
/. 5 5§+/ - ;82'(/s' /,)g - 58.
Therefore from (2.30) it follows
(/s /r)%'égalj } 1
(2.31) G < 0T H2H2

| f we apply H°Il daris with iespectto the first y
factor, anda is with respect to the second factor, then in the same way we
conclude that the following inequality holds

(-1 )8 l8a| 11

(2.32) G.< T HZH? .
Based on (2.31) and (2.32) we conclude that

19
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2C

‘/r /S‘%-ggéll } E
(2.33) G<<® 77" HZH?
Denote
28
(2.34) (/s’/r)zz ¢2 a+y ,
2
X @ 11 (k(k-1)
235)  Q=Qjal/,/ H?HAG
Sl y
From (2.22), based on (2 23), (2.33), (2.34) and (2.35), it follows
2.36
@3 e d . EQ

/i=m+l [ =m+l

We will now estimate produd® . Based on (2.20) it holds that

ke I gkt Kk 1
OiH/Z,H/ZSU :OH/Zi
rs—1|' y j=1

and then, using (2.35), we get

2
k(k-1)
(2.37) OHkO{ al/,./ )
It holds
al/../,)=al/,./.) and al/,,/,)=1
Therefore
X K k 1
(2.38) Oal/,.7.)=00a(/,./,).

r,s=1 r=1 s=1
r<s

From (2.37) based on (2.38) it follows

x|l

1

(2.39) Q=6H |O[a( SN
r=1 |»

Now from (2.36) based on (2.39) we get

<o

)

1

Olalr.. ]

In the inequality (2.40) the product hksfactors

t

t X
(2.40) A<<j ..4 OH

fy=m#l [ =mel r=l T

=
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On the converse theorem of approximation in various metrics fopeadndic functions

1

L=t Olalr, )

s=1

: 1 .
with the exponentE. The sum of these exponents is 1. Therefore we

can apply H°l der's inequality based
1
. 1 ;\k
IS =y
(2.41) A<Ol A - aH, O[a( )
r=1'f/1:m+1 [ =m+l 'g/
Denote
1
k-1
(2.42) a a H, Q[a L) r=12,k.
[i=m+l [ =m+l s=1
Since /, =m+1,...t foreveryr =1,.... k , then
(2.43) M,=M,=..=M, =M.

We will estimate, for exampleVl, =M . Sincea(/l,/l) =1, then from
(2.42) after the calculation we get
A A 1t 1
(2.44) M=M,=aH, a [a(/l’/z)]k'l--- a [a(/l’/k) k-1 .

/1=m+1 /,=m+1 [ =mtl

Based on (2.34) we conclude that
1

(2.45) é[a(/l,/r)]k_l¢C(p,q),r:2,3,...,k.

/,=m+1

Now from (2.44) based on (2.45) it follows
t

(2.46) M<<gaH,

/1=m+1

From (2.41), using (2.42), (2.43) and (2.46), we get that

x 1 t
(2.47) A< QMKk=M< < H,.
r=1 i=m+l
Based on (2.47) and (2.29) we conclude that
.41 180
(2.48) A 'q%'aﬁ?ll
A< <a 2 ¢ 2||1 2l 2|I (f)
i=m+1

Finally, from (2.48), based on (2.14), the inequality (2.13) follows
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a Q."

If r; =0 thens 2%- l(éa I, , therefore in view of (2.3) and
C g<j=

(2.13) we deduce that the sequel{ﬁ;ﬂ} is a Cauchy sequence in the spage
and therefore it tends to a functioh in L, (2], 1.3.9.). Thus, we have the

equality

(a) =
(2.49) f=g.tax.
/=0
In the next step we prove the equality (2.5). To prove (2.5) we estimate
the quantity
t q
é_X,(rl""r“)

/=m+l

(2.50) B= HGt(rlv---rn) - Glin)

q —
a q
Applying the inequality of Bernstein type ([2] ,3.2.2.) we get

ax .0 A (RENE
¢ it 1 n'ny
S
(;, j=1 -
hence, in view of (2.11), it follows
(2.51) HX/(rlwrn) q <2 SEZ"l..z’..z”n (f )p'
Now, using the same procedure by which we estimated the quantity A,

for the quanty B we get (see estimation of quantity B in [6] from (2.50) to
(2.65))

(5.-10)
e

X ||q

1
Qa

.y
252 HGt(rl,...rn) ) Ggl,...rn) q < <i? 5 2/ Egnl,,z/,,z/'n (f)py _

| /=m+1
In view of the condition (2.3) and inequality (2.52) we conclude that the

sequence {Gr(r?"“'")} is a Cauchy sequence irL, . If we denote

thatG®™ - h,m- @ , then we conclude (see [2], 4.4.7. or [4], 6.3.31)

that h=f (") This means that the equality (2.5) holds. Theorem 2.1. has
been proved.

3. The converse theorem of approximation

Now we are going to prove the converse theorem of approximation
analogously to the result in [5] and give some consequences of the theorem.

Theorem3.1. Let the conditions of theorem 2.1. be satisfied (the
condition (2.3) wheres is given by (2.4)), and lek and m be given natural
numbers. Then the inequality
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B wE 0.0+ 0..08

¢ m =
1 1
L N 5 it
¢l +A /e L (6),8 +6 A /7EL, (1), 4
ime ° /& 0 @=mu ug/

holds, where constant C does notdepend on eitherf n

m =12,....

Proof. For the modulus of smoothnesgs of the derivative f (i) of
thefunction f we have

o

r

é [ l 6 é I- I; 1 6
M/k£(1’ l’n _8 ¢M/k§(l rn) Gr(nl l'n) _8
¢ M5 ¢ m %
(3.2)
] 1 0
VVk% 11 fn m 8 Ij_ + |2 .
For the quantltyl L we obtam
(rlv"'rn) - (rlv- rn rl rn
Gy  h<qf G /am+f q

In the same way by which the inequality (2.17) was established, in view
of (3.3), we conclud that

Qlk

s a
(3.4) < §H2%E, ()0

7

[ 7=mn y

In virtue of the properties of the modulus of smoothii¢8§ 4.4.4. (2))
we have

1= Wk@‘n’)%g e )
(3.5) ¢ % M .

In the same way by which the inequality (2.17) was estaloljghetting
I +K instead of r; ,

and sincel;, =1, we get the estimate

QR

(3.6) HGr(r:lv---rﬁk,...rn)

o/l ol olin

< {1718 + A 2% ES, L. (1), 4
o /=0 y
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Now, in view of (3.2), (3. 4) (3.5) and (3.6), we obtain

1

g —8 <Fazees, . (0,0

(3.7) ¢ |/ m+1 y
1
+ —. ik +a 2 IES, (f)p-yﬁ‘”-

Denote

(38) CI(S + k) =S, ES/ll__z/__zlln (f )p = A&’ :
Then, using the inequality (1.1), (lemma 1.1.), we get

aZ/SAZ/ :Ai_'_zsAz +2$é 2(/-1)5&/
/=0 /=2

m 2
CA+2°A+2° 4 i'A
/=2i=2/"141
2m t u
= A2 A 2T AITA + aI“A
ii=3 =2M14 y
Using the lemma 1.2. from the previous inequality, it follows

m 2m1

(3.9) az2°"A, <hiv'A.
/=0 i=1

Choosingm so that 2™* ¢ m <2™ , from (3.9) it follows

m m
azlsA\ZI <<é.is-1A ’
/=0 i=1

ie.

m m
(3.10) a 2/q(5+k)A2/ < <a. | q(s+k)-1A .
i=1

/=0
To estimate the first sum in the inequality (3.7) we use the inequality
(2.2), (lemma 1.1.), and get

/

éz/quz _2 qs .a2/+1qu2 ¢2q522q5 a a Iqs 1A

/=m+1 /=m+l /=m+li=2'"141

= 2% {(2"‘ )AL+ 2 AL +} ,
hence, using than <2 , it follows

o

(3.11) a 2'C A, 2% J %A

/=m+1 /=m+1
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Putting A =E® (the equality (3.8)), from (3.7) and (3.11), it follows

(3.1). Theorem 3.1. has been proved.

1 1
Corollary 3.1.For n=1 it holds that I =1, r=r,s=r+—-—

P g
and we get the corsponding theorems and inequalities for a function of one
variable.
Corollary 32.1f |, =1 j=22..,nand r; =0, j, i,r, =r ,then

al
S = n%;- —8+r .
G
Therefore the condition
o] q +n &—-—Qrl
EVAN QﬁrE,“,,(f) <o
/=1

' f

variable X, belonging to space L,. For the modulus of smoothness the

implies that the functionf has derivative

with respect to any

corresponding inequality holds.
Corollary 3.3. Applying theinequaity
R s 1
(Aa)cal(a).a200<se1 for s==,

q
from the inequality (3 7) it follows
(3.12) W@‘ (5 1) 8 < <
S oA s st a
a 2/ E2/I1“2/”2/|n (f) | ” ” + a 2/ < E2/l1 2/ o/ (f )pu
/ =m+1 m y

From (3.12) it follows

& .18 2 .
613 wg g < BITEL (1,
Tq =m +

~

1 & moo 0
+ _kie‘|f||p+a/ klE/'l.../..j'ﬂ(f)p[,]'
m i /=1 y

For n=1the inequality (3.13) implies the inequality 6.4.1. (3) in [4].
Forr, =0, j, i,r, =r,(j =1...n) itholds that
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S=r +a:L - l(éa I, ,and from (33) it follows
¢ q—jzl
au'f 10 2 1%;§§a'
. Wkéé&r ’E8 ‘/a { B (f)p +
4 9 4
+
e Fike l+ a1l 16'T| ﬂ
1 ! m % q+j=1] I
Wl” f ” + a / ; S (f )py'
I y
This is the inequality 6.4.3. (8) in [4].
Corollary 3.4. For p =qit holds thats = § Ijrj , and from (3.13) we
j=1
get
é . o all
&) Wk? o _8 << a I E/'l.../../'n (f)p +
~p /=m+1
£ K-+ 1 0
1] ann I
EII”f” +a / E/'l../.../'n(f)pi{;'
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POLI NOMI BLI SKI POLI NOMI MA L EE

U radu su definisza dva niza polinoma. Datsu njihove eksplicitne
formule, rekurentne formule, funkcije generatrise, njihova veza sa
trigonometrijskim funkcijama, veza sa p

Neka suC,,(x)i S, (x) polinomi koji zadovoljaval uslov

Colx)+iS,(x) =(x+ )"

gdje je i imaginarna jedinica.

Tada Gplgiis,(x)=(x—-0D"i

Cal®) =2 ((x + )™+ (x — ™)

Sa@ = (+)" = (x— D"

Cnje pollnom stepena , a polinoms,, stepenaa —1i v agi

£a) = S (1) (1) nm2

Su(0) = EL [,J( 1)¥(,n a2kt

.
Cn(x} =x" — {;}x”_z + {::}x”“}— 4
Sn (_'1'.'} — -nx??_l — {:}x?‘!—ﬂ + (:}xn—E _

Prvih nakoliko | I@fxbswa nizova polino
Cn(—ﬂ':i
Cilx)=x

Colx)=x2—-1

Cylx)=x% —3x
Colx)=x*—6x2+1

Colx) =x%—10x* + 5x
Celx)=x%—15x* +15x2 — 1
Co(x)=x7 —21x5 + 35x% — Tx

Prvih nakoliko | I®%m®swova nizova polino
Solx)=0
S(x)=1
S.(x)=2x

Si(x)=3x%-1
Salx) =4x? —4x
So(x)=05x*—-10x2+1

" matematika@filozof.org
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Selx)=6x% —20x%+ 6x
So(x)=7x%—35x%+ 21x%2 -1
Teorema 1Zan=0vagi
Colx)?+ 5,(x)?=&x*+1)"

Specijalno | Co(x)] = (k2 + 1)z i |S,(x)] = (x2+ 1)z,

Dokaz.
Co(x)2+5,(x)2 = (C () + i5,.())(Co(x) — 15, (%)) = (x + D" (x — D)™
={xI+1)"

Adicione trigonometrijske formule imaju svoj analogn za date polinome.

Teorema 2Zanizove polinomaC,iS, vage for mul e:

Contn = Cnln — SmSn

Smin = ImCn + Cindn

Dokaz. TvrlLenja slijede iz identitet
Cpptn (0 + 1S () = (2% + 1) ™% = (x2 + )M (x2 + 1)

= (Con() + 15, (x)) (€ (x) +15,,(x))

= (Con () Ca () = S5 (05, (3)) + (5, () C (%) + Cpy ()5, ()

Stavljajul:i u p rme=tih, dobiparnom f or mul a ma

Posledica3Zan=0vage rekurentne formule:

I!:-'-:*:+11::"(‘-} = xcn(x} _Sn(x}

5n+1{x} = XSH(JX-'} + cn (.'X-'}

Teorema 4PolinomiC,iS,odrelLeni su rekurentni
Colx)=1 Solx)=0

Cilx)=x S(x)=1

Cpeg(x) = xC,(x) — (x* +1)C,_,(x) Spe(x) = x5, (x) — (22 +

1}5?1—1(1'}

Dokaz. Rekurentna formula slijedi iz identiteta
(x+)?=2x(x+i) —(x?+ 1)
(x+0)" 1 =2x(x+)"—(x2+ D) (x+i)™ 2

Cn+1(x::| + 15n+1(x} = zx{cn(x} + ljn{x}} - (xﬂ + 1}{Cn—1(x} +

1’5”_1(3:}}

T e or e ma 5Furkcije generatrise za polinomg&,, i 5,,s u sl edel e
= n_ 17Xt
n=o Cal)E™ = (1—zt)24eD
oo r

LnzoSn (008" =

Dokaz. Za |t| =1 imamo
g Cnt + i X S, ()™ = B (Cpla) +iS,())em = B (x +

i)ntn
_ 1 _ 1—xt . t
T i-(xtit (1-xt)i4el ' (1-xt)2+13

Koristeli trigonomet €, ji §,;kese mMogunkci j e
defi ni sati na sledeii nalin.

28



Pol i nomi bl i ski polinomi ma Lebi ge

Teorema6Zan=0vagi

5. (cu‘tx}_ sinnx
(Einx)M
CcCoOBENT
C, (cutx}— —
Dokaz.
3 _ ~m (cosx+izinx)™ __ CoEnx . Einnx
C,(cotx) +i5, (cotx) = (cotx + )" = et = ot T ma
Prethodna [ sl edel a teor ema pokazu

Lebi geva pr \T,@8U,iipolihomag,eiS,vr st e
Teorema 7. Zan}ﬂvagi

Co(x) = (x2 +1}=r( =)
§u(0) = (x2 + 1) U, 1( =)
T, (x) = (1— x2): C, ( =

Un(®) = (22 + D)3 Spaa (725)

Dokaz. Nekaje:x_ cotu, u€ (—— —) Tada je

cusu—uz_ﬂJsmu = Koristelid prethodnu t
COERL 1

I!:'n (.‘X.'} - cn (CDt’L{} T (minu)m {sln ..L) z+1)

Drugaf or mul a se analogno dokazuje. St a

¥ =cosv, vE(0,m),imamo
B x
T, (x) = T,(cosv) = cosnv = (sinv)"C, (cotv) = (1 —x?)z €, (ﬁ)
Vv1—x°
Teorema 8Polinomi C, i5, imajujednostruke realne nule i

vagi :
1
Cn (x} = HE::L ﬂ:)
;k?!
S.(x)=nlll (x — CDt;ﬂ.’)
Dokaz. Zak =12,..,n je )
c, t‘k 1 EDBr:E:‘:‘_Z‘T _ :c-.nzh;_".'r_ 0
(CD Tr) fsln&'w T 7 (sinuw)®
- "
_ _ . E _ Elﬂ?‘!;l‘? _ EinkmT _
Zak=12.,n-1; Sn (Cutnﬂ:) - {BLHEH}H T {simu)n 0
" n 4
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ICOSAHEDRON AND A PAPER DRAGON

Introduction

Ma k e a triangul at ed tape (Apaper
depicted in Figure 1. Start bending thepdasimultaneously at each edge
connecting two adjacent triangles.

N
'%A wts

wy e
e

More precisely, choose an angle a between 0 and 180 degrees and fold
the tape along the edge connecting triangles 1 and 2 so that the associated
dihedral angle is equal to a.oftinue this process by folding the tape along the
common edge of triangles 2 and 3 so that the dihedral angle determined by
triangles 2 and 3 is equal to a, etc. It is assumed that folding is always on the
same side i.e. that the edge forms a ridge floet r eader 6s poi nt
stop when each of the 19 dihedral angles between adjacent triangles is equal to
a.

Figure 1.

Definition 1. The geometric shape (figure) obtained by the process of
folding the triangulated tape depicted in Figure 1 along each of thesedg
connecting the consecutive triangles for a given angle a is denoted by D[a] and
referred to as-paper dragoror a-dragonfor short.

The pdragon D[186 = D[p] is by construction (Definition 1) precisely
the Apaper dr agoni d-erpgorc D[@,darisingnas the gur e

" rade@mi.sanuacrs
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opposite boundary case when a=0, is the case when the tape folds down to a
triangle.

Question 1What happens with the triangulated tape when the dihedral
angle a is in between these two extremal cases!?

Problem 1.The geneal problem we study in this paper is the
mathematical structure of objects D[a]. For this reason we allow self
intersections, i.e. the triangles freely move during the bending process
uninterrupted by other triangles. We want to understand what are dese m
interesting shapes among the objects D[a] and how are they changing when the
dihedral angle a is slowly decreasing from 1&0C°. We want to determine
how different objects D[a] are related to each other by tracking the numbering of
the triangles diing the different phases of the bending process.

Animation of the folding process

Figure 2: D[a] for a =180

We strongly recommend the reader to visit the address http://www.rade
zivaljevic.appspot.com/, alternatively the addresses http://vioed35377694
or http://www.youtube.com/watch?v=IGmjTyAQccQ where an animation

showing the metamorphosis of the object D[a] when a goes frofn 180
to @, can be found. For the reader who does not have these videos at hand we
reproduce in the pages tHialow some of the most interesting images from this
animation. Figure 2 essentially reproduces the original triangulated tape, that is
the object D[p]. The next image (Figure 3) depics the objecf] Dfhere a =
150.08. This is the first moment whendhriangulated tape makes a closed
form (the paper dragon bites his tail).

Question 2:Determine the exact value of the angle @an it be a

rational multiple of p !? How do we know that triangles 1 and 20 perfectly fit
together!?
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Icosahedron and paper dragon

Figure 3: D[a] fora = 150.08

The next, and the one of the most interesting phases in the bending
process is when the dihedral angle reaches the vaué38.19 (Figure 4). The
triangulated tape has formed mosahedronwith all 20 triangles in the role of
faces. This s not really a surprise since the
in Figure 1 was carefully chosen precisely to achieve this goal. For this purpose
we used a

Figure 4: D[a] for a=138.29

Hamilton cycleof the graph of edges and verticesttod dodecahedron
which is dual to the icosahedron depicted in Figure 4 (see the following section
for the details). However, the bending process is continued. There is no apparent
reason why there should be any regular or gegular form emerging from ¢h
cacophony of moving triangles for any of the subsequent dihedral angles.
Nevertheless, forsa= 109.47 and a = 70.53 two new regular forms suddenly
emerge, the octahedron and the tetrahedron, Figure 4. Even greater surprise
awaits when the dihedrahgle reaches the valug=a41.8F. A wonderful shape
emerges, Figure 5.
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Figure 4: The cases a 109.47 and a=70.53

Figure 5: The casega 41.8fand g=0"

This is the so callegyreat icosahedronpne of four KeplefPoinsot
polyhedea (nonconvex regular polyhedra),
http://en.wikipedia.org/wiki/Great_icosahedron. It can be also described as one
of icosahedron stellationsAfter passing through the great icosahedron stage
there are no more surprises. The paper dragon curls into auteafgm (and
Afalls asleepfi).

The origin of the paper dragon

As already mentioned in the previous section, the shape of the paper
dragon depicted in Figure 1 was carefully chosen. We want to guarantee in
advance that an icosahedron must appear as bmiee cshapes D[a] for an
appropriate angle a. This is achieved by designing a path on the icosahedron that
visits each face exactly once and returns to the beginning position (a closed
Hamiltonian path). Figure 6 (A) is a accurate representation of muosélons
of faces of an icosahedron
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Icosahedron and paper dragon

A)

©) (D)
Figure 6: Hamiltonian path on the icosahedron

(Schlegel diagram) so the problem of designing such a path can be
informally rephrased as follows. Suppose that Figure 6 (A) represents a plan of a
castle which has9triangular rooms. Assume that there is a door at each wall; in
particular one can go from each of the rooms to any of the adjacent rooms. Also
one can enter the castle through the gates leading to rooms labeled by 1, 3 and 7.
In order to describe (or mamrize) a closed path visiting each room exactly
once, we separate the rooms into 7 apartments (Figure 6 (B)) and design a closed
path visiting each of these apartments exactly once. After that it is not difficult
to see how this path can be refined to atua path visiting each of the 19
rooms (Figure 6 (D)). Observe that when we enter a room, say we move from
room 4 to the room labeled by igure (6) (D)) then there are two possibilities
how to continue. We can either move to the left (in our exatopllee room 5
or to the right (to the room labeled by).5Consequently, the word recording the
left-right movements of the path (assuming 1 is the initial position) is the
following

LLLRLRLRRRLLLRLRLRR

Interchanging the letters L aridl we obtain another word describing a
Hamiltonian path on the icosahedron and this is precisely the code used to
design the paper dragon depicted in Figure 1 (see Figure 7).
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Figure 7: RRRLRLRLLLRRRLRLRLL
Motivation and further research

The animation sed in this expemient was one of the videos created
within the project AGiva matemati kahp
mathematics sponsored by the Belgr&knter for the Promotion of Science.

For more details about this project see http://www J1zdaljevic.gpspot.com/.

The sole designer of all animations was the second author while the general idea
and the overall mathematical expertise were provided by the first author. The
original motivation was to produce an attractive animation with rich
mathematical acatent. However, it turned out to be a potentially interesting
project in itself connecting problems of discrete and computational geometry
with mathematical applications in biology and chemistry.

The references [1] and [2] address questions about repgolgnedra
which are potentially amenable to the experimental approach utilized in our
paper. The reference [3] illustrates the relevance of the question of studying
combinatorial geometric blueprints based on Hamiltonian paths for the
morphogenesis of imahedra in viral capsides and related structures.
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GENERALIZED COMPOSITIONS OF NATURAL NUMBERS

1. Introduction

Letb=(b,b,6) be a sequence of nonnegati\
of nin whichtherearb;di f f er e n th,diffgreate toyp el 6&f, 26 s, a
will be called the colored compositionsmofWe let c(, b) denote its number. If
all by equal 1, then the standard compositions are obtained. It is clear that the
following recursion for ag, b) holds

c(n,b)=b, c(n- L,b) +b,c(n- 2,b)+? +b_ ,c(l,b)+b,,

having b col or ed compositi onsh oolaredi ng by
compositions ending by one of B.6 s, an
generalized compositions consisting of ona®fs .

We define the sequenee= (a,a,, € ) such that

ai =1’ an+l = a. bn+1—i a’l . (1)

i=1
It is clear thata,,, =c(n,b),(n=212,>).

Equation (1) connects two sequences of honnegative intagergb.
Obviously, for each sequenbeve may form the sequenee Conversely is not
true. Namely, equation (1) may be regarded ascurrence relation with respect
tobd s , but it does not wultimately produc:e

The paper is organized as follows. In this section we find a simple
connection of colored compositions with Catalan numbers.

In Section 2 we consider thease whenth®6 s make an ar i th
progression. We shall prove that then the numbgrsb) satisfy a three terms
homogenous recursion with constant coefficients. This means that a close
formula for colored compositions may be obtained. In a partictdae the
number of colored compositions is a Aalicas number.

In Section 3 we consider the case wbeis a square function of Then
the numbers o b satisfy a four terms homogenous recursion with constant
coefficients. Thus, in this case alsse may derive an explicit formula for
colored compositions. Several results will be obtained in the case whea the
are triangular numbers. Thentté s ar e sums of bi nomi al
identities, concerning sums of binomial coefficients, willdegived by the the
use of Zeil bergerdos algorithm, which is
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In Section 4 we investigate the case wheis an exponential function
of i. In Section 5 two result concerning the floor and the ceil functions will be
proved.

We shall see, in Section 6, that the colored compositions are closely
related with Fibonacci numbers, as is the case with the standard compositions.
Several recurrence relations as well as some closed formulas for
coloredcompositions will be proved. Newlationships of Fibonacci numbers
with Pell, Jacobsthal and other classes of numbers are derived.

Note that t her e i s a significant
encyclopedia OIES, [4], which terms equal the number of generalized
compositions. Commentf ehese sequences in OEIS offer other interpretations
of colored compositions. Sequence Al145839 connects colored compositions
with the so called matrix compositions. Also A020729, A008776, A020698,
A007484 connect colored compositions with Pisot sequences

The next result shows that the Catalan numbers are the casebivisen
producebd s agai n.

Proposition 1.1f b = (C,,C,, €) , Wher(e =0, 1, &) ar
numbers, then

ch,hp=C,(n=1, 2, &)
Proof. In this case equation (1) has the form:

n n-1
an+1 = a C:n—i al :a. Cn—i—l a1+1'

i=1 i=0

The equationa,.; = C, follows by induction, using the weknown
Segnerds recurrence formula for Cat al

2. Arithmetic Progressions

In this section we consider the case whgis a linear function of, that
is, when thebd s  naa Rrighmetic progression. We shall prove that then the
numbers of colored compositions satisfy a three terms recursion with constant
coefficients, so that, there is an explicit formula for the number of compositions.

Proposition 2.Let n be a positive iteger, letm, k be nonnegative
integers, and ldt; = (i-1)+k, =1, 2, é) . Then

c(Lb)=k, c(2,b)=m+k +k? ,
c(n+1,b)=(k +2) c(n,b) + (M- k - De(n- 1b).
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Generalized compositions of natural numbers

Proof. Equation (1) takes the forma.,,= g [m(n- i) +kla . It is
i=1

easy to see thab = k,
a_3=m+k+k2. Furthermore, for n>2 weave

n-2 n-2
a,, =ka, +(m+Kk)a,, +§ [m(n- 1- i) +Kla, +m3 a, .

i=1 i=1
We conclude that
n-2
a,, =(k+Da, +ma,, +mga .

i=1
Replacingn by n+1 yields
n-1
a'n+2 =(k +1)an+l + ma'l +maa1 )
i=1
Subtracting the last two equation we obtain
., :(k + 2)an+1 + (m_ k- 1)an .
In the next corollary we give some particular cases which show that
same weltknown integer sequences count the number of colored compositions.

Corollary 1.
(1) If m = 1, k = Othenc(1, b) = 0, ¢(n, b) = 22, (n>1).
Bl 3 0.,
(i) If m = 2, k = Othen ¢(n,b)=2CQ % g2 . (Pell - Lucas
izo G4l +
numbers)
(iir) If m =1, k=1 thenc(n, b)= F,,. (Fibonacci numbers with even
indices)

(iv) Ifk=mlthenc(l, b) = m1, c(n, b)=m (M+1)"?, (n>1).

Proof. (i) is obvious.

In the case (ii) the recurrence equation takes the fi{imb)=0, c(2,
b)=2,

c(n+1,b) = 2¢(n, b)+¢n-1,b),

which is the recurrence for Pellucas numbers.

In the case (iii) the recurrence relation becon{ésb) = 1, ¢(2, b)=3

c(n+1, b) = 3c(n, bjc(n-1,b).

This is the recurrence equation for Fibonacci numbers with even indices
by Identity 7 from [1.

Finally, fork = m1 we havec(1, b) = m1, ¢(2, b) = m"2

c(n+1,b) = (m+1)c(n, b) ,(n>2),

and (iv) is true.
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3. Square functions

In the case, is a square function af We now obtain the four terms
recurrence relation for c(n, b). This means thathis case, we may also obtain
a closed formula for generalized compositions.

Proposition 3.Let n be a positive integer, and |kt m,pbe arbitrary
(rational) numbers such thegki®+ mi + p , ( are rlonngativeéintegers.
Then

c(1,b) = k+m+p, c@,b) = K+m?*+p?+2(km+mp-+kp)+4k+2m-+p,

c(3,b) =
8k+3m-+p+2(4Kk+2mP+p?+6km+5kp+3mp)+R+m>+p3+3(knf+kp*+mp®+2kmp

),
c(n+1, b) = (k+tm+p+3)c(n, b)+(km-2p-3)c(nl, b)+(p+1l)c(n2, b),
(n2 3).

n
Proof. We havea ,, =8 [k(n- i +1)+m(n- i +1) + p]a. It is easy
i=1
to obtain the valu@, a; anday.
Forn>3 we have

a,,=(k+p+ma, +51[k(n- i+D)?+m(n-i+1)+ pla.lt
follows that -

a,,=(k+m+p+Da, +(3k+ m)an_1+r]éz[k(2n— 2i +1)+mla,.

Replacingn by n+1 we obtain -

a,.,=(k+m+p+Dda,,, +r'é'l[k(2n- 2i+1)+mja +2ka1 a .

By subtraction we obtain - -

8., =(k+m+p+2)a,, +(2k- p- Da, +2KA a.

Replacing n by n+1 in this equation yields -

8., =(k+m+p+2a,., +(2k- p- Da,,+2k3 a.

i=1

It follows thatan.z = (k+tm+p+3)an., + (k-m-2p-3)a,.; + (p+1)an..
In the next corollary we give two particular cases.

Corollary 2.(i)) If k=1, m =0, p =-1 then c(1, b) =0, c(2,b) = 3,
c(n,b)=83"*(n2 3).
@i) If k=1, m=1, p=-1then c(1,b) =1, c(2, b) = 6,c(3,b)=22,
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Generalized compositions of natural numbers

c(nb)="" :£(2+J§)“+9+§‘/§(2- J3)'.

Proof. The assertion (i) is true since, in this case, the recurrence
eguation becomes

c(n+1,b)=3@(n,b), (n2 2).

In the case (ii) the recurrence takes the form:

c(n+1,b)=4@(n,b)- c(n- 1,b), (n2 3).

Solving the characteristic equation of this three terms recurrence
eguation we conclude that the assertion is true.

o ~

an
Since %8 is a square function of we may derive from the preceding

proposition some formulas which connect triangulambers with generalized
compositions.

Corollary 3.(i) If b;% 2280 =12>) thenc(l,b) = 1, c(2,b) =1,
c(3,b) =1,
c(n+1,b)=4c(n, by6c(n1,b)+4cn2 , ), (n=3, 4, é) .
Explicitly,
_ 6
cn.b) = a %n 42 8

(iyIf b = % 8 (i=22>), thenc(1,b) =0 c(2,b)=0,c(3,b) =1

c(n+1, b)—3c(n b3c(nl,b)+2cn2 , b)), (n=3, 4, é) .

R

(iii) If %g =12,>), thenc(1,b) = 0, c(2, b) = 1, ¢(3,b) = 3,
¢

c(n+1,b)=3c(n, by2c(n1,b)+c(n2 , b) , (nNn=3, 4, é) .
Explicitly,
nan+ti

c(n,b) =4 E:% .8

(iv)If b % 8 i =12> , thenc(l,b) =1, c(2, b) =4, c(3,b) =13,

I GDOz

c(n+1,b)= 4c(n b)3c(n1,b)+cn2 , b) , (n=3, 4, é) .
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Explicitly,
D an+2i-19
c(nb)=a & .8
i=0 (; n-1 -

Proof. The assertion (i) is obtained fdxr:%,m: - g,.p =3, (i) for

1 3
k==m=-—-,p=1,
2 2 P
1 1 1 1
i) for k==,m=-=,.p=0, (iv) for k==,m==,.p=1. The
(iii) > 5P (iv) > 5P
explicit formulas are obtained by

a+24. .

Remark 1.In the caseb =& 2 8! =12,> , A145839 which counts
(; -

the number of ompositions oh. This connects the tmred compositions with

the so called matrix compositions.

4. Exponential functions
The following result concerns the case whenisban exponential

functions of i. Then, again, the numbers(n, b) satisfy a three terms
homogeneous recurrence relatiothagonstant coefficients.

t

he

Proposition 4Letn be a positive integer. = k+pm™, (i = then2 , é)

c(1,b)=k+p, c(2,b) = k+pm+(k+p), c(n, b) = (k+m+p+1)c(rl,b)
(km+m+p)c(nr2) , (n=3, 4, é) .

n .
Proof. Equation (1) has the forma,,, =8 (k+ pm™')a .1t follows

i=1

that
a, = k+p, ag= k+pm+(k+p)>.
Further we have
nt , n-1 o
a,. =(k+p)a+a (k+pm)a=(k+p)a+kd a +pgy m 'a.He
i=1 i=1 i=1
nce,

n-2 n-2 )
a,,, =(k+p)a,+(k+p)a,_, +kg a +pmg m"*“'a + p(m- Da,,,

i=1 i=1

n-2
that is’an+1 :(k+ p+l)an + p(m' l)an_1+ p(m- 1)a mn—l—iai .

i=1
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Generalized compositions of natural numbers

Replacingn by n+1 we obtain

n-1 )
a,,, =(k+p+Da,, +p(m- Da, + pmm- Hg m""‘a,.
i=1
Subtracting two last equation yields
an+2= (k+p+m+1) an.1 - (p+m+mk) a.
Some particular cases of the preceding theorem follow.

Corollary 4.(i) If k = 0thenc(n, b) = p(m+pj™.

(iIf k=1, m= 2 p = 1thenc(1,b), c(2,b) = 7, c(n, b) = 5c¢cf, by
5cn2, b), (n=3,3,¢&).

@i f k=-1,m= p lthenc(n,b) = Fopno.

Proof. (i) In the cas&k = 0we havec(1,b) = p, ¢(2,b) = p(m+p),

c(n, b) = (m+p+L)c(nl,b}(m+p)c(nl , b)), (n=3, 4, é) .

The roots of the characteristic equationldre = 1,  ®olvirg tha+ p .
system 5

caU #bc = .P, 26 €2 = yeldsa=0pc = p/(m+p),
and the assertion (i) is true.

In the case (ii) we have(1,b) = 2, ¢(2,) = 7, ¢(n, b)=5cfi,b)5c(n
2,b), (n=3,4,¢).

Finally, in the case (iii) we have(1,b) = 0, ¢(2,b) = 1, c(n, b)=3c{n
lbyem2, b)), (n=3, 4, ¢é).

The assdion now follows from Identity 7 in [1].

5. Floor and Ceil functions

Proposition 5.Let n be a positive integer, arly —g— 12>).

1=
i A0
Then
c(1,b) =0, c(2,b) =1, c(3,b) =1, c(n, b) =cb) + 2¢c(n2,b)- c(n
3,b), (n>3).

Proof. Itis easy tasee thaaz =0, =a4,=1. Forn>3 we have

mlen-i+lg Zen-i+ ~28en- i +1g én- 1+|+1go
an+ an * +an *
Ao Pt 1a82H8“a“ aAE T, HE 2
n2( n|+l )
It follows thata, ,, =a, +a, _;+tQ Ta .
i=1
Replacingn by n+1 we obtain
+ nl( n|+1 ) +r_1-.1
Bz 8t A ataa.
i=1 2 i=1
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n-1
It follows that a,,, =2a,+8 & . Replacingn by n+l1 we have
i=1

n
a'n+2 = 2a‘n+1 +a a1 :
i=1
Subtacting the last two equations yields
An+3= An+2+28n+1-an.
In a similar way the following result for the ceil function may be proved.

é. ~
We let cf %gdenote the ceil function ofE .
ca=+ q

Proposition 6.Let n be a positiveriteger, andy, =cf %8, (i=12>).
g -
Thenc(1,b) =1, c(2,b) = 2, ¢c(3,b) =5, c(n, b) =2 efb) + c(n2,b)- c(n-3,b),
(n>3).

6. Fibonacci numbers

In this section we prove several formulas in which the number of
colored compositions is related with Filaaei numbers. Our first result extends
the result from [2], where compositions with two different types of 1 are
considered.

Proposition 7.Let n be a positive integer, lgh,q be a nonnegative
integers,andldt = (p, q, q, é) .
Thenc(l, b) = p, ¢(2, b) =p°+q, c(n, b) = (1+p)c(nl, b)+(gp)c(n-2,

b), (n>2).
1+p+y(p-1? +4q

Explicitly, ¢ ( n,  Br)v"pwheraa U >

b_l+p-V(p-Dz+4q
> ,

L =2a-(p- D% +(p-Dy(p- D° +4q
2/(p- 12 +4q |

y2da+(p-9°- (p-Dy(p- D* +4q.
2/(p- )*+4q
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Generalized compositions of natural numbers

Proof. In this case equation (1) has the foray;,, = pa, +qr'éla1. . We
easily obtain that -

a,=p, &= p°+ g. Next we havea,_,, = pa, +qa_, - pan_1+q52ai ,
that is, -

a1 =(1+p)ant(q-p)ans.

The characteristic equation for this recurrenceis(p+1) xi q + p =
0. Solving this equation we obtain the explicit formula.

In the Pllowing corollary we shall state some particular cases of this
theorem. The first is the wellinown formula for the number of all standard
compositions. In all stated results the number of colored compositions is a
Fibonacci number.

Corollary (i) If b = ( 0, therécjn, b) =F,. This is the wetknown
result that says that there are
F. compositions ofi in which each part is greater than 2.

@ f b = (2,tHenc(nl b)é&.F). This is the result from
\cite{eme}.
(i) if b = ( 3thec(ndb) =eR).1.

Proof. (i) In this case we have p =0, g = 1. It follows that
1+45 , _1-4/5 _5-410 _5+.5
a= , b= , u= , V= :
2 2 10 10

and the assertion follows from Binet formula.

(ii). In this case we have = 2, g = 1and the recurrence relation has the
form

=2, a&,=5 am=3a;ra,,.( N=3, 4, &) .

The assertion follows by induction using Identity 17 fraite{bk}.

(iii). The recurrence equation in this case has the fyarda+a, . It
is easy to prove that for Fibonacci numbers the following identity holds
Fe.o=4Ra+Fca. Using induction and this identity we conclude that the assertion
holds.

The next result also generalizes a classical result for standard
compositions.

Proposition 8If b = ( p ,wherebnjs @ posit)ve integer then
ene
elian-ig .

c(nb)=a4 . gr"*
i=oC | +
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Proof. The recurrence relation for Fibonacci polynomials=is(x) =
XF.()+Fq.1(X). It follows that, for a positive integgrwe have E.1(p) = c(n, b)
The required equation follows from the wkliown formula for Fibonacci
polynomials.

As an immediate ansequence we obtain the following wetiown
result.

Corollary. The number of compositions aofin which each part is either
lor2is F.

Proof. Takep = 1 in the preceding proposition and apply Identity 4 in
\cite{bk}.

The following result also extels a weHknown result for standard
compositions.

Proposition 9.Let $n$ be a positive integer, Ipt g be nonnegative
integers,andldd = (p, q, p,q, é€) .

Then c(1,b) = p, c(2,b) Zpq, c(n, b)=pc(FL,b)+(1+q)c(rR2,), (n>2).

2n
Proof. In this case we fét havea,,,, = § b, ;& - Hence
i=1

G =A@, ta;+? +a,,,)+p(a, +a, +? +a,,) =pa,, +(L+0)a,, ,

and the assertion is true for euen

2n-1
Also, a,, = g b,,.,a,thatis,

i=1

a2m: p(a1+a3+? +a2m—1)+q(a2+a4 +? +a2m—2) :pazm—l+(1+Q)azm—2

Hence, the assertion is also true for odd n.

Corollary.Let n be a positive integer,andlet = (1, 0, 1, 0, &) .
b) = F.

In other word,F, is the number of compaositions ofin which all parts
are odd.

Proof. Since p = 1, q = 0 the assertion of the preceding theorem
becomes recurrence relation for Fibonacci numbers.

Inthe lastresultte Fi bonacci numbers play the
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Generalized compositions of natural numbers

We prove that there are a closed formulad{or, b)in the case wheb,
=Fmweny (1 =1, vhederm)? - L k2 Oare arbitrary integers. For this we
need the following identities for Fibonacci numbe

Identity 1. Let m2 -1,k2 O be integers. TheRnactF mak= Fm(Fax
1+F 2141).

Proof. The assertion is obviously true for = 0. SinceF_ 1) = Fac it is
also true form = 1 and m = -1. Assume that it is true fom; such hat

0¢ m <m Then, for m?2 2 we have

Fmiokt Fmoc= Frasokt Faiokt Froosokt Fmaiowe

Using the induction hypothesis yields
Fosakt Fmok= (Fma+ Fm2)(Fact Faket) = Fm(Fact Foe).
In a similar way we may pre

Identity 2. Let m2 -1,k 2 O be integers. Then
Frsak1tFmake1 = Fm(FakatF20).

Proposition 10.Let m2 -1 be an integer, lek be a nonnegative
integer, and lely =Fpngn( 1 =1, Zheréc(l)b) = R, c(2, b) = R+ Frl,
C(n+1lb): (Fm+ Fk—l+ Fk+l) C(n1 b) + el)k_l(Fm-k"' 1)C(n_1! b)l (n>1)

Proof. We have a,=1a,, =8 F.mna -Forn = 1,2 we easily
i=1

n+l
obtaina, = Fr, as= Fns+F 2 Assume thak is even and denote= 2p. Then for

n
n>2 we obtain a,,; = & F.2p-n@ - APplying Identity 1 yields
i=1
(F2p-l + F2p+1)an+l = a Fm+2p(n+l-i)a'i +a I:m+2p(n-l-i)a'i =an+2- Fm a'n+1 +a‘n + Fm- 2k a‘n’
i=1 i=1

and the assertion holds
The proof in the case that k is odd follows similarly from Identity 2.

Remark.We state sequences in OIES which are generateldelesults
of this paper

A000079, A000129, A000244, A000302, A000351, A000400,
A000420, A001018, A001019, A001020, A001021, A001022, A001023,
A001024, A001025, A001026, A001027, A001029, A006053, A006054,
A009964, A009965, A009966, A009967, A009968, AOCHIGA009970,
A009971, A009972, A009973, A009974, A0UDO A009976, A009977,
A009978, A009979, A009980, A009981, A009982, A009983, A009984,
A001045, A001076, A001333, A001353, A001519, A001653, A001906,
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A002001, A002533, A002535, A003665, A003699, A003948)04253,
A005053, A005054, A006190, A007051, A007052, A007484, A008776,
A011557, A013708, A013730, A018902, A018903, A018904, A020698,
A020729, A024495, A026150, A028859, A030186, A033887, A034999,
A038503, A046717, A052530, A052542, A052913, A052918, AQ829
A052934, A052936, A052945, A054413, A054854, A055270, A055275,
A055841, A055842, A055846, A055847, A055995, A055996, A056002,
A056116, A067403, A067411, A078469, A081294, A083098, A083100,
A083101, A083217, A084057, A090019, A090042, A093141, A095263,
A100237, A103333, A104934, A105476, A109808, A118264, A120612,
A122117, A122558, A125816, A125818, A133343, A133345, A133356,
A147518, A147722, A158869,
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RICKART RINGS WITH INVOLUTION

1. Preliminaries

All rings considered in this paper are associative. Arihg or a ring
with involuton R is a ring with unary operationx- X such that
(X)) =x,(x+y) =X +y,(xy) =y’ X, for all x,y in R. An element
el R is called aprojection if it is self adjoint @€ =€), Gd idempotent
(e =e). We write R for the set of all projections ifR. If S is any subset of
Rwe write S = S/ER. For projectionse, f we write e¢ f in casee=ef
and see that relatiod is partial ordering on a set of projections. In general,
extra conditions orR are needed to makR a lattice. ([1]) A drastic condition
that works is commutativity. Projections, fin R are equivalent written
e° f if there existswi R such thatw w=¢g ww= f. It is well known
that this relation is equivalence relation. An elemeni R such that
WW W =W is called gpartial isometry An elementwi R is apartial isometry
if and only if an elemente=ww" is a projection such thatve=Ww. Then
f =ww is also a projection andfw=w. Moreover € is the smallest
projection such thawe=w and f is the smallest projection such théw = w.
With notation of previous statemes is calledinitial projection and f the
final projectionof the partial isometryw. It is easyto see that projections, f

are equivalent if and only if there exists a partial isometry with initial projection
e and final projectionf . Projectionse, f are calledorthogonal if ef =0,

equivalently fe=0. If e f are projections withe¢ f then f-e is a
projection orthogonal t&.

" dusanjok@yahoacom
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1.1 Some properties @quivalence of projections

The next proposition shows that the equivalence is finitely additive.

Proposition 1.1.1([2]) If €,...,6, are orthogonal projections and
f,,...,f, are orthogonal projections such thgt® f,, for i =1,...,n then

. S
ae‘’af.
i=1 i=1
Proof: Let W, be a partial isometry With/\li*Wi =g ,WiWi* =f,. Let
n
w=g W . Itis routine to check thav is a partial isometry impleemting the
i=1
desired property.

For the projectiore in ring R we call eRe a corner generated by a
projection €. The next proposition shows that the equivalence of projections
implies the isomorphism of the coresponding corners.

Proposition 1.1.% e° f with partial isometryw then eRe @fRf .

Proof: We define a functiof by £(X) =wxw , xI eRe. Since
x| eRe,f(x)| fRf. Obviously f is additve which means
F(x+y)=F(X)+7(y). If x,yl eRethen:

F(Xy) = WXyw =Wwxeyw = Wxwwyw =7 (X)f(y).

We also havef is injective If xi eRe and wxw =0 then
O=w (wxw)w=exe=x. If vyl fRf then wywl eRe and
fWyw=y so f is surective. For all xIi eRe we have
F(X)=wxw =(wxw) =(f(xX))" which proves thatf is involutive

isomorphism.
The clasification theory requires an ordering of projections more

suitable then€ . For projectionse, f I R we write eb f , and say thae is
dominatecby f , in case there exists projectian such thate® g ¢ f , that is
e is equivalent to a subprojection df. We user (X) to denote an annihilator
of set X .
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Rickart rings with involution

We say thatR is Rickart ring with involution (* ring) if for each
x| R there existsgi R such thatr({x}) =gR. It is well known that *
regular rings, Boolean rings are Rickart rings.

Proposition 1.1.3[1]) If R is Rickart * ring then R has a unity
element and the involution dR is proper.

Proof: Write r ({O}) =gR. Sincer ({0}) =R we haveR=gR, thus

gis left unity for R. From the fact thaR is ring with involution we obtain
that g is two-sided unity element..

It is well known from that in a Rickart-*ing R for arbitrary xI R
there existsLP(X), RR X so called left and right projection respectively.

Although the projections of a Rickart fing need not form complete
lattice, they always form a lattice by an supremum and infimum given with:
eUf =f +RPel- f)),edf =e- LP(e(l- f)).

Proposition 1.1.4[3]) Let R be a Rickart *ring and letB be a *
subring such thaB has a unity and for alki B,RP(X)[ B. ThenB is also
Rickart * ring. Moreover ifxi B then:

RR: (X) = RR;(X).

Proof: Write € for the unity element. Lexi B and g = RP(X). By
assumptiongi B, since xe= X, we haveg ¢ e. If yi B then xy=0 iff
gy=0 iff (e- g)y=Yy, so we have that the right annihilator ®f in
B (e- g)B.

A useful application of previous proposition is:

Corollary: If R is a Rickart * ring and el R .TheneReis Rickart *
ring.

2. Matrix representation of rings with involution
It is generally quite hard to show that a ring with involution is
isomorphic to some matrix ring. The question of when a&tckng is matrix

ring is easier under some assumptions of projections. We begin this section with
assumption on orthogonality of equivalent projections with sum 1.
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Theorem 2.1 et R be a * ring with unity, ni N, and suppose thd®
containsn orthogonal equivalent projectiorg,e,,...,€, with sum 1. ThenR

is isomorphic with the rinde, Re,),,, of all N3 n matrices over, Re, .

Proof: For all i =1..n let W, be a partial isometry such that
WW =e,Www =g. We define mapping f:R- (g Reg), with
f(a)= (Wi*avvj ), which is involutive isomorphism.

If al R, then Wi*avvj i e Re, for all i, j, thus f(a)l (e Re),.
Clearly:

fla+b)=Ff(@+7(b), f(@)=(f(a) .

Mappnig f is injective. If waw, =0 for all i,j then

eae =w (W aw)w, =0, foralli,j thus
a=lal=(g e)aa e)=a eae =0.
| i

i

I (a,)i (e Reg), we define a=3 wa,w, . Nothing that
i
w'w, =0 wheni , j,we obtain
Wi*aWj =a \Ni*Wkakl\Ni*Wj = \Ni*vviaijw*wj =69, =g, which
Kk,
shows thatf (a) = (& ).
At the and we have that:

plab) =) (waw)(w bw)=( W ¥} ww( by=
=W a(_g)(bw)= w(ap w=u( B p

which completes the proof.
Next result is very important in theory of extension of orderif&j) (

Lemma 2.1let R be a Rickart * ring containing a projectio® such
thate® 1- e. Then2=1+1 s invertibile in R.

Proof Let W be a partial isometry such tha¥'w=eww =1- e.
From the fact thatR is Rickart ring we obtain there exists projectidn such

that r(e- w)=fR. From (e-w)f =0 we have fw=fe. Since
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Rickart rings with involution

wi (1- eRe it follows (e-w)e+w)=0, and therefore
f (e+w) =e+w. Noting that fw = fe, this yields toe=2fe- w, and after
that W =2fw - (1- €). Taking adjoints we obtail- e=2wf - w. Then
for x = fe+wf - w we have2x =1 which completes thproof.

In our closing result we give an aplication of previous theorem which
characterize equivalence of orthogonal projections in weakly Rickart ring with
involution.

Let R be a *ring, x| R, e a projection inR. We say thate is an
annihilating right projection(briefly, ARP) of X in case (i) xe=X and (ii)
xy =0 implies ey=0. We sy that R is weakly Rickart*- ring if every
x| R has ARP property.

Theorem 2.2Let R be weakly Rickart # ring and lete f be
projections such thaef =0. Then €© f if and only if there exists a projection
g such that2ege=e, 2fgf = f,2geg=2gfg=g.

Proof: If such a projectio exists then, definingv = 2fge we have
ww = 4degfge= 2e(2gfg)e = 2ege= e, ard similarly ww = f , thuse® f

Conversely, suppose® f . Dropping down to(e+ f)R(e+ f)we
can suppose thaR is Rickart * ring ande+ f =1. Let W be partial isometry

such thatw w=e,ww = f =1- e. Define w, =€ w, =W and consider the
*-isomorphism/ : R-  (eRe), given by f(a) = (w aw,).
For al R we write a; = aW (i, =12). Since w, = ewe=0,

W, =eww =0, W, =Wwe= € W,=Www=ew=0. Now we have

f(w) = 8)
0 0
The similar computations yield§(e) = g S, f(f)= g ¢

If we write 1 for the unity element ofeRe and identify R with
(eRe), then:

e10;21 _ &0 Og eOlz

oo "o B"Th o

55



Dug8hokanovil

e O
Note that if a=(a;), faf =g 8. Since element2=1+1 is
g) A0
invertible in R we may define:
el 1g
€ Sl
g=¢? 24
e —U
€2 2u

Evidently, g is projection with desired property:
2ege= ¢ 2 fgf= f, 2geg- 2 gfg

3. Baer rings as generalization of Rickart rings

The definition of a Rickart-*ring involves the annihilatcof singleton.
For a Baer * ring we consider arbitrary subset. A Baerihg is a * ring R
such that for every nonemptg of R r(S) =gR for suitable projectiong .
The relation between Rickart- *ings is the relation between lattices and
complete lattices.

Proposition 3.1([1]) The following conditions on *ring R are
equivalent:

(1) R is Baer *ring.

(ii) R is Rickart * ring whose projections form a complete lattice.

(i) R is Rickart * ring in which every orthogonal family of
projections has a supremum.

Proof:

(i) implies (ii): Suppose thaR is Baer * ring and S is nonempty
subset of projections ifR. From the fact thaR is Baer ring with involution we
find projectione such thatr (S) = (1- €)R. We will show thate is supremum

for S. Sincel- el r(S) we have f(1- € =0 for all fi S. On the other
hand, if g is a projection such thatf ¢ g, for al fi S, then
1- gi r(S) =(1- &R, then 1- g¢1- ee¢ g. This shows thatsupS
exists and is equal tb- sudl- f,fi S}.

(ii) implies (iii) trivialy.
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(iii) implies (i). Let S be nonemty subset ofR. Note thatxi r(S)
iff LP(X)[ r(S). It follows that if the only projection inr(S) is O then
r¢s :{O} =0R. Otherwise Iet{el} be maximal orthogondhamily of nonzero
projections inr (S) . By hypothesise = supe exists, we conclude the proof by
showing thatr(S) = gR. At any rateel r(S), so we obtaineRE r(S).
Conversely, assumi Xi r(S) we assert thaki eR. Settingy = x- ex we
will show that y =0. Note thatyi r(S), which impliesLP(y)I r(S). Also
for all i, we havee y =eXx- eex=0, thereforee LP(y) =0. The argument
of maximality yieldsLP(y) =0, that y =0.
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Visokamedicinskag k dPrijedor Originalni

POLUPRAVILNI MNOGOUGLOVI NAD
CIJELOBROJNI M REGETKAMA

1. Uvod

11.Tal kast e r e @dde familije yaratelailv pravih koje
Arazbijajuid ravan na jednake pabkalelogr
svih talaka presjeka tih pravih Ilinija
reget ka, a same t al ikod tihlparatelograma nmagivamoe g e t K ¢
fundamentalnim paralelogramom il:i gener
(tal aka) | vor ova, a same prave to nisu
cjelobrojZhia Oreagesd«asasmidxii joed dwl|l e&ar di
cijeli brojevi u pravouglom koordinant
dobiti presjekom razlilitih familija pa

Tal ke regetke mogemo posmafgealije ka
stranice dugine 1. Ako svi vr/lkayie mmnogo
da je on upisan u regetku. Tal ke reget|
zZa razl i ku od Ssvojih fundamental nih
predstavd jajadsntodan povezivanja analitil

obrnuto. Kretarg na ovom jedinstvenom mostu povezivanja analize i geometrije
je obostrano i vrlo intezivno.

Prva i str ag@iZiakngoa maetgeemaktei | k og obj e
dogupnim informacijama vezana su za radove Gausa, koji se zainteresovao za
pitanje Kako brzo sa porastorRp ol upr el ni ka krN@nice ra
talaka sa cij el i nivakilovpUstohoav2086)a ma u kr ugu?

Na | injenicu da neke jednostavne geometrijske tvrdnje u ravni imaju
| vrste [ duboke veze sa aritmetil kim
Mi nkovski, pokazujuli da brojni teori,j
modela Hilbert 1932: 3647) Tak oLl e, lo je oisiritecesomanje za
mogul nost upi sivanja pr Z% iPivindzutatatnrse o go u g |
vegu za L udkoaksaaz akoo jdia jsee moge topziredgiet ki p

tougo( Lukas 1878). U o0 s n o vne osbtbngiz tdooijk a z a |
brojeva.

Znal ajni su rezultat:i u razmatranju
cjelobrojnih regetki il2%Hiler GehhVossenaut or a

1932, Vavilov, Ustinov 2006a, 2006b, Egorov 1974, Robinowitz 1986,
Govelarica 2005 i dr.

" nsnest@gmail.com
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Par al el ogr ami k o L i nazigama &ndangentalnime g et k 1
paral el ogr ami ma, | i j uD=PA.y.rZg ikerdinantniz nal av
pol et ak na reget ki obilno uzi mamo j ec

konstruisati za svaki paralelogram, paralelnim pomjeranjem prvo u jednom, a
zatimudrugompravgwl u g stranice paraelograma za ¢

Drugi praktilan nalin zadavanja rege
koja dva nekolinearna vektora,b i t &l kKkeeor di nantnog pol et
skup L(a,b) svi h t P ltakviha da je OP=ma+nb gdje su

mni Zpredstavl j a prime ¢Z€ £k(uj) gdeasu i, |dva

uzajamno normalna vektora jedinilne dug
nenula vektora sa zajednilkom poletnom
razlilitim vr hovioggaraleleglaoag f undament al n

1.20snovne osobine talaka regetke u r

(1)Prava koja prolazi Kr obzesékwinjad no a
mnogo | vorova reget kneeLliu psruis jteodmmei nms vlav orr
|l ege na jednoj pravoj su jednaki

(2 )Paralelnim pomjeranjem a v n i koj om seprgvaidan | v
u drugi, prevodi se cijela regetka u sa

(3)Regetka je centralno simetril na
segmenta koji povezuje dva |vora te reg

(4)Pravilo paralelogramd ak 0 su tri vr ha viparal el
regetke, tada je i |l etvrti vrh tog par a

(5)Ako paralelogram sa vrhovima u | vo
| vorove na stranama ni unut ar sebe, t
fundamental ni par al el bimarseaunmaza kritetjumr e g et k
kod ispitivanja da |i se paralelogram |j

1.3.Fundamentalni paralelogrami:r ougao | i ji vr hovi |
regetke [ koj i osim svojih wvrhova ne
strani cawmar adveal,gqr@ezdievtak ese pri mi ti vni tro
fundamental ni par al el ogram moge SVojon
primitivna trougl a, a vrijedi i obratn
dopuniti do fundamentalnog paralelograma. Oseowesobine fundamentlanih
par al el ogr ama i primitivnih tVYaviloyl ova s
Ustinov2006b).

1. Svi fundamentalni paralelogrami (time i primitivni trogulovi) date
regetke i majudikadddnake povrdgine (
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Polupravilni mnogougl ovi nad cjelobr

=
=]

Slika 1.

2. Par vektoraéfzmLe‘l+n‘e12,b:k‘ejl+llel2 gdie sumn,k,Ii Z

.. . . u 11 .
generi ge regetku ako i samo g,8ko j e
ti. L(a,b) = L(&.6,) kada jejml- nk =1.

Prim er i reget ki sa razlilitim fundame
suslikom 2.
2Pravil ni mnogougl ovi na reget kama

U ovom dijelu dajemo osnovne rezultate koji se odnose na pravilne
mnogougl ove upi sane u cjelobrojne reg

A
\VAVAVAVAVAY

v ////
///”// _///\%/\/\%
7SS T XX XN

Slika 2.
nemogul nost i upisivanja P37 memaldostomimt r oug |
izvorima dokazao je E. Lukal o s novi tog dokaza |l ege e

teorije djeljivosti brojeva (Lukas 1878). Odnosdokazana je tvrdnja.

Teorem 2.1Prav | ni trougao nije mogulie wupi.
Z *(da su mu sva tri
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tjemena u | vorovima cjelobrojne rege
Dokaz: Neka date polupravep,q s a zajedni |l kim koor
poletkom pr ol &A@ab),B(cd) z e § &6 [Siza3a). Tada je
tangens uglaj =1 (p,d) i zmelLu tih polupravih raci

definisan. Odnosno,
d
tga-tgb _ ¢ g _ ad- bc;
= = i Q
1+tgb 1,4 ac+bd
c

to/ =tg(a- b)=

(pcm\cr

Q

Slika 3.

Pretpostavimo suprotno, da postoji jednakosttaniougao Z§ regde't
s a tj emeni ma Q00),A®Db)rBtcy)timarougao OABje

jednakostranilni trougao. Tada poluprav
strane trougla i zatvaraju ugao 60 | i j i | w60t :aJi_Sg ens

Kakoje\/éiracionalan broj, to je suprot
tangens wugla racionalan broj il nije ¢
pravil ni trougaatini pe ced @bNaogsnpyt r eget
pokazanog, jasno j e damaoéee ntiakprlaevidmiis
ortogonalzZfu Pregei kni trougao i gestouga
Z®. Dakl e, Z’sere9p@ehio upisati kvadrat, a
MelLutim redgetka | iji je fundament al ni
ogtrielmggemo wupisati kako pirlarviouggdsdt au @
(slika 3 b).
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Polupravilni mnogougl ovi nad cjelobr

Teorem 22Ne post oj i regetka u Kkoj o] i S
kvadrat i pravilni trougao. )
Dokaz Dok agi mo teor emu koristeld k omp

r e g & dererigna primitivnim trouglomDABCsa kompleksnim brojevima

, p
L, = Fz‘z m+e,mni Z ,e= eE

[ 4

Pret post avi mo mdiae, ski= 04,23 vihevi kvadrata.
Ne gubeli uopgteznwsB,t auzda msn,dataki lee
numerisane da je z, =iz,. | z tih jednakosti zak
m, + e, =i dm +an,).

Kako je
e=ge? —cos£+|sm§—§+; im, + @, = (ms+n30“/—§)+ nSCD

V31 V3.1 1 V3

i(m +ay) :im1+n1®C"Q?+§CD) :|m1+n17| : Enl =" Enl+(rnl+nl7)®

Zamijenimo li to u jednakosz, =iz,,nakani zj ednal amanj a dc
sistem jednalina

2ml+\/§>n1:n3

2m3+\/§n3:-n1.

Rjegavanjem si stnesms0gqtad ajze mee dag | iee
bi to znali @,zdlae evena ajl kénoj , real noj ,
protivrjelnoglu zavrgavamo dokaz.

Odgovor na pitanje koj e pravilne mn

cjelobrojnu mregu

dao je Scherrer (1946: ®98) ne znajuli pri tom
Schenberg (1937: 485 5) koj i je na to .gadiheaToj e odg
pitanje jeEgorovpovezao sairaconal nogl u tr i golbBgorovet r i j S|
1974).

Dakle, jedan kvadrat sa vrhavima u
moge se upisat.i [ to na mnogo nalina,
paralelogram ima ugao 080 i zmelLu svojih strana moge
| etverougao. Jednostavno se pokazuje di
pravilni petougao ne postoji.

Zai st a, ako pretpostavimo suprotno,
vrhovi pravilnog petouglan al aze u | voZ°o Ko mat mieiged mae
dijagonale tog pravilnog petougla one ¢
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koje su vrhovi novog petougla, a koji ima manju stranicu od polaznog. Svaki vrh
novog petougl aA,BdzDaH, ijanla sel Bt ertim vrho
paral el ograma |ija su tri vrha vrhovi |
regetke. Dugina stranica manjeg petougl
koeficijentom k, tj. vrijedi AB, = kAB. Konstrukcijom dijagonala manjeg
petouglaA,B,,C,,D,,Edobi I i bi smo jog manji peto
| vorovima redgetke itd. To nas dovodi do
petougao sa najmanjom stranicama. Bakl nema regetke u ko
nacrtati pravilni petougao. Za ostale pravilne mnogouglove vrijedi teorem koj
ovdje navodimo bez dokaza, a za dokaz vidjéivilov, Ustinov 2006b.

Teorem 2.3Pravilni ntougao zan=5,n>6,ni Nnemoge se upi s a

nijednoj cjel obrojnoj reget ki

3.Pol upravil ni mnogougl ovi upi sani u

Mnogougao Kkoj i i ma il sve strane (
jednake( a razlilite strane) nazivamg polup
polupravilni jednaka g a o n i | etverougao je pravouga
ugl ovi pravi, il polupravilni jednako
stranejednake untragnje uglove razlilite.

Dakle, ako bisaM oz na |l i | i s kup mnodgolglovja,ead nak os

sa M skup svih jednakougaonih mnogouglpvada bi M, =M AM,

predstavljao skup svih pravilnih mnogouglova. Ovdje ne razmatramo pitanje
konveksnosti mnogouglova. Problematika polupravilnih mnogouglova na

redg kama s e dakl e mo g e posmatrat.i u
jednakougaonih i grupu jednakostranih. Pitanjem rasporeda ove dvije klase
mnogoug! ovaZ? mave se @ pasliednje vrijeme VavilévUstinov

(2006a,2 0 0 6 b)) aije Badl §1978) koji g rza tu klasu mnogouglova i
formulisao i dokazao niz vagnih stavova

3.1.Jednakougaoni polupravilni mnogouglovi

Razmotri mo pol upravilne mnogougl ove
ugl ovi ma, a razlilitim stnogapalegmadnog Pr i mj
mnogougla je pravougaoni B0 sRazmawranjer agnj i
jednakougaonih mnogouglova oslanja se na stav o iracionamgstinosti
trigonometrijskih funkcija koji glasisa i skl j ul enj emglayeki h vr
trigonometrijske funkcije i maj u iracio

vrijedi teorem
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Teorem 3.1.Brojevi tgaezﬁgza prirodne vrijednostin se uvijek
javlijaju iracimnsal mEBj48a i skl jul enje
DokazaMat emati | kom i ndukcijom se | ako

sin(ha) _ C,cos"'a@ina - Cicos™*a@in’a- Cicos™*a@Bin°a - ?

t - _
g(na) = cosfa) cos'a- C?cos"?a@in*a+Clcos™*a@Bin*a-?
(3.1)
.. .8And and . ang " @
cos"ta Bina C%% %gcos‘za @in’a- igcos“‘a Gin*a-?y
- é; - g = = [:I
 Aang L, .., A, .. ., 2
cos' a @1- %g cos “a @in’ a+%8cos a@in“a-?u
¢ ¢ ¢
gdjejeC"—énG— n Koristelid formulu (3
" gﬁﬁ (n- k) |

teorema vrijedi.
Kako za a =27pvrijedi 0=1t9(2p) —tgaﬁleﬁo tg(na) iz

jednaline (3.1) i mamo da j e
tg(na) =0 ako i samo ako je
(3.2)
£ ang ano n-1 a
ga &n- %%92 %%9“3-? +(-1)21t9""a =0
e G°- (e u
an ano n-1
i pri tome jel- %892(3 +%%g4a -? +(-1)z2tg™a, 0.
g+ (;+
Uzmimodaje(=tg£.Tadajejeda! ina (3.2) ekvival e
n
jednalina
5 n -
x=0ili n- %gx +%8X -2 +(- ) x"t=0
| z prve Jednallne nal azi mo da | e

x:tg%:ou %:kp,kl' Z U %:w n=2.

=
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KakojeniN, mogul e vnbsjednost2iovaat o ne
pretpostavku daj@r a z | i{:l!,2j4,8}. od

ANG ANG n-1
'z drugen- %gxzr&%gj(“n’é +(- 12 x™* =0 vidimo
Go~ GV~
dasex:tg%
n
javlja korijenom jednal i Sidzirsnana cj el ok
prirodu korjea j ednal ine razlikujemo dva sl ul a
1. Ako je n=mp, gdje je p neparan prost broj, tada za
m=1ln=pi z jednaline (3.2) slijedi

an an
n=x° %8+%§X-7+ x"'3), odakle zakljulu

20

xz‘p za X=tg—— gt o nij e me@ qephran progt broj. Akoge
n
n:mC"Ip,m>1 tada, ako bix=tg§ bio racionalan broj, onda bi
n
3 a a
i X= tg%nz'ao tggn 8 tg%zﬁgtakoLe bio racional an
(o n = C mp= g
pokazh i da to nije mogule.
e, . _ 4206 _
2. Ako je n=2%,k2 4, Kako je zak=4 tgael—Go—\/E-l
(; -
iracionalan broj, tada prema (3.2) svi brojevi obllkgaeiggkz 4bili bi
Q =
takolLe iracionalni, gtkorjig emruo tjiewrnjad|i ma
cjelobrojnim koeficijentima.
Koj e polupravilne jednakougaone mn

cjelobrojZzidjOdeagwdrkina to pitanje nal az
koji je formulisao i dokazao Ball.

Midaj emo dokaz te teoreme koristel.i
pristup i rezuléte prethodnih stavova i teorema.
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Slika 4.
Teorem3.20d svi h moguiih jednakougaonih
Z°’mogemo upisat.i
samopravougaonik i osmougao.
Dokaz: ]
1.Uzmimo da je jednakougaoni mnogougaonsatranica,n>2,nl N
upi san Z’srekat k) | AJALALR A, | wrolr cowii te reg

Uol| i mo & iril uaastoprmjvrha (nph, A,, A;) tog jednakougaonog

polupravilnog mnogougla |ije su koor di
A(ab), A(c,d), A(e f), gdie suab,cd,e fi Z cieli brojevi, pa
vektori odreleni i majanamal mbogpogl koor

trougao DA A, A, i vektore njegovih stranay, = E v, = ﬁ kao i strane
E,vszm.Oz nal i mo mu unutAysa)y ujyrhuAuspao u v
XiuvchuAjsay.Spol jagnji ugao jednakougaonog
e J =2?’0 i vrijedi odnos y =p-/ . Uoilmo prave p=p(AA),
ad=9(AA),r =r(AA). Primjenom kosinusne teoreme na stranice trougla

DAAAl ije su dugine |j eu?lnia\,gkojdegimedimaoha
zatvaraju ugag , nalazmo da vrijedni jednakost

2p

@3V = vl + vl - dvilvlcosy ="+l |* + 2 v | cosZ
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Olito j e l'ijeva strana j ednako:
|\/|2 =(e- a)®’+(f - b)?[ Z, pa i desna strana treba biti cio broj, odnosno
treba da vrijediv,|* +|v,|” + 2|v1||v2|cos£i Z.
n
Kako je v, =(c- @)% +(d- b’ Z i
|v2|2=(e-c)2+(f-d)2iZ desna strana JIe biti c
2v ||V|COS%|' Z odnosno, ako | [z 2iz n I
AVA o , IEVAIYA i cos? ,Zbog | ega
razlikujemo sljedeie slulajeve:
(1)cos£:0
n
@ cos? =21 i ||l Z
n
(3) cos@:°1% i vifv,|T Z.
n
Analizirajmo sva tri slul aj a.
P - P _ K ki Z , odnosno,n=—

1.Ako je cos— =0 tada Je———
n

Posliednja jednakost je zadovoljemalino zak —1 il k=2ili k=4, pasu
mogul e vmELik ¢aDils hF4.Prema uslovu jen> 2 pa jedina

mogul a vr inF4idadajs;t :%j‘?s%. Tada jednakost prelazi u

oblik |v|2 :|v1|2+|v2|2,a t o vrij edDAAA, pravoupliarpugao,d a | e

odnosno, jedini polupravilni jednakouga
uslove je pravougaonik.

2.U ovom s bka | &) uispunjen uslov da je
cosP =1 | Vy|vo|I Z tada jGQZZK,O ki z . Odavde nalazimo da

n

jedino zak=1j e t o mogum=62iliin=1.adlamajjeuI [ u vi dt
n>2nijedravrijednostzann e zadovol java tragene usl o

Dakl e, u ovom slulaju nemamo nijed
mnogougao za koji vrijedi navedena jednakost.

3.U ovom sl ul aju usl ov j e i s

2@03%:2(°%):°1,nl' N.Gt o vr H:eﬁQSk‘Z]s) odnosno,
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za n= . ki z odakle en=6, a; =60°. Dakl e, u tom sl

3ke°1l
unutr agnj iDAARAaimostyr=d209 Zaavu vrijednosn treba da
je i M|v.|l Z. Kako je |=VA ,A=(c- a)?+(d-b)?, Al Z, i
|V2|:\/§, B=(e- ¢)®+(f - d)?, B Z tada je|v|v,|i Z ako i samo
akoA=B ili B=k*Ak, Okl Z. Ako je A=B tada je
VaV,| = VAVA = (c- @) +(d - b)> =(e- )2 +(f - d)>1 Z. Odavde,

o + ~
nalazimo da ta jednakost vrijedi ako je(a-e)geaz—e-cgzo [
c .

(b- f)geb;—f- d8:0, odnosno, ako jed=e ili a+e=2c) i (b= fili

b+f=2d). Sa=mdibfFfnije mogul jAFAlko tada
gto nije mocg:uéi;—eindi:%—fk,u!jajar bi Atbdada tal

sredira segmentﬁ :

Lako se pokage da i u ostalim sl ul a
koji bi bio ispunjen i uslov/ =60". SI1 i | no pokagemo da [
B=k?A .k, Oki Z ne postoji mnogougao za koji jev,|v,|i Z i

J =60°. Zaista, primijetimo da je
(e- 02 +(f - d)2 =k?|(c- @)% +(d- b)?|= (kc- ka)? +(kd- kb?
, dokaz je slilan pr vom psglryel respekiivno:Koef i ¢
d-b f-d f-b

k =——, k= ko=
P c-a 9 e-c ' e-a

. Na osnovu toga i relacije za tangens

k -k
lai : dtai £k dai
uglai z me L u tg}]:ﬁ-_klﬁjlmam aje
f-d d-b
Ki-Ko _ e-c c-a _(f-d)c-a)-(d-b)e-c)

=1+qup _1+ f-d4-b ~(e- o)(c- a)+(f - d)(d- b)
e-C C-a

tg/

Kako je tg/ | Q ako i samo ako i samo ako je=kp, ki Z ili

Ji :°%+kp , odnosno za te vrijednost ugla vrijednost tangensa je ili
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rad onal an br o] il vrijednost nije defi
vrijednost tangensa iracionalan broj.

2p

Za j =——vrijednost izraza (f - d)(c- &)- (d- b)(e- ©)
n

(e-c)(c- a)+(f-d)(d-b)

racionalan broj ako jeﬁzkp ki Z go je mogul kE=ljiedi no
n

k=2,atadajen=21ili n=1,§t o ne zadovoln>=2vd zaht]
sul aj u da j e vririjednostl, tadarbdaaigao r aci o

2p /_0,0

= =kp, ki Z imao vrijednost +kp, odakle imamo jednakost
n

k, odnosnon= , iz koje nalazimo da je jedino za

vrijednost n=8. Dakl e, p o sdano mmogou@ao gosimj e
vougaoni ka, a to je jednakougaoni I
S

=1,
4
0
a
[ ati Cc j e Idikabba)dimenj®tporem pagpano dokazan

2
n
k
P
u

r
P

Slika 5
3.2.Jednakostrani polupravilni mnogouglovi

Mnogouglove koji imaju jednake stra c e , a razlilite wun
nazivamo jednakostrani  polupravilni  mnogouglovi. Primjer takvog
| edrogtranog polupravilnog mnogougkromb. Mi analiziramo neke osobine
polupravilnih jednakostranih mnogouglova koji se mogu upisati u cjelobrojnu

r etueZ ?. Dajemo dokaz teor eme, koju je do
j e cj el obzZ?&jmpleksnacjelrana Gausova ravan.
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Teorem 3.3.Na cjelobrofd’noggemegenadrt at i
jednakostrani polupravilni mnogougao sa parnim brojem strana, a nijedan
mnogougao sa neparnim brojem strana.

Dokaz. Pr et post avi mo suprotno, da mo g e
polupravilni mnogougao sa neparnim brojem strana, i da su mu strane najmanje
mogul e dugi ne.

Neka je to mnogouga® A A,? A, i n=2k- Lki N. Svaki vrh

mnogougla je i | vZ& Neka jp @dro\mlina gjetolerojna e g e t k ¢
tal ka u mnogougl u i zpblramak.zaKokao mait
A, k=12? nmnogugl a o@nm), i mo odgovar aj ul i k

broj u Gausovoj ravni 22:{(x,y)|x,yi Z} sa z =(a,b) i
z =(a.,b)=a +ib,a, b1 Z,k=12? ,n gdie su a,b

odgomar aj ui e koordinate vrhova jednakostr g
Formirajmo razlike kompleksnih brojevaz,z,,z,,? ,z, koji
odgovaraju vrhovina mnogougla na sl jede

Z,- 2 =(a,- a)+(b,- b)i,

Z;- 2, = (8- @) t(by- by)i.. 2 - 7, =(a - &) +(b - b))

Primijetimo da ti kompleksni brojevi odgovaraju vektorima strana
mnogougl a i da im je dugina jednaka du
Uvedimo oznake za te razlike respektivno sa:

w=AA=2-27=(a,-a)*(b-b)i =x+yi,
Wy =AA=2,-2,=(85- a,) +(by- b,)i =X, +y,i, ?,

w,=AA=2-2=(,-a)+{,-b)i=x+yi, gde su

E, AA,? m vektori strana mnogougla. Kako za vektore strana

mnogougla vrijedi jednakost

AA +AA+? AA =0

odnosno,

g+, +? =00 (x +%+7 x,)+i(y,+y, +? ¥,)=0

U X+X%+? +x,=0iy +y,+? +y,=0.

Odavde, uzimajuli|w=w =@bzu|ra ida | e

|l/|/k|2=xf+y,f=a2,k::l,2,?,ndolazimo do sistema jedn
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X +%+? +Xx,=0
(34) ity +? +y, =0
X HY =G HY; =2 =xihy, =at
Kvadriramo I|i prve dvije jednaline
|  anova i u z i neanakostinalaeimoodajei r tr el u

(X +y)+ (6 +y3)+? +(¢ +ya)+28 (XX + YY) =0,
]
odnosnona® + 24 (xX; +Y;y;) =0.
i ]

Kako je po pretpostci al N(aj e dugina stranice m

pol etna i krajnja tal kaniiNmepawanbrojiz| obr o]
jednakosti
(3.5) na’ =-2a (xx + Yy,
[
sliedidajea?par an broj . Razmotri mo sada s/

1) Ako je a’ djeljiv sa 4 tada su svix,V,,i =12,? ,n parni
brojevi ako je parna suma kvadrata. Dakle tadasmbi za
X =2p,y, =2q,p,ql Z imali w=x+iQ, =2p+2qi=2(p+iq) gt o

znal i da%bﬂpﬂqésrﬂaaaijaiekoordinateodkojihshrinotakote

mo gl i sastaviti jednakostrani pol uprav

manja od stranice polaznog mnogougl a, ¢

mnogougao ima strani calnijmdelivsavj e dugi ne.
2) Neka je sadaa’ djeljiv sa 2, a nije djeljiv sa4.Tada bi svi

X,¥,i =12? ,n bili neparni. Odnosno, za

X =2p+1ly, =2q+Lx, =2r +1y, =2s+1, p,q,r,sl Z vrijedi
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mnogougl ovi

Tabela 1.
" o R
J5-1 J5+1 J5
2 2
3-45 | 3+45 |°
2 2
2J5-4 | 25+4 | 25
2 2
7-v5 | 7+45 |7
2 2
5/5-11 | 5/5+11 | 5J5
2 2
18- /5 | 18+.5 |18
2 2

a2 =x"+y?=(2p+D*+(2q+1)* =4(p* + ) +4(p+0) +2=2m
, gdje je

m=2(p*+0*) +2(p+q)+L mi Z.

Tada je xX; +Yy, =(2p+1)(2r +1) +(29+D(2s+1) =2M, gdje
jieM=2(pr+qs)+2(p+q+r+s)+1.

paje suma na desnoj strani jednakosti (3.5) djeljiv&s®tuda ponovo
dobijamo dada®

gto je supr otarmi peretdp @ j awcis adal,
nije mogul .

Na osnovu izlogenog zakl j dfmg¢ geno
jedino upisati

jednakostrani polupravnilni mnogougao sa parnim brojem stranica. Da
se moge upi s attani polipravikiimnggaigho aakcgelebrojanoj
r e g & ts& parnim brojem stranigiustrujmo na primjeru.

cjelobr

Primer1.U cj el obr Aji m@jb emreen®i proi zvol jno
upi gemo pravowgaonN&d sdgtrraasnnicmaama pr avou
2bkonstrui gemo jednaldkriakeg et tawdliowea hv

tako da jea,b,c pitagorina trojka. Dobijamo mnogougao kajia sve strane

73



Nenad U. Stoja o v i |

dugicne Odnosno, na taj nal in S mo upi s
mnogougao Aastranieeget i i | nim postupkom | a
reget ku i drugiuglgviednakostrani mnogo

Zadatak ( Kr ugni ca up iZ8)dznelementarne gepmditrile u

poznata nam je konstrukcija podjele dat
j e AR ¢

podij el je®au omjad klatna proporcije. Tada vrijedi
AS _ x _

——X—% gdie je x=|AY, a- x=[SB. Iz te jednakosti imamo

J5

kvadrat nuxXtaxdafa0li npe | e pozxi=t—|2—_v%®o rjege

gdiejeadugi n aAB kajagjeé podijeliena u omjeru zlatnog reza. Neka je

A_Bjedini!na dug. Reciprolna vrijednost
-1.. +

reza x=\/_571@1 za jedi ni}(‘h=u\/§—2é.u50rmiljajmo (174

vrijednosti R =x"+x",nl NNekol i ko ||l anovaabetbg ni za

Pokazatide ent r al n)q1+kjr:E§fgunpiicseane cjelobrojnoj

8 t al a knanepar&ndrojjaeskojppar an br o] sadrge 4 cj
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xA 2@ cA

A& B2 AEB

AUB 2 ACB

AY B2 (cAC B

AU B2 gcAC BgE(@ CA,

AUB * gA AcB) @B (A g

A-B 2 c(AAB),

A®B 2 c(ACB

d ftetshdieddts dn tjSbktL dodt &O ¥itedlzd
tsttR@@e jete] dMSOLO Bdlsd dHjdsdusd dlsc
LO ¢ t5'kyfitaek @ StoBRdizj Bt MAEUSE O otd jHJ

1§ WAU(xA)2 AC(cA)=U, x(A@xA)2 (A(cA)=U.

RdzsjteftejsOyd  © OdcjBtej dMCOLO 5 &BSH

ltedHiolzy ddts oted ‘ | H dtsdytsty o Iyls d @d lsottdiyfs dj
dimisdddlsthisdets . O0uv OHMxA)=(1jzA) ( dBsH 2) ,
t(ADB)=(tA)&B)( issH t(AYB)=(tA+B+tAGB)( BsH 2) dlsH.
NBtedzA@Eze jBtey] dMEOLO Bd<j dHjdsduSd dMmisc
“FAT1l ((dBsH 2) .

dtedlsd3j sdpsf@f &fj sOyd O Odzejstey dMEOLO

ledHEydds Sfjls otkd Nemshlsy, J6ls e ddlsisi
dfisdddsmigsyd 0. UVOHO * j:

t(xA)=1- tA,
t(A@B) =rAGB,
t(AUB)=tA+B- tAGB,

AY B)=1- tA+tAGB,

AU B)=1- tA- B+ 2tAGB,
AUB) = tA+B - 2tA(B,
A-B)=1- rAGB,
A®B)=1- tA+(B+IAGB

~
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t
t

t
t
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DEFINIRANJE PSEUDOULTRAMETRIKE
NA PROFINITNIM STRUKTURAMA

1. Uniformnost

Neka je X skup. PodskuproduktaXTvaogemo prikazatirelacijama
naskupuX. Ako su U i V podskupovi produktalX, tada je skup UV = {(x, y)
| XIX | postoji z| X, (x, 2)| Ui(z, y)| V} kompozicija dviju relacija.

Ukolikox| XiU XIX, tada sa U(x{yl ¥XZawlWvamo sk

Definicija 1.1.Uniformnost(ili uniformna struktura U na skupu X je
neprazan skugpodskupova produktalX koji zadovoljavas | j edel a svoj st

(1) ako podskup Y XIX sadr ¢gi | ¥ ltadanie b,t V

(2) presjek bilo koja dva elementa skupa a d r § i gl ement iz

(3) svaki element skupds adr ¢ i di agdXalu produkt a

(4) za svaki U U, transponirana relacijal' = {(x, y) | XT X [ (y, X) |
UrL U,

(5) za svaki U| U, postoji V| U takvo da VV U, tj. kadgod (x, y) i
(y, 2) pripadaju Viada (X, z) pripadd.

Ako je uniformnostU definirana na skupu X, tada njezine elemente
nazivamo okolinama uniformnostj a par (X,U) (ili samo X ukoliko seU
podrazumijeva) nazivamaniformnim prostorom

Fundamentalnisistem okolina uniformnosti U je bilo koji skup B
sastavljerod okolina uniformnostitakvih da bilo koja okolinaiz U sadgi neki
skupiz B. Napomenimo da je relacija §i me t ukdliko fedJ = U. Svaki
uniformni prostorsadgi fundamentalnsistemokolinakoji seu stvari sastoji @
simetri nih okolina

Uvedemoli definiciju kojom je podskupO prostoraX otvorenako i
samoako za svaki elementx iz O postoji odgovarajlia okolinaV takvada je
V() podskupod O, tadamogemorel i dauniformni prostorpoprimasveosobine

topolajkog prostora

Pri tome je mogule na skupu X defini
skup U(x) ={ U(x) |U | U} predstavijdilter okolinat o| ke x, | X.a s v akc¢
Ovakv u topol ogi ju definiranu na skupu '

nazivamo topologijom induciranom pomdu uniformnosti U. Ukoliko se
topologija definiranap o mo | u uni for mne strukture p

" katijalonzal @du.htnethr
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topol ogij om t audifarmna strgkéurapa todotogkom @rostoru
kompatibilnas topologijom

Ako je inducirana topologija Hausdorffova, tada je uniformni prostor
(X, U) Hausdorffov.

Bazauniformne struktureJ je podskupB od U takav da svaki element
izUsadr ¢gi n e B.i Akceselesastojiod svih relacija na skupu X koje
sadr ge el B metnatdea bkabdzgemari@npd anof. Bakle, skup
Bk oj i psdskiipoveiproduktalX je baza neke uniformne strukture ako i
samo ako su zadovoljena svojstva (2) do (5). Napomenimo da je okolina

uniformnosti Utranzitivhaukoliko je UU U. Za uniformni prostotJ k a § € mo

da jetranzitivanako posjeduje bazu sastavljenu od tranzitivnih okolina.
Nekasu (X, U) i (Y, V) uniformni prostori Za funkciju : X Y Y

kagemodaje uniformnoneprekidnaakoje, zasvakuokolinuV odV, ((1 G)'*(V)

okolina uniformnogprostorau, ili, ekvivalentnoovome ako postoji okolina U

| Utakvadaje (i(U) V. Sveuniformnoneprekidngunkcije suneprekidnes

obziromnainduciranutopologiju

Dakle kao ¢o neprekidne funkcije izmelu topolakih prostora
zadgavaju topolaka svojstva tako uniformne neprekidnefunkcije izmelu
uniformnih prostorazadigavajuuniformnasvojstva

2. Pseudoultrametrika

Svaki metril ki prostor mogemo prom
Poznato nane je dametrikuna skupu X definiramo kao preslikavaifex| X Y
R'koje zadovoljava sljedele uvjete:

(1) zasvakox, ¥y X,d( x, y) O o0,

(2) zasvako x, ¥ X, d(x,y) =0 ako i samo ako je x =y,
(3) zasve x, } X, d(x,y) =d(y, x),

(4) akox,y, 4 X, tada jed(x,z ) dpQy) +d(y, z).

Pseudometrikad e f i ni r a mo unzazadsvbljavhngeruvietad2), i n
(3) i negto sJjtabijeg uvjeta od (2)
(2") za svako x X, d(x, x) = 0.

Ultrametriku definiramo kao metrikikoja zadovoljava®s t r o gufi ver zi

uvjeta (4) tj. .
(4) zasvako x,y, £ X,d( x, z )(x §,dinpa (
U ovom radu | e psauwloultraangtikd ge zani mat i

Pseudeultrametrika d na skupu X prirodno definira tranzitivnu
uniformnu strukturuU na skupu X. Pri tome bazu uniformne struktle
déf i niramo pomoi u pbxdablkaupofxay)pXbX¥Mpukta X
d x, MU <= W) .
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Za dvije pseudoul trametr iukfermnma s Kkuj
ekvivalentneako definiraju iste uniformne strukture. Ako Bui U éuniformne
strukture definirane ppo | u p s e udi d fredom hakskupu X i Y, tada
j e funkcdhY aXog Jiunifortnno neprekidnako i samo ako za svako
O > o0, postoji O X,>vrijedli dd & kv, 0 yd a ,< Zla i sIrMe
ded(x), dG(y)) < U

Napomenimo da g uniformnu strukturu mog u | definirati pomd u
jedinstvene pseudometrike koja je nugno metrika za slul aj Hausdorffovih
prostora Stoga uni for mnu strukturu koju
pseudoul trametri ke mogemo okariaokt er i zi |
(vidi [6, TG. IX.2, Theorem 1]).

Propozicija 2.1.
() Tranzitivna uni for mna Sstruktur a
pseudoul trametri ke ako i samo ako je g
(2) Tranzitivna Hausdorffovaiuni 0
pomoliu ultrametrike ako i samo ako |

e
f r
e Jg

3. Profinite strukture

L-strukturud e f i ni ramo kao par (S, L), p
se sastoji of familjerr el aci ja na skupu S inde
relacijskinsimbola R i familiefSoper aci ja na skupu S in
skupa funkcijskih si nikodnbsad fednala arnoati i n d
relacijskog simbola (odnosno funkcijskog simbof. Kada ne postoji opasnost
od bilo kakwvihshej asensricarafizfti 8za¢zly.ak e :
Presli kavanj e (L-strGturdSilT ukojikeje:mor f i zam
T 01(sy,...,s))=f( &)Y , .s))zasvakof|(Rjizasvakos...,
sl S,
i (S, ...,s)| rimplicira@$) , .s)).| rzasvako(| R,iza
svakos, ..., S.

;
ksi

d
a

Relaciju ekvivalencije ~ nal-strukturi S definiramo kao relaciju
kongruencije ako za svakd F,(nO 1) i, z.a,s)s,e.. el S
takve dajes~t ( 1 i Qm), vrijedi f(s, ...,s) ~f(ty, ... .tn) . Stoga, ako
S Y T mdsstfuktiraa tadas ~; t 651 G §) =t) défiira relaciju
kongruencija na strukturi S.

Zal-strukturu St &pgHHastqukuahakolikoeje na
skupu S definiraa topologija takva da

T za svakd | F, (nO 1), presl.iskl|pfgsa.nj,g)izC's
uS, je neprekidno i )
i zasvaka | R,(nO 1) , mod @ js xatvqgren.
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Ako je skup S konallsn,rukéadaak&ge&mn
Napomenimm da se konalne strukture vrlo |
strukture na kojima je definirana diskretna topologija.

Definicija 3.1. Neka jeC k1 as a t t-ptroktumad dstrukturu
nazivamapro-C strukturomako je projektivni limed.-struktura unutaklaseC.

L-struktura jeprofintnauk ol i ko | e projektivni
struktura (uz pretpostavku da je na njima definirana diskretna topologija).

Stoga su pr& strukture, odnosno profinitne strukture kompaktne i
totalno nepovezane. Klasu-strukura nazivamopseudovarijetetukoliko je
zatvorena u odnosu na podstrukture, h
produkt e. U nastavku rlastukturl lonsttitemind nost a
struktura.

Za topologku strukomalun oBanakdaikernmio da
postoji konal an podskup strukture S tak
S.

NekajeVpseudovarijetet struktazdvega. Za s
elemente x, | S ako postoji morfizanmiG@y)sS Y
Struktura S jeezidualna unutapseudovarijetet® ( i | i re#duadnbVe ako
postoji homomor fizam i z méWdjuihraztivejang. nat a p
ukoliko su bilo koja dva elementa iz S razdvojena nekom strukturom
pseudovarijetetay. Za s | ul|Vappeudkvaadrai j jee¢ et konal nih
jednostavno Kkaziedwoa ldmsouktueo BBaga surofinitne
strukture kompaktne struktur e prdkMoj e su
strukturompodrazumijevamo kompaktnu strukturu koja je rezidualna undtar
Ekvi val ent no o v o preV striktarg gajektivnid(if invereni)
limes struktura pseudovarijetéfa

Pretpostavimo da je S rezidualna struktura unutar pseudovarijéteta
Tada skupBy relacija kongruencije Rha strukturi S, takvih da S/Rripada
pseudovarijetetuV, formira fundamentalni sistem okolina za uniformnost
poznatu kagro-V uniformnostUyn a S. Pri tome topol ogij
pro-V uniformnosti nazivamo prf¥'t opol ogi j o m. Takoler, m (
skupovi oblikaUg ={(x,y)| SIS|G ( x) Eprhi(yDemu @G pripada
morfizama iz strukture S na neku od struktura pseudovarijététamiraju bazu

proV uni f or mnost. i na S. Primijetimo da
Hausdorffov jer je struktura S rezidualna unutar Pri tome je operacija
mnogenja naunsitfroorkntnuor iner eki dna. U slu
pseudovarijetetu Svih k onal profihitna st r ukt

uniformnost

Pseudoultrametrikdy, na preV (profinitnoj) strukturi S pseudovarijeteta
Vmo ¢ edefinirati kao

dy (x, y) = 2V, pri lemu je

r(X, y) = min{[T| | T pripada pseudovarijeteiii razdvaja elemente x i
y,zasve x, ¥ S}
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Definiranje pseudoultrametrikea profinitnim strukturama

uz dogovorene vrijednosti za min = i 2 = 0. Pri tome, za sve
elementex,y S takoler vrijedi

i r\/(X, y) = r'V(yv X)v ,

T x,  z§nCoy)miy, )}

4. Rezultat

Pitamo se pod kojim uvjetima se pvouni f or mno st moge d
pomol u pseudoultrametrike. Sljedeldi t
pitanje:

Teorem 4.1.Neka je S pré/ (profinitha) struktura koja pripada
pseudovarijetetty. S| j edel i uvjeti su ekvivalentr

(1) za svaku strukturu T V, postoji samo prebrojivo mnogo
morfizamaizSnaT,

@ proV(profinitna) uni formnost na st
pomol u psedarikddoul t r ame

Dokaz.

Q) [ (2). Prema (1), pseudovarijeddts adr gi naj vi ge prebr
nei zomorfnih struktura, odnosno post o]
struktura. Stoga se bilo kojap¥( pr of i ni tna) struktura S
projektivni | i me s prebrojivog si st ema (konal r
prebrojiva wunija od prebrojivo mnogo s
postoji naj vi ge prebrojivo mnogo podsku
podskup L t rukt drukwra¥,Vip ssutrgjeik tk ooma| meo r
:SY T takav d@d(le) ). =Zal zadani morfizam
i emo sk{py)|USIS|G( x) }=Bulidwi)i da je T konal
Uyimogemo pri kazat:i kao konal nu wuniju

Ug={=s r( dsxi (s))} (D).

Tada skupovi oblikaJ; (tj. okoline pri | emu G pripac
morfizama iz prev (profinitne) strukture S na neku od struktura
pseudovarijetetd/, formiraju bazu pré/ uni f or mno st i na S. Da
prikaz (1) pokazujemo da pw§i prebrojivo mnogo takvih skupova, odnosno da
pro-Vuniformnostnap/( pr of ini tnoj ) strukturi S se
koristel.i propozi cij uV udiformnost na brYj ul uj e
(profinitnoj) strukt ur seudBultremeetiile. bi t i def

(2) ' (1). Pretpostavimo da pid uniformnost na pr&/ (profinitnoj)
struktur.i S moge biti definirana pomo
propoziciji 2.1, slijedi da pr¢ uniformnost na pHyY st r ukt uri S s
prebrojivu bazuNe k a s u G : S Y T i -Vstrikture :  S6 Y

S na neku strukturu pseudovarijet¢taladaje | Ug-ako i samo ako postoji
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morfizaWwTl akaV da je G' = U0OUG ,4g gto zr
sadr dgana u s amo ihkaddp.adzmemo livda ¢ei§) prebrojikao |

baza preV uniformnosti, tada, za svako|BB,po st oj i ptekavddsmam
okoline U, sadr gane unutar B. D a kkbliee U; za s v e

sadr gavaj u neKkaoi eKoleume; n Prem tome, unifornu
strukturuUmo ge mo def Un#g gfUk|Uka &} Naovakav

nal in Waniuafpromnost.i mo gemo fsopritome at i p C
je iskazati kao prebrojivu uniju konaln
konal ni h sdckjuipwav,a zpakelbjrul uj emo da vrijedi
Ukoli ko su zadovoljeni uvij et teor el
pseudoultrametrike dy, mo gu | e d e f-V nuniforentui = strulgturu@
Razmatrajul.i ovo pitanje dolazimo do e
41, m je odgovor sadrgan u sljedeliim teor

Teorem 4.2Nekaje Spre/ ( prof i nitna) struktur a.
su ekvivalentna:

(1) za svaku strukturu T V, postoji samo konal no
izSnaT,
2 proV (profinitna) unidfeofrimmniorsatn a mopjoem

pseudoultrametrikéy,

Dokaz.

Neka je Uy uniformnost napro-V (profinitnoj) strukturi S definirana
pomol u p s e u ddy.uRrittome rfee hazai ukidrmnostly zadana
podskupovima produktal $ blika Ww={(x,y)| ST S|dv(x, y)<G (0 > 0) .

Poznato je da pseudoultrametrittuna preVs t r ukt ur i S mogemo d
dv(x,y)=2V®Y  pri  Jxe)nFEumin{[Te|T je strukturakoja pripadaV i
razdvaja elemente x iy, zasve {, 6 } . Pokazat.i [ eebhor da | e

UU tom cilju promatratl| iUeubwr| bktel i ne u
dokazati da vrijedi inkluzija

UTIT Ug

za svaki mo r f i z ¥ strukiure S naSpry¥StrulturTi z pr o

L V).

Zaista, ako (x, y) U7, tada jedy(x, y) < 2", a potom i w(x, y) > [T] .
Stoga mogemo zakl jul it i-V(grefinitned strskura k i mo r
S na neku prY strukturu pseudovarijeteMv el i | i ne najvige | T|
a(y) . Ovo pak| zdalme dakéaxuyjUrmoUsg nkl uzi
odnosnoUy T U. Sada mo g e mo pristupit:i dokaz
navedenih tvrdnji.

r (2) . Neka j e Un|>NtaBvodaljez?a<b el i .mo n
Pretpost avi:®Y¥ Tdial,s.u K pabrojéni svi morfizmi iz pro
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V strukture S na neku neizomorfnu strukturu pseudovarijgtetee | i | i ne naj v
2" Uzel emo da | e/ (piofinitne)rstfukiureaSnma pradukiplt o
..l Tkdefiniran Kag, H@Y) . ,nhE&ka je T =

struktura T pipada pseudovarijetetly i mor fizam inducir
morfizam iz S na T. Tvrdimo da jegU Ug gdjeUgy| Uy Stvar no, iz
G(v) sl ifedvrdié&l,j. ek Stéga elementii vne mogu biti

razdvojeni p o mmifiama greVrsjruktlrd pseudovagjetetd

vel il i nga Dakle,jmora it fu, v) >n,pa shodno tome mc
zakl julduy<2da Qe, |l i me dokazUypdeasm i nkl u
UT U.Budulii da smo dokazal. it d@UnwrUsj ede o

slijedi da jeU = U, Dakle, promatrana uniformno&t se podudara s prY
uniformnosti, tj. vrijedi tvrdnja (2).

(2) [ (1). Neka jen | r . Pretpostavimo da je T pid (profinitna)
struktura pseudovarijetetav e | inl Arema inkluzgi U mT Ug, priUs | emu
| UiUsm| Uyzakl julujembs daaj svaki Ymorfizam
Budul i UygreV unitermnost definirana na pad strukturi S, to postoji
nek.i mo r fYi Rena preVUtrukturu$seudovarijetetatakav dge Ug

Uy nUgl U,Usin| UyOdavde mogemo gak, jtué ittakdlaer
postoji nekiVY Mot Akaamdh vr WBjuaddil i @ a= ph
s amo konal no mn ogo mo r f i z-¥ igpeofinithil) me L u p
struktura Ri T, pokaali smo da vrijedi tvrdnja (1).

Ako j e S konal -« dprofopia) estrukturaa t). ¥ p r o
(profinitna) struktura koja sadrgi gus
postoji samo konal no nmn\ $taga, dotazimoide a ma |
sif edei eg zakl jul ka:

Teorem4.3Na konal no gW(prdimitmoj) strukir, prgvr o
(profinitna) wuniformnost moge @i ti def i

Primjedba 4.4.Neka je S profinitna struktura. Tada postoji samo

prebrojivo mnogoknal ni h struktur a, te stoga bil
mo g e biti konstruirana kao Pr Oboe kt i vn
konal nih struktura, pri | emu je skup in

(poretka) na nenegativnim cijelim brojevima.
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Ako @an@l| i mo kanons ko tadampdstojisaro i z S
prebrojivo mnoxgdu (s Arédma eeonemu 4.1, profinitnu
uni formnost na strukturi S je mogule de
d(X, y) — Zmin{ nO 0Ox ||If]nyI]’
zasvako x, Yy S.
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SOLVING A FAMILY OF QUARTIC THUE
INEQUALITIES USING CONTINUED FRACTIONS

1. Introduction

Let f € Z[X,¥] be a homogeneous irreducible polynomial of degre
n = 3 andu = 0 fixed integer. Then the Diophantine equation

fla,v) =p (1.1)

is called Thue equation. In 1909, Thue (Thue 1909) proved that equation
(1.1) has ony finitely many solutionsy, ¥ € Z. In 1968, Baker (Baker 1968)
gave an upper bound for the solutions of Thue equation, based on the theory of
linear forms in logarithms of algebraic numbers.

Starting with Thomas (Thomas 1990) in 1990, parametrizexliés of
Thue equations have been considered (Heuberger 2004 for references).

Tzanakis (Tzanakis 1993) considered Thue equations of the above
mentioned form, wherkis a quartic form which corresponding quatrtic fi&lds
the compositum of two real quadic fields. He showed that solving the
mentioned equation reduces to solving a system of Pellian equations.

The applications of above mentioned method of Tzanakis for solving
Thue equationsof the special type has several advantages (Tzanakis 1993,

Dujellay, Jadrijevili 2002, 2004). This met/|
parametric families of quartic Thue equations and inequalities (Bo He,

Jadrijevil, Togbe 2009, Dujell a, Jadr
Jadrijevil 2002, 20@et2006).brahi mpagil 201

In results of that type, the authors were able to solve completely the
corresponding system(s) of Pellian equations, and from these solutions it is
straightforward to find all solutions of the Thue equation (inequality).

Note that the system drthe original Thue equation are not equivalent.
The authors (Dujella, Jadrijevii, 1bral
system of Pellian equations completely, as some solutions to the system do not
lead to solutions of the Thue inequality.

We congiler the parametric family of Thue inequalities

|f(x, v, ¢) = ple),

for an positive integet.

We apply the above mentioned method of Tzanakis to mentioned
inequalities, i.e. to the equations

" bernadi@bih.netba
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fle,y,e) =m, |m|=p(c).

We obtain the system(s) of Pellian equations

@1 () U2 — @5 (c)V? = wy(m), (1.2)

@3(c)U? — @4(€)2% = wy(m), (1.3)

and we consider separately both equations of the mentioned system.

2. Diophantine approximations

We use the generalizations of the classical results of Legendre and Fatou
concerning Diophantine approximations of the foen—a/b| < 1/2b* and
la —a/b| < 1/b? to the approximations of the forlw —a/b| < k/b?, for a
positive real numbek, due to Worl ey, Dujell a and |
Dujella 2004, Dujella, Ibrahimpagii 200

Theorem 2.(Worley 1981, Dujella 2004) Let be areal number and
let a andb be coprime nonzero integers, satisfying the inequality

a2 < & 2.1)

wherek is a positive real number. Then
(ﬂ, b} = (T‘pm+1 i P T m+1 i SQm}l

for somem = —1 and nonnegative integersands such thatrs < 2k,
Wherep’“;’qm denotes theth convergent of the continued fraction expansion of

.

Dujella and |Ibrahimpagil (Dujella, I
theorem is sharp, in the sence that the conditicil 2k cannot be replaced by
rs < (2 —g)k for anye = 0.

Worley (Worley 1981) gave explicit version of his result foe= 2.
Dujella and Ibrahimpagiil (Dujella, | br a
and gave explicit and sharp versions of mentioned theorem for
k =3,4,5,---,12. They gave the pair@, s) which appear in the expression of
solutions to (3.1)r the form

(a,b) = (TPm+1 * 5P, TGme1 F 5G0m). |

Recentl vy, |l brahi mpagi | (I'brahi mpagi
0=k =13

3. The method

We consider the equation (1.2)
@1 (e)U? — @, (e)V? = @y (m), (1.2)

of the mentioned system of Pellian equations, and we obtain the
continued expansion difie corresponding quadratic irrationals
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[e:(d
NPT

The simple continued fraction expansion of a quadratic irrational

a++d

is periodic. This expansion can be obtained using the following

algorithm (see Chapter 7.7 in Niven, Zuckerman, Momgy 1991).
Multiplying the numerator and the denominator Byif necessary, we may
assume thaf|(d — e2). Letsy=e,t, = f and

o =

sp/d

d_f.":i+'_
JJ Sp+1 = Quln —Sp fps1 =

ﬂn=[ o forn = 0.

If (5.;) = (Sisti for j < k, then

o = [ﬂ-[}.;ﬂ-lj"'Jﬂ-}J"'J ﬂ'k—l]'

In order to degrmine the values of $m$ for which mentioned equation
(1.2) has a solution, we use the following result (see Lemma 1 in Duijella,
Jadrijevil 2004) .

Lemma 3.1Let & be a positive integer which is not a perfect square,
and Ietp";'qk denoes thekth convergent of the continued fraction expansion of

Ja/f. Let the sequencés; ) and(t, ) be defined by, = 0,7, = f and
En+1|,"rz_,[§=‘

ef-of.,
JJ Ti+1 = QT = Okr Tiee1 == — fork = 0.

ﬂ-k:

Then
a(rqis1 + 50" — B(rpesr + 5pp)* = (1 (571001 + 2rS50340 — 73 7342).

(3.2)

Now we use results from Dujella andrlmhi mpagi | (Duj
| brahi mpagiil 2008) and needsinforsudar(3.1).ng al |
In this way we obtain setif} of the values ofn for which the first equation
(1.2) of the system has a solution. In the same way, we dhtasetsVZ of the
values ofm for which the second equation (1.3) of the system has a solution.
Finally, comparing these seM with setsM2, we obtain the finite set of the
values ofm for which mentioned system(s) (1&nd (1.3) has a solution.

From the comparison of a lower bound for solutions of mentioned
system, obtained using the congruence
1998), and an upper bound obtained from the following theorem of Bennett
(Bennett 1998) o simultaneous approximations of algebraic numbers, we
obtained results far = ", whereWis the some positive integer.
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Bernadin F. |brahimpagil

Theorem 3.1If a;p;,g and N are integers for0 =i = 2, with
ap < a; < azanda; = 0for somed = j = 2,4 = 1andN > M?, where

M = maxpg;zollag]} = 3,
then we have

e o .
u+%—%}}mmwﬂﬂ¢ﬁ

.."J

MaXgzi=2 {

where
log(32.04Ny)

+ - -
lgg{'l.ErBN‘ [lozicjza(a; — a;) ‘J

& =

and

(az —ag)*(az—aq)”
2&-2 - ﬂ-D - ﬂ-l

(a; — ﬂﬂj':(ﬂi - ﬂu}z
ﬂ-l =+ ﬂ-z —+ Eﬂ-u

' ﬂ.:—ﬂ-lzﬂ-l—ﬂ.m
"}f:

, dz—y <8y — g

For ¢ << W we use a version of the reduction procedure due to Baker
and Davenport (Baker, Davenport 1969) and the following theorem of Baker and
W¢ st hol z 4hBlaleasy. , W¢,

Theorem 3.2For a linear formL = by logey + ---+ by loga; = 0in
logarithms ofl algebraic numbersa,, -+, a; with rational integer coefficients
bj__. ey b: we have

logl = —18(1 + 1)11"2(32d)*2h" (ay) --- h'(@;) log(21d) log B,

where B = max {|b;:1=j =1}, and whered is the degree of the
number field generated lag, ---, &;.

In the special cases (for some valuempfve can use the Thue equation
solver in PARI/GP to solve directly corresponding Thue equations.

4. Application of the method

In (Dujella, Jadrijevil 2004), Duj e
family of quartic Thue inequalities

|x% — dex®y + (6c + 2)x2y? + 4exy?® + 7% = 6c+ 4.

where ¢=0 is an integer. They obtained set
M!=1{1,-2¢c,2c +1,—6c+ 1,6¢c +4}. Analysing the corresponding system
(1.2) and (1.3) and using the pmoties of the convergents of the corresponding
quadratic irrationals, authors were able to show that the system has no solutions
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Solving a family of quarti@hueinequalities using continued fractions

for m = —2¢,2c +1,—6¢c+ 1. In (Dujella, | brahi mpagi
| brahi mpagi | c Mfpral M} shgwedt thae thessgstes) has
solutions only fom = 1 andm = éc + 4.

In (I brahimpagil 2011a), Ibrahimpagi

Thue inequalities
|x% — dex®y+ 2x2y2 + 2exy® +v*| = 6c+ 4,
where ¢ = 0 is an integer. Comparing the sel and MZ author
showed that the system has solutions onlyfos 1,4 andm = —12¢ + 25 for
r = 3,4. Using above mentioned method author obtained all trivial and
nontrivial solutions of the family.
I'n (Dujell a, | br 48 ) mp D@ijlel | daddibjran
Jadrijevil considered the family of qua
%+ 2(1 —e®)x2y2+ 93| = 2c+ 3,
wherec = 00 is an integer. The system and the original Thue equation
are not equivalent. Each solution of the Thue equation induces a sajfitioe
system, but not viceversa. As an illustration of these phenomena is the
mentioned family of Thue inequalities.
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dq
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X+y=2zxYy,zl H;
vi)y (" x,n1 D)$z1 DRR,T R,.

1 tefls j dz fLO@QcdEO H @Yt Odidf@c POt Oy d * k2.

ltedd3" jHBO 1. 4. AR ‘“d LO CtikzlsOlsd o dal
OCMdBBO HjWdddyd® 1.1, sdzHO L O Ik ¢t
f OtcOGCtcOH Iz d tc ©dzO Gtelzl]’O.

0S¢t filsd kEfmdzse L OB Jjdd dBs EkMmdss sd3:

vo) 14Q@7’>dg|lzD B ' zMmtsB dzts flzi 2q stcj H(

X, 5T H(i=1>,5)ls0¢ o d x,#B® +XFx'+> x'dx,xT R, L O
fyo Oi=th> ,s, tsdzH @~ X j+x')<d,
qBOBEs Hj¥dddyd & jSMscOcOHEdcOdse f

iWwddedyd @©Krhsher, Vukovi i 1987b)
(x,h)- x @3> DEDL 59 jocktsztsy § OF 6§ Mk dMf ¢ j dod Ef
)RR, 1 R,

i) (" x,x',mAT DX C XS ECHY x It XH.

bedd jHeO 1.6. 16jdk0 wjWdddyd d f
jofgj desafx), xI RR, d0' B 1O juddusd Myt dk
sudd(X)xI RR,} St njWdddn j s

X/FSU[{O'(X)‘X[ R.R,}((x.#)i Dz D)

SdH®/ ftoj HinlsPagtaBy § ¢ § ¢t dpd dzd g0 glzdstf d3
Bdzts § § A3

1 SORHYE) f OO teOHEdteOdzd el d MO M¢
M+ F)SCsBzlsOlsdo z0 ff OLOctOHEZdEORO ctlzf O (
ey sd Oo ik iMDdzd 'j Redsfs v iz dz. [ E(ameR, dfts
F(d)man,, di D, di D.

ri%dddyd K® ak.nzr, VukRodttH MO8 7jhts | O
HO f 'Ojc O¢ tc OBt IOER iy LB f siisth DAls O¢C 5 HO
RM, 1 M,.

ri%wdddud (®r dsmer, VulEoR)i idgdzx0j857jb)
CteOHENA 6] Mdfd) QbR @3 D DSOS o5 HO:

10¢



1 O@dkdieOdd o Csffcdss ©OHJS Od

1. RM T M;

2.(" d,ai D("d,di D)d¢aad¢dy ai¢ad.

#f jyd’ Odzdzts, L O totsBEdesBOUWPSE Py j Bs HEC
= sup d(z).

4 RMy
2.5 0lsj ctvdd * ©

l sMBOEO: s § ORGGsEL QLY J tc Ocizj * JR  * j
f OOCckOHEdEeOdd ] dD BHOM fSEHEE@Is doowad &

f OOCLOHEdteORZO ctokl Qo HOKER &tz BL Otc PH Bzig O f
{f1 hom(M,M)f(M,)1 M}
yddzj COljetted & SME <jBts tsBd? jydisd
b dZOdzts e dzts, (Btsy jBs H W ddzd MOIsd RE Olsj 6 tsts
BsHEZd&ZO MO Ml = dA@MEENO j MO

[iwdddyd( BGebrigi jevi i a):M-OM BsteW dL (
C Oy j BB dLjOod deE@H I ijO

(" i D)f(M,)1 M.

WCkY MmedR s o idsu @ERA dhHikD) 0

[ i O (2:G2brgijevihomMaM), 4§ fsHeekfO ¢t
horm(M, M)

r4Wddedh qmmﬁw,mu)::<(3hon(m,|v|')d>.
d D
v i HOlReBrgijewWiiMagMioNIfs sdzv @ “
HOMM,M') ¢ s BzlsOlsd o dz0 ff OtcOCtOHEZ e @O Golzf O
3] i Meodtse wOHJSC Odz

[i¥dddyd 1@ 3ssMjM§ COxjds HBSHS]
f OO tkcO@R Gz * jHddd § thh dsticHfodfd O ditze Iz dzQ
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Csdstse ) dad  BOC fq dsO dzdadM. f 1§ 16 s hamy (Vi b &2 dz0
SsOCHtM § psiisd fmazizx] kerf.1 ©¢ dzj ,
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INTEGRISANE POLUGRUPE | INEGRISANA
RIJIEGENJA APSTKROXKTINNOMIOG PROBLEMA

1. Uvod
SaX i emo oznalavati Banalfhl(X)jprostor
prostor ograni| eniXhuXLi nearni h operatora

Definicija 1.1. Familija (T(t))tzO izL(X)je polugrupa ogré
linearnih operatora nX ako je:

()T (t)T(s)=T(t +9, zasvet,s2 0

(i )T (0) =1, gdje jel operator identitete nX .

AkozapolugrupL(T(t))tzovrij edi sl jedeli uvjet

(iii ) lim g T (t)x =x zasvexi X,

tada se (T(t))tzonaziva jako neprekidnom polugrupom ili
C, - polugrupom.

Ako je (T(t))tz0 jako neprekidna polugrupa, tada postoje konstante
w? 0i M 21, takve da je

[T (1) ¢ Me*, zasvet2 0.

Definicija 1.2.Linearni operatorA, definiran na skupu

D(A):‘?x iX:Iimt@M postoji:
I !
za koji je
ax=lim X X 4T s xI D(A)
t€0 t dt

naziva se infinitizemalni generator polugru;@(t))t ; D(A) je

20
domena odA.
Ako je A infinitizemalni generator jako neprekidneolugrupe

(T (t))tzo, tada je domené)(A) gust skup uX i A je zatvoren operator.

" sanjaspuzevi@tel.netba
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Akoje Alinearan,nemugno ogr ani X,eezalventipsleup at or

r(A)operatoraA (koj i moge biti neogranilen),
brojeva /, za koje je operator/1-A i nverti bil an, a t o
(/1-Ay’ogranilen Ilinearni operatoX. defin
Familija ogranilenRhAE[(HhedT,nih(Apperato

naziva se rezolvéom operatoraA.
Ako je Ainfinitizemalni generatorC, polugrupe (T(t))tzo, tada

vrijedi
R(/,A=fe"T()dt /1 (A,
0

ti. rezolventa operatoraA je Laplaceova transformacija polugrupe
(T(t))tZO'

Takolerxi D{A)vriedie

t t
T(t)x- x Fy7(9 Axds =A fi)s x«
0 0

Teorem HilleYosida daje potrebne i dovoljne uvjete koje treba da
zadovoljava rezolventa operatord, da bi bio infinitizemalni generator jako
neprekdne polugrupe.

Teorem 1.3.Linearni operator A je infinitizemalni generatorC, -
pqugrupe(T(t))tzo za koju vrijediHT (t)H ¢ Me"*, za svet2 0 ako isamo
ako:

(i) Aje zatvoren operatorD (A) je gust uX ;

(ii ) Rezolventni skupr (A) , operatoraA, s adr g(we),nt er val

0

¢Ln,za/> Wwn 4,2,..

-

2. Pojam i osnovne osobine integrisanih polugrupa

Da bismo vidjelid kako se na prirodar
polugrupa,izgi t | emo sl jedele razmatranje.

Pretpostavimo da jé& (t) , 12 Ojako neprekidna polugrupa na Banach

ovom prostoruX .
Formirajmo sada integrisanu polugrupu

11¢



Integrisane polugrupe iintegrisamaj e genj a apstraktnog Kogi|j

S(t):;’]T( rdr.

Tach familija operators5(t), t20i ma sl jedeia svojstva

S(NIY=T(¢) dt [y ds= df[{T s ds =

r t+t r
=ffr T 3d s(IAF &N ¢
0 t 0
S(O) =0.
RelacijaS(0)=0j e ol i gl edna.
Nadalje, operatorB( t) su po nomi neprekidni za své? 0.

U daljnjem razmatranju i emo zabor a
operators5(t) i uvj et neprekidnosti operatora

jakom nepreki dnogl dajeS(t) neprgkidne fupkojs zaa vi t |
t2 0za svakixi X.

Sada I emo kratko izlogiti svojstva i
Definicja 2.1.Fami | i j a ograni]| eBft)tz20nanear ni

Banachovom prostoru X se naziva integrisana polugrupa ako i samo ako
vrijedi

S(0)=0; (2.1)
S(1) je jako neprekidna, z&2 0; (2.2)
SNIYI=f{t » §) (2.3)

TakolLer vrijedi:

S(NSOY={ 1) ) a7 =f6) © Sf o

ES(t)de ) -rEFdt = £ 6) @ 4S) di

B(r+0) - i) d {4 Feg) @ @)

0
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ProstorC", n20def i nirat [ emo na sljedeii n
Cc’=X (2.4)
Cc" ={ X I X; Y3 >¢ n-puta neprekidno difereneipilna
funkcija }

Koristeli defC"mogiej usep ruovsjteotr a( 2. 3)
ovako:
S(pyxi C [ 25)
SNH)= % r+y B r '
Da je (2.3) ekvivalentno sa (2.5) vidisen s | j ede | i nal i n:

Ako vrijedi (2.3) za svakox| X onda je desna strana od (2.3)
diferencijabilna por 2 0, jer je podintegralna funkcija neprekidna pg za
proizvoljno fiksnot 2 0. Zbog toga je i lijeva strana u (2.3) diferencijabilna po

r, zaproizvolino ali fiksnd 2 0) . No t &(t)oxh €' za svaka fiksno
t2 0 isvako fiksnoxi X . Sada se diferenciranjem dobija:

Si(NS(Y= g r+)x %y,

za svakor,t 2 0 i svako fiksnox| X, tj. vrijedi (2.5).

Obrnuto, ako vrijedi (2.5) za svak&l X i svako r,t2 0, onda je
S(r+t) x -9 1 x neprekidna funkcija od (r 2 0) za svako fiksnat2 O i

svako fiksnoxi X.Noto,pr ema jednakostiSi(gS(@2.5), z

neprekidna funkcija od 2 0, za svako fiksnd 2 O i svako fiksnoxi X pa
se integracijom dobije (2.3).

Lema 2.2.Neka je S(t) integrisana polugrupa na Banasom
prostoru X . Tada:

a)
S(h:C - C™ nzo (2.6)
Si(): C'- C', nza1 (2.7)
Si(p: C™*- C,n=21 (2.8)

b)Vri jede sljedeie relaciije:

SNHEY)>x kB x=t x-(9r nact (2.9)
SI(NYY) >x= X D) nac* (2.10)
SI(NS() >  ritx e nac* (2.11)

11¢



Integrisane polugrupe iintegrisamaj e genj a apstraktnog Kogi|j

Si(H) x= S'(0) Bt X+ Q) nac* (2.12)
S(1H) S'(0) = Q) B)t nac? (2.13)
Si(h) x= S(0) S Hix= )t L) nac? (2.14)
S(NS()x= $t+)y x -B)t nac* (2.15)
S(NS(d)>x= K t+) x - )t nac?z (2.16)

SNS() = S(t+)y x =F )t $)r nac= (2.17)

Dokaz: Navedene relacije se |l ako doc
neke od navedenih.

a) Dokagi mo naj it Cj. & (z2n.a6l)i. d\ee kjae j fe
S( r) X neprekidno diferencijabilna-puta. S druge strane prema (2.5) je

S(NS() = g r+) )

Prema vel rel enom, desnryputapor,@anu mo ¢ €
pema tome, i ievu. A t oS(r)Spta¥ mo gkano nepreki d
diferencirati(n+1) -puta pajeS(t) i C*. Sli | no se dokazuju
(2.8).

b) Davrijeditvrdnja( 2. 10) mogemo zaklIl juliti na

Neka je xI C. To znal i d3(r) % eeprekidnm k c i | a
diferencijabilna por . Kako je

S(NS() =%} ¢y .a
S(t)S(')Ff{?z r£) £ }) xd

lijeva strana navedene jednakostidierencijabilna por, pa prema
tome i desna, tako da nakon diferenciranja pg dobijemo da je

S()S( )= g r+p x $)y x %i)r §)t.
Davrijeditvrdnja( 2. 11) vidi se na sl jedeli n:
Diferenciranjem relaciji

sSNI)=f{&t » §))
pot,dobit [ emo
S(nS() x=nfS(itt) xdt =f t W;=S(t #)x 9 »

Ovdje je desna strana diferencijabilna (neprekidna) ppa je takva i
lijeva strana t.Si(t) X C', odnosnoS(r) S( §) x je diferencijabilna por ,
pri fiksnomt. Imamo, dakle,
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Si(r)S(i) = H tir} =

Davrijeditvrdnja( 2. 12) moge se zakl juliti na
Ako je xi C', tada je S(t) X C?, pa postoji (i neprekidna je)
Si(1) S( 9 Ako dakle, u (1.2.5), {
Si(r)S() x= § r+} x -§ ¥ diferenciramo  po r, dobit i emc
Si(r) () x= 9 rit} x -§ ¥ . Odavde ako stavimp=0, i mat [ emo
Si(0) Y= H tix $0) 4. Si()x=S(@O)i%) x+%0) ,
gto je i trebalo dokazati.
Davrijeditvrdnja( 2. 1 3) vi di se na sljedeli (
Neka je, sadaxi C®. To znda i da | eS(rjxdvakpata j a
neprekidno diferencijabilna. Prema (2.5)%41t) S( ) x= § r+} x -$ ) .
S obzirom da | ijevu stranu, post, ednj e
onda mogemonui ddefserruensctirraat i, gt o nas dc

S(9 S(if x= ity x - ¥ .
Uvr gt av=atdokemo

S(9 §(0) = S )i x- £0)
Odakle, prema (2.10), dobijemo
S(HS@@) = SO &)

Definicija 2.3. Skup
N={xIX;gS¥Ix 6t &
se naziva prostor degeneracije integrisane polugrGfd). S(1)
nazivamo nedegeneriranom, ako ld ={O} . Ako prostorN s adr gi i nek
druge elemente osin®, tada S( t) nazivamo degeneriranom integrisanom

polugrupom.

3. Generator nedegenerirane integrisane polugrupe

Ako je T(t),t2 O jako neprekidna polugrupaa X sa generatorom
A, tadajexi D(A)i Ax= yakoisamo ako je

t

T(t)x- x Fy7(9 yd-

0

12C
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Ovu karakterizaciju generatoiua pol u¢
generatora integrisane polugrupe.

Definicja 3.1. Generator A:D(A)1 X - X, nedegenerirane

integrisane polugrup&(t), t20se definira na sljedeli n
x| D(A)i Ax=y akoisamo akai C' i
Si(t) - x =§ } yzat2 0. (3.1)
Ekvival entno t oxheD(A)o foe=nyako isamodkot i :
je
t
S(t) x- tx 4§ ) ydizat2 0. (3.2)
0
Primijetimo da ova definicija ne zahtijeva da je integrisana polugrupa
eksponencijalno ogranil ena.
Lema 3.2.C*1 D(A) 1 C'i Ax=S(0)>za, xI C*>.Lak i vige
AC?*1 C.

Dokaz: Neka jexi D(A). To znx|Q"ida postgjigl X
za kojeg vrijedi

Si()x x=} Xt 0). (3.3)
Ako je ;1 drugi element za kojeg vrijedi
Si()x x=%} W t0), (3.4)

onda bismo iz (3.3) i (3.4) imali

s()y=) w("t9),

. S((y-y B,( t 0.

Kako je S(t) nedegenerisana integrisana polugrupa, t@vdd slijedi
y-y D4 y=y.

Po definiciji generatora [ (A)1 C'. Dok agiGhb DEA). | e
Dokazat [ emoxinGyripdi 8i(0px=d&rema(2.9), imamo za
sve Xl X

SNHEY)>x X B x=t x-(9r
pa, zar =0,p o g t {0) ¥ @ dobivamo

Si(0) () = $ ) x (3.5)

Kako je xI C? 1 C'to, prema (2.10), za =0, imamo
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Si(0) () = %) %9) >

Ovo i (3.5) daju
S(9 §(0) = & )} x( " t9)
i dalje S(1)gs(0) x xgo,( 't 9
Kako je S( t) nedegenerirana, integrisana polugrupa, to dobijemo
Si(0) x- x =0
Znal i, C'zja
Si(0) x= x. (3.6)

Pretpostavimo da jei C?i stavimo

H(t)x=si() x-x |} o)

Dalje imamo

Hx=S()x-x §) SO x =)t x @) (§it x

=Si(0) x -x x % 0.=

ZnaH{t)=0 4. Si()x=x+g} Pi., ¢gto znali da
(3.3), gdje jey = Si () x.

Dakle, ako jexi C?, ondajexi D(A)i Ax=S(9) » t.

C?*l D(A)i Ax=5(0) » xIi C%

Na kraju, iz

Si(t) x=x+ } Ax =x §)t $D)i

S() A= g} §0) =% )i x-.

Desna strana je neprekidno diferencijabilna, jexjeC?, pa je
tako i lijeva strana. Dakledxi C'.

Lema 1.33. A je zatvoren linearni operator.
Dokaz: Slijedi neposredno iz (3.2).

Lemal.3.4.S(t): C'- C1 D Ai
AS(t) x= $(0) $ )t x= $)t x-. Nadalie, AS(t) x= § } A,
zaxi D(A).

Dokaz: Ova tvrdnja slijedi iz leme 3.gdnakosti (2.12), lema 2.3. i
(3.2)
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4 Homogeni Kogijev probl em

Neka je X Banachov prostor, & zatvoren linearni operator nX
koji generira nedegeneriranu integrisanu polugrL$)(Jt). Za fiksan element

xI X, promatrat [ emo tzv. Kogijev probl e
(1) = Au(yf
dt U (4.1)
u(0) = x Y
Posljednji uvjet naziiv@tadaee pol et

nag problem moge | ako xiiC] edpiexiiD(ANai me,
i vrijedi
Si(t) x- x =%} A

Po g3(9 i Axkomutiraju, to imamo

Si(t) x- x =A% } :

Pogtx Cj,e | i jeva strana se moge difer.
Si(t)x:IimSi(Hh)X'S(i) X gm a2 LN X B)
h- 0 h h- 0 h
Dakle,
AS(t+h)hx-5()x_ S(1) %

S druge strane

S(t+ h): "C‘( ) X Si(t) x kadah 0O
Iz ovog i iz zatvorenosti operatord, slijedi:

Si()x D(Ai ASi() x= S(i}.

Ako stavimo u(t)=Si( ) x imamo %u(t) = Au(t). Osim toga,

prema (2.12), kada u (2.3) stavinto=0, je u(0)=Si(0) x =x. Dakle, u
s | uxh e funkcijau(t)=Si() xr j egenj e Kogijevog pro
Sada, iz (4.1), gdje jei(t) = Si( 1) x, integracijom u granicamac@d do

t dobivamo

u(t) = Apu(t) dt +x. (4.2)
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Dakl e, uftjegjeedreal ine (4.1), zadovolj
mora vrijediti. Jednadgba (4.2) moge ir
gto znal. da jipdavjeiav(4.1t (4. 2) sl abi

t
Mogemo se ili iv(gafpu(ted, Akpednadgma (
0
e primiti oblik
%’=Av+x,v(0) =3
Novom integracijomodddot d obi t [ e mo
t
v=AfV(t) d t+tx (0) 6. (4.3)
0

Prethodna razmatranja pokazuju da se
dvije uzastopne integraciije, dobivaju
svakog rjegenja jednadgbe (4.2) dobij a
imati i riegenja koja se ne dobivaju na ov
(4.3) i potragi mo sva njena rjegenja. R
riegavanjem problema (4.1) u nekom gene

Zapravo, vrijedi sljedeli teorem:

Teoremd.1.Za svako XI X, v(t) = S( 1) xje jedinstveno neprekidno
riegenje problema (4. 3).

Lak i|v(y)feacét). odieC(t) ne ovisi odx.

Napomena: Funkcij€ (t) je u stvariHS( t)H

Ost at ak ovog poglavlj a [ emo posvet
teorema.

Teorem 4.2 Linearni operatorA na X je generator nedegenerisane
i ntegrisane polugrupe ako i samo ako vr

i) vtiOje jedino neprekidnox=0j egenj e pl

(i) Zabilokojexi Xj ednalina (#4dB9d ivnagarjpe
takvo daje |v(t)| ¢ C(t)[%|, za nekoC(t) > Okoje ne ovisi ox.

Dokaz: DioY ovog teorema je teorem 4.1.
Pretpostavimo, sada, da su zadovoljeni uvjeti (i) i (ii). Neka je

vitfneprekidno rjegenje problema (4.3).
jedinstveno za dan&i X . Naime, akoje i (t)nepreki dno rjegenj ¢
(4.3), tada imamo
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t

v(t)= Afv(r) d £+,

v (t)= Atﬁ\4(t) d f+x,

() v (

% (1) -AF{V(I‘ (})d

() v(0) 0. Ovo znal i v(t)ay(it)eepfekidnok ci j a

rjegenje probl ema x#0.3Brema uvjap r(i) je | e mu

v(t)- v(t) 0, 4. v (t)=v(t).
Stavimo, sada, po definiciji
S()x=\Dh,zat20
gdiejevji edi nstveno rjegenje koje zadovo
Pvo [ emo pr o3(f),d? 0, integrishrea pglugrupa, a zatim |

0) =0. Odavde slijedi

da je A njen generator.

OperatoriS(t) su | inearni zbog .3) magabitigt o r |
jedinstveno iogr ani | eni Hi\/(i[)ﬁ)(lgC(tH K| kajg veijede prema
uvjetu (ii )

Provjerimo sada (2.1), (2.2), (2.3). Jednakost (2.1) slijedi iz (4.3), a (2.2)
iz neprekidnosti funkcijev(t). Usvr hu provjere rg@i3) fik
staviti

v =N >, vO=fr ¥) ) xd.
Iz (4.3) slijedidavjiv,zadovol javaju jednalinu
Vi) =Anv(9ds+tE y .

Prema definiciji funkciieS(t)x, ona je rjegenje jed
vrijedi

S(t) x= A;'r“]S(t) xdt +t,

a odavde, S(r) peifikenpnurl, dobijane

12t
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g,

12¢

S(S() = ig) &) v d)r.
w()= Ae()d 45 ) % 4O) @

0

Dal j e, rfikdnimy @obijamo
ef. t t
WO FRS(r #)x S ) x@ t =fr )+d  ER c
0 0 0

t+r t

= fiS(¢) xd - §) txd.
r 0

Dakle, v, (1) = AS(t) xd £- §)oxd ¢ 6 xt

0 0
i dalje,
t+r r t
Av, ()= ARRSt) xdt- A §)txd tABRH
0 0 0

S obzirom daS( t) X zadovoljava jednakost (4.3), odavde, dobijemo

Av,(t)=gS(t+) (t rx g &) x rx- @ ke tx.

Dakle,

A, ()=95(t+H) )x ).

Odavde, nakon integracije ddido t, dobivamo

A;m(r)d z:;gﬁ Hx ) xg@ #),
6. AR (6)d & w( ) et ) >

Prema tomey, (t) zadovoljava (4.3).

Jedinstvenost rjegenjw=wrjobd).ema (4.
Sada | emo d cAkgareratoriodS .dDa bigme dokazali da je
dr g a ratoru od§ eunmémo x| D( A)i provjerimo (3.2) , tj.
t
S()x- tx A] B AxC.
0
Lako se moge vidjeti da obje strane

3
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apstraktnog Kogij

W(t):A;ﬁw(s) ds% ta

Uvjet (i) povlaliida

oni moraju biti

Da bi dokazalidajeA pr ogi r enj e Sgumimaxayi &r a od

za koje je
t
S()x- tx A] J yd, zat2 0.
0

Prema (4.3),

S(hx- tx I (AT AS(hx ty =%)xy -t

Kako je operatoA zatvoren, iz leme 3.2, imamo

gx:tﬁS(r)Xdr -t(ﬁDX Ty dr @ A

~

at?
0

Odavde jexI D(A) i Ax=y.

A Oy x-tx BBy ydr by L=
"0 neJyazry 5=

Korolar 4.3. Neka je A gusto definiran operator nX . A generira

nedegenerisanu integrisanu polugrupweaa k o

%v(t):A\,(t) 4%, t2 0, (0)=0

samo ako jednal

(4.4)

i ma jedinst venov,nzapvakexliiD(iAb\iozasvjakégenj e
ograni | e[f,a]ipostop kons@mritd 2 0 takva dde ||V(t)||¢C||>4|

Dokaz:Y St av i w(t)i=8moxi koristiti lemu 3.4.

U Provjerimo uvjete

jexi Xi

(i) i (ii) teor

niz x,I D(A) odaberimo tako da. - X kadan- ©. Tada postoji

jedinstveno n & xalk®jkvried o
%vn(t):Avn(t) 4+, za t20,

A (t)” ¢ C|x,. Dale,

ri egenije

(- ()] % %, tako

dav (t)- W(t) kada n- =, gdie jev neprekidna funkcija.

posljednju jednakosti, dobijamo
t

v, (1) = Afj (9 ds+tx.

0
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Odavde
t

Afy,(9ds  ¢}- © kadan- =.
0

Pogt o | éAzatvorerm, imdmo r
t

AfM9 ds= ¢} - t,

i||v(t)||¢C||)4|,zati z ogranilenog

i nterval a.
Jedinstvenost

riegenja slijedi nepos
jedinst ver®0.u Nol,uloavjau | i nj eni c BNekasje mo ge
vit)rj egenje probl ema

vi(t) = Av(t), 0) =0.

Tada, integracijom dobivamo
t

v(t)= APM() d £(0) =0

0

t
Ponovnom integrv(tsfid dsbivamol j aj ul i
0
t
w(t) = AfMz) d 7 w(0) 0
0

No, od ranije zamo da odavde slijediw(t)? 0, pa je i

v(t)(=w (1)) 0.

12¢
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MATEMATI LKE | DOMPETENAIIN EA K
RALUNARSKUU IWMUMAIAGENTNU KOMUNIKACIJU

lL.Uvod u matematil ke i digitalne komp

Kompetentnosi e rezultanta svih vidova zn

orijentacija, stavova i kontakata na pc
globalnom nivou poslaK!| j ul ne kompetenciije neopho
proaktivno delovanje u dropgveni(menekool
ilitransverzanepo dnose se na bolje upravljanje v
ul enj em, razvepemi rebenpa, zpr gstupom i
drugtvene tokove, melLul judske odnose, i
situacione dogalaje [ prostorno VI e me
kontekstima. Por e d opgtih utandardizevdei dimeaijm al n e

Ci il ne, specijalizovan

kompetentnosti spadaju s p e f
up se pr digenzijgmet esteat d V & a a |

drugtaenmna,j s k
digitalna kompetentnost.
Matemati ka kompetentnosha pojedindnomili indidvidualnomnivou
podrazumea sposobnostrazvojai primene logil kog midjenja, rezonovanja
argumentovanja zakljul ivanjaradi regavanjuniza problemau svakodnevnim
situacijamai matematikom modelovanjurealnih problemai njihovih regenja
Matemati ke kompetencije podrazumevaju -mat e ma tnarjekoop gt i h,
specifilnih i  koscepatg i j @humeviahkihh, geo
algebarski h, anal iti| ki hosobinp (kandiaate,i | i st i
parametri, varijable,..)t v r L @ksipnae, leme, teoreme, zakoni, teorije) i
metodologijesa velikim akcionim radijusom u njegovoj efikasnoj primeni,
inteligentnoj upotggeéebiokvegBeegmmt kmat i &
modelovanje i konceptualno povezivanjesi ngul ar ne deat al j ne
primenu tehnologije, prikazivee i komunikaciju u multidisciplinarnim i
multikulturalnim timovima, u realnim i virtuelnim kontekstimaposobnosti za

si stemski pristup il sagledavanje mo ¢

pristupu matemati| kim probl emi ma sa svi
Digitalne kompetencije se zasnivaju na inteligentnom nivou

mat emati | kog znanj azumepanjasisiemskihpanmva, ni vou

ni vou st el enog onzkaonmumilaconih it mfoo i naci r al un.

paradigmi itehnologip ter e gavanj u pr obl e mgramimanja o a hn ary

UKl jul uju i d esistentskiho programskh pesutsaue e g av anj u
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problema primenom algoritamskog programiramjaipotrebom aplikativnih

programa u r egavanlni hprzaktait ak a. Posebne sin

odnose na komunikaeij i interaktivno

i straglatkh¢ezaakodi fikaciju

mapirano, ugraleno

u pravi

mredgno pret
znanja pom
I a i recept

odl ul i

vanj a,

stabl

a o dd, prddukeioaanpyadila.

frejmo

Mat emati | ke [ di gitalne kompetenc
kontinuumum ljudskog znanja. U ovom radu su kao posebno interesantne
singularne matemati | ke i di gitalne
vizije i konceptKanseiinformacija Rel je o relativno
polju orijentisanom na informacionu obradu i razumevanje ljudske inteligencije
u obradi subjektivne informacije ild@
se te informacije mogaa procesirati od

k om
no

dv
S

DIMENZUEMATEMAT | KOMPETENCIJA DIMENZIJE DIGITALNIH KOMPETENCIJA

OPGTE
DIGITALNE
KOMPETENCNE

OPGTE
MATEMATI LKE
KOMPETENCIJE

Razumevanje sistemskih
pojmova informaciono-
komunikacionih teorija,
paradigmi i tehnologija

REGAVANJE PROBLEMA
| MATEMATI LKO MODELOVANJ

PRIMENA

Delotvorna upotreba

SPECI FI \TEHNOLOGIE . SPECI FI D\ éistemgkihi
LOGILKO MI GLAENYARTEMATI L KE Algoritamsko DIGITALNE ~ PTpgramskin resursa
ARGUNENTOWICE | (OVPETENCIE regavanj e KOMPETENCUE
I ZAKLIULTMANTE wezane iz PRIKAZIVANJE problema (VEZANE z2 PRETARAGI VANJ

SADRGAkbEcepte i dege i |

procese-

| KOMUNIKACIJA TRAKROMBENIKACIIA

primenom
programiranja

Upotreba aplikativnih programa u
regavanj u -praktibnihezadataka

POVEZIVANJE

Slika 1. Uporedni pogled na matemat.
2Ral unarska vizija i kensei i nformac
Danas je ralunar i mplementiran tamo

nije mogh ni zamisliti njegova primena. Jedan pravac razvojnih primena

pripada ralunarskoj viziij.i koja ima pot
iz razlilitih modaliteta opaganja za r a
Pristup za interaktivne koi sni | ke i nterfejse volLene
tehnol ogijama za pralenje pokreta gl av
p r a | mokrgtaenosa i prepoznavanje gestova. U tu svrhu je razuiecept

Kanseiinformacija koji je usko povezan sa konceptom | no st i [ osel aj
samakKangi potil e iz Japanskog j ezika) o0zn
Aoselati, prisetit.i s e, gel et i mi s | |
oselajnost | epote u stvar i nwanastanar agena
(na pri mer: | epo, romantil|l no, fantasti

i nformacij ama bdja pbiik, ferma Kenteptualna) tprirodna,
geometrijska , t ekstura | gema.
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Bojaj e atri but koj i se kor tegtojevii za mno
funkcije, oblici i prostor, merenje, podaci), prikazivanju € e | i ma, sl i ka
maket ama, crtegi ma, di jagrami ma, grafov
it zgralivanju novog matemati | kog =znanj a

pr oc e saenem rp®igemau k | j u |prepornhvanje i razumevanje
mer | ji vi h o b eupotrabii iaterpyebagijei knerriihgedinida,enernih

sistema i procesa merenja sa konzisten
urelaj a, t ehni ka, vargel nererga. Istovrénemorbajd igra za o
bithnu ulogu unal i ni ma digitalnog prikazivani

jednostavnih al goritama i arhitekéutea pr ogr
principa funkcionimnaejakaiajlanaamar alull @ai
implementaciji aplikativnih programdinterakcija jeporuka koja se razmenjuje

i zmelLu objekata da bi se omogulil o nek

Oblkj e koncept oznalen sa izgledom u
napravljen je linjama koje pokazuju | i Asi |l uetiud Oibllii k Ad kme
di menzije dugine i girine ali ne i di me

Formaj e konal ni , kompozitni obl ik (uj
objekta koji ukl juluje izgled i dr ganj
znal i oblmoknmn daodbmezi onal ne mas e, il
vizuelno uhvatit.Zat o se moge se reli da je fol
informacije sakonceptualnim( t al k e, l'inij e, prrodnimi |, obi

(nemaju definisan s thgun pbaiajul i geometrigkim i Kk , v
(vegtal ka apstraktna predstava koja f ol
el ement i maddlf Athaiznomayeometrijska forma je prirodna metafora

il prefinjena forma kreiranamantdeol ogki

krug, trougao, kvadr at itd. | od kojih

metril ki s a | e makiervizuelnaiinfokmacijapiraastio forme

konceptualnu, prirodnu i geometrijskur i | geometrijgka formarirodna

met af orafihjiedp forma kreirana ideol ogk
For ma j e vagan koncept di zajna v

informacionih struktura koji poreonceptualnin( t a| k a l'inija, ra

vizuelnih( obl i k, wvelilina, shkdjrdptiont (poziGjd,ur a) e

smer, prostorni proksimitet, gravitacija) elementdoinstrukcione(vertekst,
ivica, lice,..) elemente

Za mapiranje vizuelne informacije s
seKanseir e | Inii ki j e j edan de davierautabelinaskcl ne ob
2.
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3{)‘:;‘;3 KANSFI- Reénik
O bogat, pun, slab, perfektan, relaksirajuci. siguran,
zadovoljan, topao
A Neprijatan, hladan, iskrivljen. vrtoglav, iritirajudi. stran,
neprijatan
Jan) nejasan, zbunjen, nervozan, stran, jedinstven, nestabilan,
neodreden, zabrinut
D Obilan, balansiran, udoban, fleksibilan, slobodouman,
mekan, nezan
Slika 2.DeoKanseiir el ni ka p[6lema obl i ku
Takole, razvijenKanseswe| ni daugia Oej ey
teksture Kangpie mé mintdadlza ra odnoKensei zmedj L
relni ka i odnogaobkmkHuU i BvadangeD g o0dg
relni ka

3. Agentna komunikacija

Pr ema k anons kAggnt jed svéki entitet i uj svetu Akoji
komunicira u odireka@mnak tkernitewk s glaijd s| ede
0 k r u gpercepija, sereoriiefektoi.Dve osnovne klase agen:
I softverski.

Osnovne osobine softverskih agenata su:

1. Proaktivhost- por ed reagovanj a na pr omen e
nastavljaju sa individualnim procesi ma
aktivnostima kojenis di rektno i zazvane promenama |

2. Reaktivnostna promene u nji hovom okruger
informacije primljene od korisnika il:@

3.Dr ugt ven a -spgabsost xamanikacije sa drugim agentima
(ili ljudima) je fundamentalna u softverskom agentu

4. Autonomnostu s provolenju akcija iz njih
funkcionisanje bez intervencija ljudi i uz kontrolu nad sopstvenim ancijama
U zavisnosti od vrste zAS8ap&aatoji wli

tipova softverskih agenata:

- Konverzacijskisoftverski agenje interaktivni program koji putem
vV eoma pr i dterfejpaa [zvodi g p e ¢ i faddtke epod
volLstvom korisnika.

- Inteligentni softverski ageig program koji stremi ciljevimarptome
koristeldi inteligenciju il:i heuri st

- Mobilni softverski agent e aut onoman program koji
host ralunara u toku postizanja cil
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Mat emat itlaklenei kdoingpiet enci je za ralunarsku vi:

- Robot je inteligentni i fleksibilan progrankoji ima sposobnost

dinamil ke p ode hde posaagmeongtai siezbver gav aj

zadatke.

- Hibridni robotagentj e r obot koj i moge da komt

vi ge softverskih agenta il:i softver

jednim ili vige robota.

Agenu suneophodne iinformeciieis adr g a | akph lorekine  k
pristupioporucir i | emu moge da deluje kao:

- singltagent( Jedan agent izvrgava sve zada

- decarmadd Vel i ki br oj agenata koji zaj e

- deo ansambla(Relativno mali tim agenata gde je svaki agent

spe¢ j al i zovan za talno odreleni zada

Multiagentna komunikacija jeirektnai posrednau zavisnosti od tipa
ar hit ekt ur edodgowinaareaktonge bi t i

Senzori Efektori

Memorija
CpaZanje lzvigenje Opazanje Refleks | lzvréenje
[ |
| Odluka |

Efektori

Senzori

A) Dogovorna arhitektura agenata B) Reaktivna arhitektura agenata

Slika 3. Uporedni prdgd dogovorne i reaktivne arhitekture agenata

Dogovorni agenti primenjuju mehanizme logil kog rasuwivanja
zasnovanena manipulaciji simbolimai mehanizmimazakljul ivanja da bi se
doneleeksplicitneodluke o neophodninakcijamaza postizanj@eljenihciljeva.
Upotrebaovog modelaza opisivanjedogovornihagenata nd ina na koji oni
planirajusvojeakcije je dosta rasprostranjena

Reaktivni agentimplementiraprostarefleksnapravila koja deluju na
osnovupodatakéoje primaagentna senzorimaOn nemamemaiju zasnovanu
na progim iskustvimaili situacijamai izvrgenje akcijaje iskljul ivo zasnovano
nateku oj situaciji okrugenjaagenta lako samagentima samoogran| enskup
pravilakoja upravljajunjegovimponagnjem on moge komuniciratiu razlil itim
situacionimkontekstima

U primeni tehnologijeagenataza problemeiz domenastvarnogsveta
| esto se koriste regenja obe arhitekture ¢o se postige slojevitom hibridnom
arhitekturomu kojoj

- odluke zasnovane na trajnim strategijama donosi dogovornawstakt

- reakcije na poruke izvodi reaktivna arhitektura
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Softverski |, | Softverski

agent N o agent

A A A
3 +
1 1
1 1
AMS DF 1 1
1 1
1
1

Platforma agenta

“—>|nterakcija sa platformom ager¢—>Logil ka komuni kaci

SAEPE zi | ki p r oAMS k- (Agenr Minagement Service)
Menadgment sBFR-YDirectary Faglimtor) ap;r avIl j al ka pod
MTS-(Message Transport Servic8grvis prenosa poruka

Slika 4. Hibridna arhitektura softverskih agenata

Tehnol ogija agenata ima svoje korene
inteligenciji, a njena prava aplikacija jenmobilnim kompjuterima, elektrongk
pogti i mregnom pretragivanju podataka
Glavne agentske interakcije Guge Sl e Sl s

prodavac | et
[ zanmev ‘
[ | POZIVZA PREDLOG: Dobro A _ ! T
1 (nije zainteresovan) | ODBIJANJE (Udb\iEHD)J
[ opBlA P : &>
i : g

PRIHVATANJE

i e
| _PREDLAZE CENU (100) | (prihvaéeno i neophadng

(zainteresovan) H

obavestenje)
F (neprihvatljivo) : . NEUSPEH neuspelo
I i
[l iy, CEERRFENEELES £ -ODAVEST POSLATA: hauetiole o2,
“IPRIHVATA PREDLOG (100) —— (rezultat nesaopsten)™

(doguvurenu)

i
' " " g REZULTAT OBAVESTI: obavestenje
rihvatljivo i
i (P 1 ) 1 u (rezultat saop3ten) ]
I ]
i

a) | b)

Slika 5. a) Primer glavne interakci b) Primer protokola za interakcij
agenata Afzahtevo

4. MASmultiagentni sistem

Grupa agnata kojme Lus obno interaguju razmenj

definisane uspecifi n o Jaziku Agenne Komunkacije (ACL) | Muttie
Agentni Sistem{MAS)
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Mat emat itlaklenei kdoingpiet enci je za ralunarsku vi:

Koncept MAS je zasnovan na:

- Redgavanju problema koje agent.i i zv

- Pri meni z n anjejodiuka kejaje distilmuwagoe kroz tim
agenata;

- Upravljaju operacijama sistema gde korisnici komuniciraju govorom
(prirodnim jezikom) [ kinesteitdi
rukama);

- lzragavanju korisnilkih informacio
domenu zadatkap r i |l emogi onfodmaal ozi ni su
strane si st ema, ni od strane kor i

zahtevi mogu biti ili eksplicitni ili implicitni.
Dva osnovna komunikaciona koncepta MAS zatvoreni MASgusto

integrisanca p |l i kaci jsko okrudgenje kod kojeg |
progr ami ma -klejma)iotvwgre MABSomleodr el eno, i nt e
aplikacijsko okrugenje gde nezavisno i
interakcijama).

U dizajniranju MAS metodologija moge biti odrd’ena kao analiza
principa, metodan a |l el a i postul ata upotrkadl!| j eni h

ima dve bitne karakterisikeopisuje promenu stanja elemenata izabranog

pristupa ifokusira se na funkciju proizvoda i njihovu dokemaciju. Radi toga

met odol ogi ja di zaj objektreorijersisanslifh Sigentme g e b t
orijentisanasa osnhovnim metodol ogkim komponen
datim u tabeli na slici 6.

KOMPONENTA SADRGAJ
METODOLOGIJE
1| Dizajn nivoadomena | - identifikacija tipa agenta
-identifikacija mogul
- definisanje protokola koordinacije
2 | Dizajn nivoaagenata | - mapiranje akcija identifikovanih pri agentnoj
komunikaciji

definisanje strukture podataka konverzaciji
definisanje dodatnibktrukturapodataka
3 | Dizajn komponenti -definisanje specifi]l

selekcija tipova agenata koji su potrebni
determinisanje broja zahteva

4 | Dizajn sistema

Slika 6. Komponente metododlogije dizajniranja MAS

Jezik za modeliranje agenataA g ML s alifagragni interakcije
agenata dijagram hijerarhije komunikacije dijagram klase komunikacije
| ayout dijagram (razmedgtaja) agenat a.
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vSaku:vuem podaci

Kolekcionar

Sakupliafie podataka

Konverzacija

T

(eng. CqllectData)
Kontrolor
Element kontrole zadatka | Primalac Sianje zadataka — e —
{eng. SenfTasting) e podataka Sakupljanje
dataka
Kolekcionar Posifalac s S oA
Pt sl
Procesor Primalac | Posiliatac
Obacapodataka | Sianje podataka Komander Sanj zacataka Slanje izvomog | Slanje stanja Starje podataka
- - {
BV popm ™ Primalac ———— podatka podataka

A)Primer dijagrama interakcije agenta

B) Dijagram hijerarhije agenata

Slika 7. Dijagram interakcije agenat@d) i dijagram hijerarhije

agenata(B)

Dijagram interakcije agentae loristi za opisivanje kategoriggenata u

posebnim domeniméddo st a s u
dijagrami objekataDe f i ni g e
|l ogil kom vi lLenju si

konverzacija unutar sistenn@rikaz u j e

dva ili vige.

Slanje infofmacija

ogatak (neuspesno slanje)

Slanje informacija Potvrda

" Potwda informacie

Tacan podajak (Potvrda)

Konverzacija Slanja podatak&Jloga primaocaU| o g a

postojanj e
st ema.
Dijagram hijerarhije agenata de f i ni § e
odnose i zmelu
Dijagram klasekomunikacijepr e dst avl j a
[ agenat a

koriste se
kategorije

il ni i

odnose i zmel
komuni
skbnaenzac@ ur el a
Uu sistemu

Neuspesno slanje poslate infromacije

.“/\\
| 4

Poslata informacija

Cekanje W
S

\

Potvida

pogil jaoca

Slika 8. Dijagram klase komunikacije primaogao gi | j aoc a
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Dijagramr a z me ¢pyoatjagenafa u MASe loristi za definisanje

talnog

broj a,

|l okacDjedini gepa ataendbtraju

agenta u realnom sisteml njegovoj strukturi kao efektivno projektovanoj

razlikuiemo sld e [ e

t Aggnie sakupljanja podataka; Agentkontrole

podataka: Agentedatrolore i Agente procesiranjgpodataka. Pored toga mogu
postojati Agent diskursaAgent koordinacije, Agent supervizije, Eksterni agent

za realni system.

Na slici 10. dat jeobjektni model realnog sisteniji se zove lanac

mr ege
mredgna objekta
Konzurmneni Prediuzece I

K Of}?fc‘

: (@) otz
=ASU Softverskiagent (£ e T
N

snhbdevanjakturu | i

line
(preduzel el,

Konzument ,
2, 3, i 4)

Preduzece 7

Preduzece &

Objavijena

norudshing > Inferckeijo agenata

Slika 9. Model realnog sistema za interorganizacidomunikacija

agenata
e
~ perr guskursa
» =W
Mm 1 A ey A

= =
L e

ER s Feruw?r Feger7?

— —
AT FeT I T I L LI e v;'zg’e

ER P Shs Fezr Ty
(PP SAPS F)

| = L R

ER S F st ?r FeFer7?

- - -

S T TT LigArreT v

S Sty

Slika 10. Model MAS za intraorganizacionu agentnu komunikaciju u

realnom sistemu

Na slici 10. predstavljen je model MAS za prethodno opisani realni

sistem
interfe j s

u
k a

k o me
eksterni

s u Kk a rAgdotdiskursa &djid d enzi b et Li upj oev i

m partneri ma u mr egi

upravljanja komunikacijomi s g u r n Agerit kogrdinacije koji ostvaruje
saradnju dva sistemkoordinaijom inicijalizacije i monitoringa procesa sa

distribuiranjem  njihovih
pouzdanogl u,

rezultata a njegove funkcije suupravljanje
i puofilinz; cAgeatnsyperdija je odgovoran za

kreiranje proizvodnje informacija iz sakupljanjenih i prezentovanitapka, tj.
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njegove funkcije ssakupljanje mformecija i analiza podatakaEkgerni agent-

pokriva heterogene izvore podatakaréalnog sstena i dozvoljava standardni
pristup ovim i zv agegénenacije paatekdtransfdrmanije c i j a
podataka.

5. Multimodalni interfejsi u multiagentnoj komunikaciji

Usvomosnovnonz nal enju interfejs predstav
koj i komuniciraju. Prema softver sko]j t e
na r azne Hngeifejs fedalekcljbaoperacija koje opisuju "servis" koje
pruga kl asa il k o mipterfeje npredstavijae lkip g si st
razgranil|lenja izmelu speci fi ktarigjssg e i i
Kori sti da prikage i dokumentuje granic

Deklarisanjenminterfejsad e f i ni ge se ¢gel jenj@ ponag
nezavisno od nalind infjftearak aipjlicrane mk @lc i §
se razlilite vrste interfejsa koji kori

sa objektima iz realnog i virtuelnog sveta:
-2D sinopti-lklkiriismt éaktivieajdgdaliend aredjaje
birajuli odredjenu ikonu
- 3D virtuelni svetski sistemi simuliraju navigaciju i interakciju sa
stvarnim svetom.
-GUI Kkl asi | ni -zpsnavAnind xazorimant er f ej s
U ugem s mi-kerhpjuter intedejs esk odnosi na gtafk u ,
tekstual nu il auvdkioompkomeni kagij ,sul pud
interfejsaMe Lut i m postoji [ niz specijalnih i
obli ke komuni kacije | ovek ralunar (tak
Screenintdérej si , Haptil ki interfejsi ).
Prepoznavanje radnje koju obavlja ljudska figura u jednom frejmu
predstavlja problem u emitovanju video snimka, zbog niske rezolucije figure u
frejmovima. Za predstavljanje pokreta koristi se grupa histograma koja je

zasnovaa na optil kom protoku. Dok se za pr
magina podrgke vektora. Eksperi mental ni
obelava jer i nmoglane iarpleze wovikdeoi snimken aplbortai(u
nagem sl ulaju tenisa).

lzrazlim je jedno od naj moinijih, prir o
| judska bila izragavaju svoje emociije i
moge se koristiti u mnogo aplikacij a
kontrola pristupa i sistemi nadzor8istem prepoznavanja lica treba da bude u
mogul nost i da regava rPaeskednjh|lgoding tpd o mene
istragivala koji tragaju da obezbede p
interakciju sa kompjuteri mdiardodhbitjoajwa gsa
smer j e k a perceptivnim Kkorisnil kim i
perceptivhe sposobnosti koji dozvoljavaju prikupljanje implicitnih i eksplicitnih
i nformacij a o] korisniku [ okrugenj u.
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kompjuterskogni ga putem 2D i 3D gestova | ica ¢
invaliditetom (narolito za tetraplegi/l
kori st Aderivativnu paradi gmuif, omogu
del uju radi svog svakodmaetanmgggi vota pu
U dostignuli ma | i mpl emat aci j ama seé
povelava se potreba =za alatima Ainform
ukusa. Ka o Iganseiinfpreacija prédstavi@a ,polije koje cilja na
obradu i razumevanje kao l judska inteligencija
informacije ili dvosmi sl enu oselajnost

ralunar.i

Model za prepoznavanje radnje u emitovanju video snimka tenisa

koriglenjem optilkog protoka i SVM

Kao t ehni kkoristips®gradigrtnaviektor toka GVF (Gradient
Vectormachine}z mi j u za detekciju objekata. Ov ¢
polja sila, nazvanom GVF sile, nad domenom slika. GVF sile koriste se za
vodjenje zmije, model vaonépearonéai ziakzki al
savijanje, prema granicama objekta. GVF
di fuzijske jednaline na obe komponent e
prezentacija nije pogodna forma za i zr é
potrebna je alternati vntangeptmaepremetdcimc i | a
prostoraS| i | nost i zmedju oblika meri se kor

Stvaranje KANSEIr e | ni ka skale prema obl i ku

Slika11. PrimerKanseir e | ni kjg] s kal e

100 75 50 25 0
|
|

Kanseir el ni k skal e pr ema Karsdiskdlam napr a
podataka izmerenom na 250 subjekata putem analize faktora. Svrha analize

faktora je wuralunat:i promenl jive sa wuot
sastoje o d el emenat a promenl jivih anal i zi
promenl jivih. U ovom istragivanj u, met
informacija mnogo reli, ogranilava se
osnovnim faktorimaKanseir e| ni ka i maajal | i odnose I Z me
Kanseir e | ni ka i odnosa izmelu svaKamsg obl i k
relni ka. Rezultati istragivanja su pok
povezane sa oselajnogliu | judi

Pokretdi [ radnjue tkeonies kiogmw anheil ui znvoogdee
proces igre i takti ku i1igral a, gto je od
i gre. Prema stopi pojavljivanja terena
podeliti na pogled iz bliza i pogled iz daljine. Kod pogledaafjine veoma je
tegko odrediti odvojene pokrete razlil:@
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U eksperimentiseispitivaopojamudoban wKanseir e | n i zkdatakz a

povralaja objekta
Povral aj objekta koji [fle AUdoband, v
Minga® See( K 1) geMingD-.,, S F )
gde je
- Swpisl il nosnti ktoij aTER i zmelLu F i |
- Dgywirazdaljina izmelLu F i V
- F1 slika geometrijskog oblika
- V1 slika objekta
- TSR (Tangent Space Representajidiangentna prezentacija
prostor a Za mj er u slil nosti obl i
Digitalna kriva linijja C je pedstavljena u tangentnom prostoru
grafikom funkcije koraka
- GVF (Gradient Vector Floywi Gradijent vektora protoka
Selektovana slika
Ispitivanje (EEANSEI recnik)
fei Feedback w istraZivanji
@'&i I)oknmlpml:::‘l .
reinik skale oblika
ispitivanje
Geometrijski oblik (3“ '9}
A @ - TSR GVF leli_ia po.s‘.rm'.fjif:;:mm.rka
Slikal2Ar hi t ektura eksperimen@a sistema
U anali zi pokreta igrala iz daleka
pral enj em i stabilizovanjem figure i gr
sofisticiranu strategiju pralenja SVR
filter |l estica. AGaussi ani -tatesda padse se Kk
zatim pol j edeolpit inak okgomaodkea na oshovu odn
tela i oblasti figure. ®FH i | i nowvi opisivali@ pokr
kompaktno predstavljanje prostorne ¢geme
Tok ©pristupa prepoznavanja oduhvat a
figure; izralunavanje optil kog proto

predstavljanje pokreta.
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Zmi ja za detekciju kontura oblika p
sil e, nad domenom sl i ka. l zralunavaju
na obe koponent e gradaciij e mape i vica sli
snimanjain moge da nale objekte koji su

Leviprozor Desni prozor

@ >

Rezultar originalne slike Rezultar detekcije kontura
slika geometrijskog oblika

Slika 13. je formirana kao vizuelna informacija po boji, obliku, teksturi i

53535y i
2R @ |
[ s

gemi . Stopa zadovaldrughtaki@al2k or i sni ka zavi
Dijagram protoka
Za anali zu pokreta i prepoznavanj

emitovanim video snimcimakoristi se metoda izral unavanja koordinata
centroidaoblasti figure | iji je dijagram protokadat na slici 14. i sastojise iz
algoritma-pr al enj a pokreta igrala i stabiliz
optil kog protoka, ispravljanja, izglali

mitovanje

Sekven_é:_i_ -
. video snimka
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_Klasifikator—_
Baza podataka Nadgledano ucenje T radnji
m
- radnji =~

Slika 14. Al goritam pralenja pokret
optil ko4 prot oka

Algoritam stabilizacijez apol i nj e stabilizacijom i
centralizovane | judske figure, gt o se
analizira i konstruisanjem prozora u svakom frejmu centriranom na oblast

Y

(
S

igrala. SVR (Sophiratiegygt) ed sDfachkimgr an:

|l estica, poboljdgava ulinak klasilnog fi
dovoljno je pouzdan za ometanje u emito
obl asti igrala se wuvel av kseladkako didse el ene

izralunale koordinate <centroida obl ast
formulama :
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i xI Ryl R _axi Rayi Rt
T axi Ryl R m Axi Rayi R

R je oblast zauzeta objektom u ravni slig, y)je sivi nivo na lokaciji.

Kadase video sekvenca jednom stabilizuje, pokret u video emitovanju
i zazvan ponaganjem kamere moge se smatr
zralunavanje opisivala pokreta |e

I

grubi m i ometanim podaci ma kasepdjao su e
opti | ktoetirajukaok B 0 st or na ¢ e makojanse pr&kuplgja g u mo r
kori gl enjem opisivala pokreta. Jednost
prepoznavanje je da se odvojeno fokus
ljudskog torzoa. an od nalina da se ovo uradi j
podel i n a -oblasty, koje|nazivaendkopadd Ometanje u pozadini

|l judske centrilne figure vrgi znal aj an

unutar ljudske oblasti.

Frejmovi
__uzoraka

Adaptivnoizdvajanje pozadine

/ClT]—\

-G

izracunavanje |, Gaussian
polja optickog | polutalasng normalizoy:

toka ispravijanj

~
> -G
~Horn- Sunk™ Reforma polja

algoritam > optickog toka

Cetiri ne- negativna kanala
Slika 15. Modé odvojenog fokusiranja komada sa adaptivnim
izdvajanjem pozadingl]]

Nakon detekcije piksela pozadine, rasterska tehnika oblasti se obavlja

kaopostobr ada da povege pozadinske piksele
granicg8]. Da bi se eliminisaloo met anj e u pol ju optil Kk
pol utalasno normalizovanje i AGaussianih
kanala. Pokret ljudskoent r i | ne figure nastaje zbo
razlilitih delova tela koji. Ceboepoliewi de u
optil kog toka se deli u tri komada. Vi
girina se moge podesiti prema prostorno
histogramu se puno koriste za prostorno prepoznavanje. Motivisana centralnom

procecnoogustine za distribuciju boje, izvoc

zasnovanih na komadu-&FH, [8]) .
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Mat emat itlaklenei kdoingpiet enci je za ralunarsku vi:

Za svaku poziciju g unutar polja o
obl astR(gnemgter i ranu u q,u=1lv.gnrwhisdgramo | a s k
OFFse tada i 4Malunava kao
h=ca & Kp-d)aed§ w
g OFF piR 9
Gde je
U -Kronekerova delta funkcija,

f
l

C - konstanta normalizacije koja osigura@awlrL _1,

k-konveksni [ monotoni opadaj uli cen
t e g i n uama koj& s dailjg od centja

Prema[]9) SVM ( Support Vector Machine) u

girok opseg prepoznavanja g¢gema I prob
vegtalkim nervnim mregama SVM je brgi,
stilpel ponost zbog svoje sposobnosti da
za razliku od metode 8 jbligih susednih
Umesto zakl jul ka
Praktilno primenjeni koncept kensei
multimodalnih interfejsal interakcij l judskog i ralunarskih

-omogul avaju korisnicima da s,araluju
na primer govor, gestovi, pisanje, ekrani osetljivi na dodir, ekrtastature,

pokazival. i senzori koj i reaguju na do
-nudebo | j i p ot e rnnufleksiilnostaia kzomdlgd enj u od
mnogo vele i r aegd ikadlairanije;) e popul aci j e

-obezbelLuju podrdgku za suwppeorielrennjjue
unimodalnim interfejsima na bazi prepoznavanja, pod uslovima izbegavanja

gregkeavikaopoodr gregke, kompjuter intarféjs od onal n

podrgava zajednil ko donogenje odluka.
Posebne moguinosti interfejsa su u i

objekata ukl julujuli i o dprrealieenrej ed ep ocokvre

oka, pr al enj e plokrolesmera igdlaaledanja (pilienja),Za ova

pralenjaphoadbgmusiBoRazigta| gpgog)mdam to

razliku odderivativne paradigm¢ At amo gde pogl edam, t amo
U radu je reinterpretiraeksperimentalni pristup prepoznavnja pojedinih

radnj i za analizu pokreta teniskih igr
teni skog mel a il. dogalaj a. Kansei rel |
namer i Kk koristi se nzaokeajiftanje zadov@dtva korisnika prema
obl i ku i for mi figure. Ov aj princip o
povralaja digitalnih sl i ka, znanj a i
ontologije oselajnosti
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1 5t6d YO uls OdeddgdsthyEznd < [ Otc d <

VOB j &Z@ j Uz dzOlkd HGA @y OB fdatsiplsizj B3O

n=10,15 yo stetso O

R dzfnls . CPLEX 10.1 HGA
n ] f HfIs. to] otej ¢ dzO° B . atsjcs'ztggcj'(lsHﬁ]l GJj o
10 | 0,2 | 100 791,93 0,172 opt 0,001 | 0,011 0 24
10 | 0,2 | 150 915,99 0,016 opt 0,001 | 0,012 0 24.1
10 | 0,2 | 200 1015,99 0,016 opt 0,002 | 0,013 0 24.6
10 | 0,2 | 250 1115,99 0,032 opt 0 0,011 0 23.9
10 | 0,4 | 100 867,91 0,141 opt 0,001 | 0,012 0 23.9
10 | 0,4 | 150 974,3 0,031 opt 0,003 | 0,012 0 24.6
10 | 0,4 | 200 1074,3 0,046 opt 0,001 | 0,011 0 24.3
10 | 0,4 | 250 1174,3 0,047 opt 0,001 | 0,011 0 24.1
10 | 0,6 | 100 932,62 0,172 opt 0,003 | 0,011 0 25.1
10 | 0,6 | 150 1032,62 0,047 opt 0,003 | 0,013 0 24.9
10 | 0,6 | 200 1131,05 0,032 opt 0,001 | 0,011 0 24.2
10 | 0,6 | 250 1181,05 0,016 opt 0,001 | 0,011 0 24.3
10 | 0,8 | 100 990,94 0,140 opt 0,002 | 0,012 0 25.4
10 | 0,8 | 150 1081,05 0,047 opt 0 0,011 0 23.4
10 | 0,8 | 200 1131,05 0,031 opt 0 0,011 0 235
10 | 0,8 | 250 1181,05 0,016 opt 0 0,011 0 23.1
10 | 1,0 | 100 1031,05 0,156 opt 0,002 | 0,012 0 24.6
10 | 1,0 | 150 1181,05 0,016 opt 0 0,011 0 234
10 | 1,0 | 200 1131,05 0,016 opt 0,001 | 0,011 0 23.1
10 | 1,0 | 250 1181,05 0,031 opt 0,001 | 0,011 0 23.3
15 | 0,2 | 100 1030,07 0,265 opt 0,012 | 0,034 0 30.6
15 | 0,2 | 150 1239,77 0,187 opt 0,01 | 0,025 0 28.1
15 | 0,2 | 200 1381,28 0,140 opt 0,006 | 0,02 0 25.9
15 | 0,2 | 250 1481,28 0,078 opt 0,009 | 0,022 0 284
15 | 0,4 | 100 1179,71 0,547 opt 0,013 | 0,032 | 0.051 | 32.2
15 | 0,4 | 150 1355,09 0,532 opt 0,008 | 0,021 0 25.4
15 | 0,4 | 200 1462,62 0,172 opt 0,007 | 0,021 | 0.361 | 28.1
15 | 0,4 | 250 1556,66 0,109 opt 0 0,02 0 22.6
15 | 0,6 | 100 1309,92 1,438 opt 0,009 | 0,025 | 0.002 27.9
15 | 0,6 | 150 1443,9 1,094 opt 0,004 | 0,021 | 0.352 25.7
15 | 0,6 | 200 1506,66 0,047 opt 0,002 | 0,019 0 22.9
15 | 0,6 | 250 1556,66 0,047 opt 0,003 | 0,024 0 22.9
15 | 0,8 | 100 1390,76 1,157 opt 0,004 | 0,02 0 23.4
15 | 0,8 | 150 1456,66 0,063 opt 0,002 | 0,019 0 22.7
15 | 0,8 | 200 1506,66 0,047 opt 0,002 | 0,019 0 23.1
15 | 0,8 | 250 1556,66 0,046 opt 0,002 | 0,018 0 22.6
15 | 1,0 | 100 1406,66 0,078 opt 0,002 | 0,02 0 22.8
15 | 1,0 | 150 1456,66 0,062 opt 0,002 | 0,018 0 22.9
15 | 1,0 | 200 1506,66 0,046 opt 0,001 | 0,019 0 22.6
15 | 1,0 | 250 1556,66 0,047 opt 0,002 | 0,016 0 22.6

ftstsfmj € 0,186 0,003 | 0,016 | 0,019 | 24,6
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1 5t6d YO uls OdeddgdsthyEznd < [ Otc d <

v0OBJ &2 j 2EdzOIs d HGA azO CAB d dzfls © dzy O
n=2025yo stetso O

R dzfnls . CPLEX 10.1 HGA
n J f sfls. f otej qdzO° B . atGJ(E)'ZtGQJ'ctSHfr]L Gjd
20 | 0,2 | 100 967,74 0,407 opt 0,014 | 0,042 | 0,051 | 30,1
20 | 0,2 | 150 1174,53 0,703 opt 0,01 0,033 0 26,1
20 | 0,2 | 200 1324,53 0,579 opt 0,01 0,034 0 27,3
20 | 0,2 | 250 1474,53 1,266 opt 0,012 | 0,033 0 28,4
20 | 0,4 | 100 1127,09 1,625 opt 0,013 | 0,039 0 28,6
20 | 0,4 | 150 1297,76 1,484 opt 0,011 | 0,033 0 28,3
20 | 0,4 | 200 1442,56 2,031 opt 0,01 0,03 0 26,4
20 | 0,4 | 250 1542,56 1,157 opt 0,01 | 0,025 0 25,1
20 | 0,6 | 100 1269,15 4,985 opt 0,015 | 0,041 0 31,3
20 | 0,6 | 150 1406,04 3,235 opt 0,011 | 0,029 0 26,4
20 | 0,6 | 200 1506,04 3,063 opt 0,01 | 0,028 0 25,8
20 | 0,6 | 250 1570,91 0,187 opt 0,007 | 0,022 0 23,6
20 | 0,8 | 100 1369,52 15,647 opt 0,01 | 0,031 0 27,6
20 | 0,8 | 150 1469,52 4,699 opt 0,01 | 0,028 | 0,009 | 27,3
20 | 0,8 | 200 1520,91 0,188 opt 0,009 | 0,021 0 24,1
20 | 0,8 | 250 1570,91 0,125 opt 0,009 | 0,021 0 23,8
20 | 1,0 | 100 1410,07 5,328 opt 0,01 | 0,028 0 26,6
20 | 1,0 | 150 1470,91 0,250 opt 0,009 | 0,021 0 23,9
20 | 1,0 | 200 1520,91 0,141 opt 0,008 | 0,021 0 23,6
20 | 1,0 | 250 1570,91 0,172 opt 0,009 | 0,02 0 23,9
25 | 0,2 | 100 1029,63 1,328 opt 0,019 | 0,053 0 29,3
25 | 0,2 | 150 1217,34 2,609 opt 0,014 | 0,043 0 27,9
25 | 0,2 | 200 1367,34 2,047 opt 0,014 | 0,041 0 28,6
25 | 0,2 ] 250 1500,9 1,547 opt 0,015 | 0,039 0,11 29,3
25| 0,4 ] 100 1187,51 5,578 opt 0,021 0,05 0 30,4
25 | 0,4 | 150 1351,69 5,000 opt 0,02 0,045 0 31,3
25 | 0,4 | 200 1501,62 5,672 opt 0,018 | 0,043 0 31,4
25 | 0,4 | 250 1601,62 3,140 opt 0,018 | 0,039 0 31,1
25 | 0,6 | 100 1333,56 12,672 opt 0,019 | 0,045 0 29,9
25 | 0,6 | 150 1483,56 9,015 opt 0,016 | 0,041 0 29,7
25 | 0,6 | 200 1601,2 7,547 opt 0,016 | 0,039 0 30,6
25 | 0,6 | 250 1701,2 5,125 opt 0,015 | 0,038 0 30,3
25 | 0,8 | 100 1458,83 33,359 opt 0,019 | 0,048 0 30,9
25 | 0,8 ]| 150 1594,08 20,468 opt 0,021 | 0,043 | 0,011 31,9
25 | 0,8 | 200 1690,57 11,531 opt 0,01 0,031 0 24,5
25 | 0,8 | 250 1740,57 0,562 opt 0,011 | 0,031 0 24,3
25 | 1,0 | 100 1556,63 40,109 opt 0,022 | 0,049 0 33,6
25 | 1,0 | 150 1640,57 13,688 opt 0,01 | 0,032 0 24,1
25 | 1,0 | 200 1690,57 0,640 opt 0,01 0,033 0 24,6
25 | 1,0 | 250 1740,57 0,406 opt 0,01 0,031 0 24,6

ftetsfmj € 5,733 0,013 | 0,035 | 0,004 | 27,7
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1 5t6d YO uls OdeddgdsthyEznd < [ Otc d <

v0OBjJ &G J BzdzOIsd HGA dzO AP d dzfnls ©dzy Oc
1W0=n=100 yos stetso O
R dzfy ls CPLEX 10.1 . ( . HGA .
sfils. t oatej dd dzO ltejdkz¢. o tsHMI§ ¢ j dg

10L 224250,05 0,078 opt 0,001 0,011 0,000 24,4
10T 263399,94 0,125 opt 0,001 0,011 0,000 23,8
20L 234690,62 0,22 opt 0,010 0,03 0,000 25,2
20T 271128,18 0,25 opt 0,009 0,03 0,000 25,4
25L 236650,62 0,563 opt 0,013 0,04 0,000 27
25T 295667,84 12,364 opt 0,008 0,031 0,000 21
40L 240986,3 1,002 opt 0,034 0,082 0,011 29,9
40T 293164,84 15,512 opt 0,010 0,06 0,000 21
50L 237421,98 22,771 opt 0,053 0,122 0,002 30,9
50T 300420,98 | 275,976 opt 0,034 0,106 0,022 24,8
60L 228007,9 11,18 opt 0,093 0,191 0,014 34,3
60T 246285,034 9,53 opt 0,083 0,169 0,000 27,6
70L 233154,289 90,3 opt 0,095 0,235 0,000 28,6
70T 252882,633 22,42 opt 0,120 0,279 0,000 31,5
80L 229240,373| 143,39 opt 0,193 0,363 0,020 36
80T 274921,572| 140,58 opt 0,160 0,344 0,000 32,9
90L 231236,235| 423,14 opt 0,243 0,473 0,009 35
90T 280755,459| 153,72 opt 0,223 0,458 0,375 34,1
100L 238016,28 | 275,976 opt 0,124 0,394 0,000 24,4
100T 305097,96 23,139 opt 0,193 0,478 0,000 28,9
100L 224250,05 0,078 opt 0,001 0,011 0,000 24,4

] .otsf 81,112 0,084 0,195 0,0226 28,34
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mdBtedH dzd
ftotsBdzjy 3O dzj 5ctcOded Y ded

Cjdzj sMCd OdketstedlsOc

LO tjh Qs O
COfOydlsjilso MmO ° jH

vOB DG ' jCO0 ©jLEdsOO d&O AP
1W0=n=100 yos stetso O

R dzfn CPLEX | HGA GA MSTS3 HubTS

Is . 10.1
sfls. {dzO Bl EC. §dz0° B S . § 2O B|EZC. ¢ d2O° B ¢ . ¢
h . h . &4 h . &4 h &4 h &4
224250,

10L | 05 opt 0,011 | opt 0,101 | opt 0,016 | opt 0,015
263399,

10T | 94 opt 0,011 | opt 0,113 | opt 0,015 | opt 0,015
234690,

20L | 62 opt 0,03 opt 0,206 | opt 0,062 | opt 0,046
271128,

20T | 18 opt 0,03 opt 0,213 | opt 0,062 | opt 0,062
236650,

25L | 62 opt 0,04 opt 0,275 | opt 0,125 | opt 0,125
295667,

25T | 84 opt 0,031 | opt 0,233 | opt 0,094 | opt 0,031
240986,

40L | 23 opt 0,082 | opt 0,554 | opt 0,375 | opt 0,781
293164,

40T | 84 opt 0,06 opt 0,5 opt 0,344 | opt 0,188
237421,

50L 98 opt 0,122 | opt 0,904 | opt 0,703 | opt 1,891
300420,

50T | 98 opt 0,106 | opt 0,592 | opt 0,719 | opt 0,469
228007,

60L |9 opt 0,191 | opt 1,205 | - - - -
246285,

60T | 034 opt 0,169 | opt 1,016 | - - - -
233154,

70L | 289 opt 0,235 | opt 1,489 | - - - -
252882,

70T | 633 opt 0,279 | opt 1,397 | - - - -
229240,

80L | 373 opt 0,363 | opt 2,397 | - - - -
274921,

80T | 572 opt 0,344 | opt 1,818 | - - - -
231236,

90L | 235 opt 0,473 | opt 2,463 | - - - -
280755,

90T | 459 opt 0,458 | opt 1,934 | - - - -
238016,

100L | 28 opt 0,394 | opt 3,221 | opt 7,95 opt 28,515
305097,

100T | 96 opt 0,478 | opt 2,18 opt 5,187 | opt 7,141

f tots 0,1953 1,1405

J < 5 5

d dzfls ¢



1 5t6d YO uls OdeddgdsthyEznd < [ Otc d <
6.1 OC? YOS

V OHE " ftjHddtyjdo j¥dSOomMdzO ~dBtdr
d Hej =SjbktedMmidS) dsS Oddksde $@y@@@x$mm¢
ks¢ Oyd  Me sc f tetsB dzj 3O dzJBGtGOdzq’ludchE Q(
OdzsC OyYydsB®RO< j das o HotsMJ cd3d sdzs B d dzOtc dz
OHjSCoO0Olded cjdgjlsmMCd ffjtcOlststed d dz;Qtsdzq’
ftoj 2tc O j dzi Ctsdzo j toG j dayd * § Odze sted s BO. i
dzts € O dzdzts 6 ftojlstcOYdoa O O HO & fsBts?h O O
Gjdaj sMC 3z Odze tetifigdg ©o O & ¢ O ¢ O ¢ dzsB O dzdk
' dmlsd¢j MmMi toj ZzOdodzts BtoL s dLotch O O |
i MsteMmC ts otcj d3j . ( $Mmy J ted d3j dzls O dzdzd tc
s tc &3O dzf § ftoj Hdzsy j dese R dBtodHdzse ff tod
|0 ddeBicBzPezO’ O.

[ dlsjtOktO

¢ BHJOERzd3 19 9 8 O:-Helm I5d iAnHylarid rHeuristic for the
Uncapacitated Hub Location Problems$turopean Journal of
Operational Research 06, 489499.

¢ BHJdgdzdz 1 9 9 8 B :Helm B.dVemkatavaimanan M.A.Solution
Approaches to Hub Location Problemsnals Of Operations Research,
78, 34/50.

o iz dzzte 2 0 Q 8.; KarA Y. BmMNetwork hub location problems: The
state of the aruropean Journal of Operational Researd®0, 121.

I dL dzd 19 9,6.E. BGbhtasing ITestyProblems via Internelpurnal of
Global Optimization 8, 429 433.

s J d3B J dz Carpbel J. F., Ernst A. and Krishnamoorthy M., Hub
Location Problemsin Drezner Z. and Hamacher H., eHacility
Location: Applications and TheargpringetfVerlag, BerlinHeidelberg,
3731407.

s dzd dzy J 9 dKljncelwzJ1G., Heuristics for the4aub location problem,
European Journal of Operations Researt8, 25 37.

s dzd dzy 4 o d uKlinte®i®z2J. G., Avoiding local optima in the -pub
location problem usig tabu search and GRASRnnals of Operations
Research40, 283302.

JOsd d&zd 199 M E.,QHukk fadility yocation with fixed costsThe
Journal of the Science Association Internatioi3¥1), 293 306.

g ddzo © 2 0,0M9R., CunBaClBy ldew smple and efficient heuristics for
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Operations ResearcBg, 3152 3165.

o C tstegsd@yf so 1 9 9Kapoy, [5,kSkorinKapoy, J., On tabu search for
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Operations Resear¢f73, 502509.
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MODELING WITH MATHEMATICA 8.0

1. About Wolfram Mathematica 8.0

Mathematica is very powerfull and very usefull computation system
producel by company named Wolfram Research. Company was founded by
Stephen Wolfram in 1987 and throu g h year s became one
most respected software companies.

Mathematica is one of the major commercial computer algebra systems
which has become a vergopular in scientific communities. As well as
Mathematica, all Wolfram Research products are useing in faculty and
university all over the world. In a aim to dedicate more attention to education
they built the worl dbés | armagian svebsitésr e e
such is MathWorld, Wolfram Demonstration Project, Wolfram Alpha, etc.

When the first time was released, Mathematica achieved an important
impact on useing math in all fields of technics. Mathematica was made turning
point of a modern erim mathematical calculation. Users oriented design is one
of the features which brought Mathematica such a popularity.

At a begining, individual packages had existed for specific numerical,
algebraic, graphical and other tasks, but the aim of Mathematisaavcreate
one software which will be suitable for a different areas of technics. It became
possible when the new kind of programming language was invented which
allows us to works with wide range of objects.

At first, Mathematica has been used in theysgital sciences,
engineering and mathematics. But over the years, Mathematica has become an
important part of many science fields (biology, chemistry, medicine, geography,
economics, statistics).

She had made many important discoveries easier. Matheralgchas
been the basic for thousands of technical papers.

2. Work in Wolfram Mathematica 8.0

When we run Mathematica, the first what we see is interactive document
known as notebook. Mathematica front end is separate from the kernel which
perform computatins. Front end (notebook) handles interaction with user and
create interactive documents. The notebook includes many menus and graphical
tools for creating and reading notebook documents. It also mixing text, graphics
and Mathematica input and output.

" matematik@filozof.org
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Mathematica notebook consist of sequences of cell. Cell can be a variety
of styles: input, output, text, graphics, titles, sections and figures. Cells are
marked with the square brackets [3].

We already sad that when user started Mathematica on his display he
can see notebook. Now, we enters input into the notebook. After that, user type
Shift+Enter to make Mathematica process his input. Users input and output
Mathematica will label witHn[n]:= andOut[n]=. Next picture shows standard
Mathematica display.

@ Untitled-1* o] o
2= g={1+3,1+4,2+4,2+5,3+5,6-7,7+8,8-9,9-10,6-10,1-6,2-+7,3-+8,4-9,5-10}; -
GraphPlot[g, Method - {"SpringElectricalBrbedding”, "RandomSeed” » Automatic}, VertexLabeling » True]
/ \ 2 I\
\ \
/ \ /N |\
/ 4 N
fooN S NS
/Ny N \
/ 4 . \
/ N / \
] L A
\\ \Y/ .
A // A
NN
100% +

Figure 2: Mathematica display

Wolfram Mathematica 8.0 has a lot of palettes which helps us to work.
To see palettes click on Palettes from the main menu. The most common
Palettes are: Basic Math Input, Basic Math Assistant, Classroom Assistant,
Writing Assistant, etc. This palettes allow access to the mathematical symbols
by mouse click [1].

2.1.Mathematica syntax

Mathematica has a rich, carefully designed syntax. There is huge
number of defined symbols, which purpose is to label Hifunctions and
congance. Four important rule are [1]:

1. flx,y] 7 function arguments go in square brackets;

2.5in,5qrt, Plot... T built-in symbols have names beginning with
capital letters;

3.{x,v,z} 1 curly brackets are used for lists;

4. Mathematica is case sensitiviggftandsqrtare different).

For example, command Integrate computes antideri\fagfeé:x} dx. The
command begins with a capital letter and arguments goes in square brackets:

Integrate[x*2 Log[x], {x, 1, 2}]
1

— (-=7+8Log[8])
9
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3. Connection with other applications

Mathemdica has a thousands capabilities. Users can apply Mathematica
in industry, research and education. Mathematica is used by students, teachers
and researchers.

Mathematica is built to help you with all your technical tasks. It is
connects to all existing gpcations and databasics (Java, C, Excel).

Interesting thing about Mathematica is the way it transform notebook in
a different form. Mathematica can generate many types of documents directly
from notebook. For example, if you have a Mathematica 8.0 noketbich
you want to convert into TeX source code and insert it somewhere in document,
it can be done in several ways. Mathematica can also import formatted
documents.

TeX is typesetting system and programming language which is
commonly used for typesetgnmathematical and scientific publications and
other technical documents. Developed since 1977 by Donald Knuth.

If you want to merge your work with existing material in TeX, you can
use TeXForm to convert expressions in Mathematica into a form suitable for
input to TeX. TeXForm translates standard mathematical functions and produce
AMS-LaTeX compatible TeX output. It can easily done as follows:

If we type next cod&exForm Li_ , the Wolfram Mathematica gives us

as a result:
\frac {x} {\sart {5}}

Mathematica notebook you can convert to LaTeX by choosing LaTeX
document for &ave as typrom aFile/Save asnenu.

2 Save A< =X
‘\7/ &, |} < nickg » Documents » Misc » v [ vy ‘ ‘ Seurct P
File name: TeXTest -

Save ac type: i LaTeX Document (*.tex) -

¥ Browse Folders D [ Sa‘-vg Cancel

Figure 4: Generate TeX with Mathematica 8.0

4. Demonstrations in Mathematica 8.0

A Demonstration is a small program created Witathematical t &n s
interactive visualization of a concept. Demonstrations can be about any topic. As

you move a controls, you see a change in its output that helps you understand the
concept being shown.
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Wolfram Mathemtica has a lot of functions, whichoa us to make
demonstrations. The most common usedMamipulate, AnimatePynamic .
For any expressiongraphic or other objectwith symbolic parameters,
Manipulateautomatically oeates an interface for manipulating the parameters.

For example, if we want toanimate a picture cfinnx for a different

values ofr, we use next code:
Manipulate[Plot[Sin[nx], {x, 0, 2Pi}], {n, 1, 10}]

Figure 5: Manipulate a continuous parameter
4.1. The central limit theorem

In this section we show you a demonstration of theorem which has
fundamental importance to statistics. The central limit theorem is one of the
most remarkable results of the theory of probability. The central limit theorem
states that the sampling distribution of the sample mean approaches a normal
distribution as the size of the sample grows. This means that the histogram of the
means of many samples should approach ashealbed curve. Each sample
consists of 200 pseudoramdamumbers between 0 and 100, inclusive [7].

This theorem says that &, is the sum of n mutually independent
random variables, then the distribution functiorfpfis well-approximated by a
certain type of continuous function knows @ normal density function, which is
given by the formula [5]:

[x-m)*

1 z
o) =z <

17¢
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sample size — | 2
new sample aD
1 — —
1z L1 —
10
o4 -~ N
oL ||
o
oL
aills 00
40 45 50 35 60 65

Figure 6:The central limit theorem
4.2.Path and cycles in graph

In our closing section we give an applications of Mathematica in graph
theory. One of the key problems gmaphs is finding the shortest path between
two verticesTheshortest path probleia the problem of finding pathbetween
two verticesin agraphsuch that the sum of tiveeightsof its constituent edges
is minimized. An example is finding the quickegy to get from one location
to another on a road map. In this case, the vertices represent locations and the

edges represent segments of road and are weighted by the time needed to travel
that segment [6].

g = PetersenGraph[5, 3, VertexSize » {10 » Medium}, VertexLabels » "Name",
EdgeWeight » {1, 2, 3, 1, 4, 2,5, 1, 4,3,1, 2, 4, 5, 1},
Edgelabels » {1e=3 51, 1e=4 52, 1653, 2451, 2—~5>54,

2e+752,3¢+5-55,3¢—8>51,4e954,5¢+10-53,6—7->1,

7e+8-5>2,8e249-54,9—10-55, 10—6->1}]
FindShortestPath[g, 10, 3]

{10, 6,7, 8, 3}

FindShortestPath[g, 10, 3];
HighlightGraph[g, PathGraph[%]]
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Hamilton path is a path in an undirected graph that visits each vertex
exctly once. A Hamilton cycle is a cycle in an undirected graph that visits each
vertex exactlyonce and returns to the strarting vertex. [6]

g = CompleteGraph[7, VertexLabels —» "Name", ImagePadding - 20]

First@FindHamiltonianCycle[g]

{(leed, 42, 27, 7e23,3e26, 625,51}

HighlightGraph[g, PathGraph[%] ]

Q
<

In graph theory anEulerian trailis atrailin a graph which visg
everyedgeexactly once. Artulerian cyclds a Eulerian trail which starts and
ends on the samertex They were first discussed bgonhard Eulewhile
solving the famouS e ven Br i d g e probtermin Kr83am[lgs ber g

g=Graph[{le+2, 2++3, 3e<4, 41,426,425, 3e+5,3e28,2¢27,2¢8,17,
l1ee6, 67,78, 85,56}, VertexLabels » "Name", ImagePadding - 60]
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FindEulerianCycle[g]

{{lee6, 625, 5e28, 87, Teeb6, 6e2d, 4es5,
5ee3, 3028, 8022, 2027, Tosl, losd, dee3, 3e22,2es1}}
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RdzlsjtedzjIs dL otsted
<http://infoteh.etf.unssa.rs. ba/zbornik/2011/radoWiE-V-7.pdf>;

<https://sites.google.com/site/pitagorac/geogepra
<http://www.geogebra.org/help/docusr.pdf
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(Hohenwarter, Lavicza 2007).
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fsoj<0Odzj Bsek<datsMmisd MlskHj d2OsOA (. 25) .

lted tjh OOk fHtesBdz BO d CtojdteO® & €t
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| d2qCd B ®BI kL eaf@n wtstGd3IzdzO flj BOLdELO
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b yYyd’k Bts? j6 SCBdayd flskzOdzdesckzygOLLEARB] 9 O
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Bsdlstcdtc® kZfslstcjB O mMOo O Of dzj 0. RLBIE
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! <http://archivesmathutk.eduvisualcalculug4/simpsondfindexhtml>
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LRS= %f F(x)DK= f (3)Dx+ F (x)DK+> + F (%, )DK =D f (36) + £ (3) +> + f (x,)]

RRS—a f(x)Dx= f ()Dx+ f (x)Dx+> + f(x,)Dx =D f (x,)+ f(x.,)+> + f(x)]"

(Hdzshds WbkdaSyd O j ddisjcosddizo
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dzj Bsc z<j dLteOykzdzOIlsd tclkzydzts, EftcOoats [k t
Efslstej BO ttOykzdzOtcO.

? Of dzjs©® " j HO HJj BsdhstedtcO®' & dzO

OBz otjHdtsMI Hi] ' Jdte dJdsj cttOodzO
5 dMstcOydo O tJdi3Odzsadnr MEBO
‘'l Beoate BOLj BOIdyStse Ctsdylflkso. )
JE¢Mfjted i) dedmO® © L OdMikQ dziz6myd dz
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Oyd 606 Mmj fYBts? h 09 O.

O § dzts, Of dizjIsd HBLOB? O8O 2 HO ¢
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igaonika: J ~ 811641

numeritka vrednost odredenog integrala | — 4 5833

broj segmenata na kojima sumiramo:
n=8

n=8

ddzd C O 1

2 <http://symbolicalgebraetf.rGG_integralirimanove sumehtml>
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v OCis diselkz My SCttedmisdisd i mMktemd dzO O
<http://www.plu.edu/~heathdj/java/calc2/Riemann.btml
<www.calculusapplets.com/riemann.html
<www.intmath.com/Integration/Riemarsums.php,
<http://www.plu.edu/~heathdj/java/calc2/Riemann.btml
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JLEOYUL®ZOo OF ] ojtk0 SodfdjSmddr Stdedn,
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ﬁo.5x3sin(x)\dx( Mzdeé o 2).
-10

Integral of i) on [-10.0,10.0] using Upper Sums rule with 50 pts, is 1697 2687

A F

= abs(0.5%"3*sin(x))
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(

3 <www.mathtamueduAppliedCaldClassefRiemantindex htmi>
4 <http://curvebanlcalstatelaeduareabetcuareabetcuhtm>
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Area =0.9999999999999993
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xMin= -5.0 xMax= |5.0
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Rectangles:
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n=>5, h:u:g
n 5

v, = f(0)=3y, = f(h)=8832y, = f(2h) = f(%) = 49656 y, = f(3h) =160464
y, = f(4h) = 376248 y, = f(9) =732

fo i Of tsC fd i3OI d o dzO oo Hdsfls
T, = % [3+ 732+ 2(8.832+ 49,656+ 160464+ 376248] =173286.
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HsBd ' j dz0 1Z3BEEABBTR5=6561, d fsyj Ol ctojh

65.61
=303F6( d€ O 4) .
166725 o( T dzd )

type = trapezoidal, N=8
732.0 Trapezoidal sum = 1.712812E3
type = trapezoidal, N=5
Trapezoidal sum = 1.73286E3

[1} a0

fix)= |¥'3+3 Partition with N= | §
ab o9

M 80 graph f(x)

sz C O 4

bV udBfmodsesd f6Ooddzj Mf S o0 iPissEO
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® <http://mathforumorg/mathtoolécell/c,15.16 ALL ,ALL />
® <http://archivesmathutk.eduvisualcalculug4/simpsomdfindexhtml>
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Ir\TH:u al

Sum of areas of
parabolas

4 0.79420139
8 0.77495438
il

16 0.77364287
32 077356744
64 0.77356283
128 0.77356255
256 0.77356253
512 0.77356253
I 1024 0.77356253
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STRUCTURAL IDENTITY FORMULAS AND
SERIES WITH APPLICATION TO ELASTICITY
WITH THE STATISTICAL INDEX

This paper is dedicated . Per i |
B. Schweizer who have passed away recently

1. Background

It is almost impossible to find domain, whether it be in technical or
social sciences, where the concept of elasticity is not present. Tiostall
presence springs from the fact tttedl measures of elasticity whether they be
analytic (elasticity coefficient) or graphic have advantage over other variability
measures: they represent statistical invariants.

The theory of AThe Complete or

ano

Tot

Demand Elastii t yi was introduced appapepsubl i sh

With the Average Base Index and Average Chain Index (the final form of which
was constructed on the smooth arc of the hypercurve (S. Sekulovic, [4]) this
theory was developed iE™ with the usual or standard metric/norm. In it, only
implicit definition of the Fractional Market Shares with their inception formula
in nonanalytic form was introduced. Need for its improvement towards easier
practical use has become imperative.

2. Strucural Identity Formulag Concept and Interpretation

Definition 2.1. Formulas

1
Po S T + )’

A (1)
q
= =12 ..,.m—1),

(A= 0(vEk)(k=123,...m—1)

(memN)(im > 1),

are called thé&tructural Identity FormulagSIF).

" slobodan.sekulovic@gmail.com
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Theoren®.1 (SIF Theorem)SIF satisfy the following identity:

+ X750, =1, (vm € M)(m > 1), )
Proof We shall deve the proof by mathematical induction:

1 A 4 e B expression (2) becomes
1 JL_ _
PotP1 = 144, an’ 1+,

Thus it is valid forn = 2.

2A Suppose thmtuxRi)e is valid for

e qu JE=cETm Zns: ETR ©

3A Let us prove that=exlpWehawi on (2)

1 A
po + ;’pq “fEaras ;—Hﬁzq(1q+ = (4)
Note that expression (4) can also be written as
- 1 Ay
pD+qupq=1+,lu.H 1+ Z]‘[ (1+,:|,,{} T+a, &

or

1 A
pﬂ+Zipq:1+,lu. T (1+,1k} Z]‘[ (1+,1k} v ©
=

By assumption (3) the expression in the bracket is equal to one and
thereby

1 A
— 4+ R
1+4,;  1+4y

Pot E;:ﬂ"q =

Thus expression (2) is valid fet = u + 1, and consequently represents
an idently form = 1,{m € H). We shall call it théStructural Identity(SI).
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3. The SIF Interpretations

Exposition in this paragraph will bring out some interpretations many of
which can be very usuful in its domain. We shall consider the following four:

(i) the SF and the Figurate Numbers;

(ii) the geometrical interpretation;

(iif) a technical interpretation;

(iv) the statistical interpretation with application in economics.

3.1.The SIF and the Figurate Numbers

It has been demonstrated that the following identity is valid:

1
T (1 + Ay) Z IT:=, 1":1 + As)

{(’m E Mi(m = 1), @
'I:}Lk =0(vk)(k=1,273,..,m—1).

=1,

Fori, =4, == 4,1 =4, (1 = 0) it assumes the form:
1 m—-1 A _
.:1+,1}-'“-‘—+ Eq:i (1+pm-a 1, (meN)(m > 1). (®
Let A="2" (memN)(i=12..,n). Substituting it into (8) we
obtain:
m—1
jm-1 N (n+1—1}1m“?‘1_1
(n+1)ym1? - (n+1)me 7
o=
(n € M),
(me M)(m=1), (9
(i=12..,n1)
Adding up (9) for ali yields:
EEimt ZEE Jm+1—iimat
m+Dmit m+nme
(n £ M),
{memm}ﬂ (10)
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For different values ofm expression (@) yields some interesting
formulas:

Letm = 2. Then
noig n +1—i
Ez—ll_'_Ez—l(n l}zn :'ZI
n+1 n+1
_n(n+1)
= 5 ,

(11)

since
E?:ii = E?:i(n +1-— E’}

This is to say that fom = 2 expression (10) yields the formula for the
n-th Triangular Numbers
Form = 3 we have

Yt Ehn+1-1i Eh,n+1-1)
(n+1)2 (n+1)2 n+1
=n, (12)

where:

i 2_n+1@En+1)

” 1-2-3 " .
= 13
;(m 1-1) = ”—(”; D)

By solving (12) for Xiz4(n+1—1i)i we arrive at the following
expression:

Z(n+1—i}£ =n(n+ Lin+2) | (14
i=1

1-2-3

This is to say that fam = 3 expression (10) yields (14), the righand
side of which is known as the formula for thé¢h Tetrahedral Numbers

Form = 4 expression (10) becomes

it ¥in+1-0i? Fihin+1-0i Ein+1-10)
(n+1)3 (n+1)3 (n+1)? n+1
=n, (15)
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where:
noo-3_ n?(n+1)?
=117 = PR

En 1:T1+ 1— I}I _ n(nt1)(nt+2)
i=1 = :

1-2-3
Th(n+1-0) =22

By solving (15) forti=,(n + 1 —i)i? we have:

H

, 1 1 2) 1
Z(n+1—i}i‘=n(ﬂ2+ }-n(n;z}‘;ﬂ; }'H' (16)

i=1

By analogy we can generate the formula for the computation of the sum

Yen+1-i™

for m =5,6,... The formula can be very useful and applicable in
solving many problems in mathenwiand its applications.

3.2.The Geometrical Interpretation

Here, we shall demonstrate that the coefficients of any arbitrary convex
linear combination of a finite number of vectoes, 7,...,7.€ E™ can be
expressed by SIF.

Xy

Fig. 1.

Let us consider the space convex polygon, which is bounded by the
polygonal lineM; M.M;M,M;. By Fig. 1, we are about to calculate the radius
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vectorETE of any arbitrary point ofhe given space convex polygon. The radius

vectorR; of the point?; divides the line segmei; M, in the ratio
M

=22 4 =0

G-_J'ffg
From Fig. 1 we have

MOy = A0 M;

Ry —n=14(7-Ry),
R+ 1Ry =7 +A77 ,
and finally

Rt my Mo
TS R A T

a7

By analogy, tle position vectorR_; of the point@, divides the line
segmenid; M5 in the ratio

oy 0
.—12: — 11 ..-’-'LEEGJ
GEJ"’IE

and has the form

— 1 — A

B, = R, + = 18
T T IR (18)

or (after substituting (17) into (18))

o 1 — Ay — Ay —

Ry = RETRIZESRAE! + (L A0(154) 2 T 1ea, B (19)

By proceeding similarly, the radius vecﬂ?g of the point0; divides the
line segmend, M, in the ratio

_ 0105

Az =
37 oMy’

Az =0,

and has the form

— 1

A
R+ 7

R. = 20
T T (20)

or (after substituting (19) into (20) and arranging)

232



Structural identity formulas and series with
application to elasticityvith the statistical index

T AT A A+ A0+ At A+ A+ A+ A5)
A

—
T3

n 2
(1+4:)(1+43)
:13 f—
—_—Tr . 21
1+ A5 1)
The computedadius vecto:ETg is a function of:

a) radius vectors of the pointll; = (1), M.= (r3), M3 = (13),
My = @;

b) weights, i.e. the convex linear combination cofficients

1 i
Po= iyt Aty =0
B A

BT A a0 +i .

“1: + Po :pq -
P = Ayt ay P20 =

2

Pz = T+ (pz = 0)

E

By analogy we introduce, 7z,...,7€ E™ and obtain the convex linear
combination coefficients which mimic the SIF. And that is what we set out to
demonstrate.

3.3.Technical Interpretation

This interpretation asserts how and why individual voltage drops in a
simple electric itcuit can be expressed by SIF.

B, By Ry
VW AN ;\AA
v, = IR, v,=1IR, v, =IR,
L
[l
B

Fig. 2.
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Fig. 2 shows the circuit diagram of a simple circuit composed of:

(a) battery power suppl.;

(b) series connection ofm circuit components, resis®r R,
(k=1,2,3....,m) with variable resistance.

ApplyingKi r ¢ hof f 6 g0 the @ilcuit &ygstrting atwhe positive
terminala of the battery, traversing the loop clockwise, and taking the voltage
drops as positive, we have the followirgldnce equation

L’T1+F2+F3+"'+Um_EEb:ﬂ,
or

IR1+IR2+IR3 +"+me: EEZ:"

Note that by simple arrangements of the balance equation, individual
voltage dropd, (k = 1,2, ....,m) can also be expressed as a percentafeof
ie.

1 R 1
Ek =R—k'—R_J (%
ab 1 1+E;§';2R_J
1
=1,2,...,m). (22)

Letk = 4 (4 resistors in the circuit). Coider the following ratios:

v, R,
Fl=n11 =?’R—1=ﬂij (14, =0),
V3 R3
V1+V2 :“12 ::"R_j-:(j--'_ﬂd.:l*l!: (“12:}0}1 (23}
4 Ry
—V1+V2+V3=413 Z)R_j-:(i"‘ﬂpl}(i"‘ﬂ,g}ﬂpg, (413}{]:].

After substituting expressions for the resistance relaé\?eg—s and?

into (22) and
arranging we have:
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Vl _ 1 (_ }"

Eop 1+ +A0(1+25) 0

VE “;l’l ( jl

—_— = = :pl "

E (1+ A1 +A,)(1+25)

I};b_ 2 N ; b (ot pL+pa+ps =1
Eap (1 + 4,001+ A3) = P2

Vs Az

Eﬂb - _l + .-13 (_ pE}J )

By analogy, folkk=m we take the following ratios into consideration

Vo Vs _3 Vs _3 Vi _3
I“T1_‘;L'LJ R A W+ +V 3;---;221;11%{— mol

. . . . R, R
from which we derive expressions for the resistance relajglﬂ\/f)}{?E Yo

i—m. After substituting the resistance relatives into (22) and arranging, percentage

voltage dropsEVi?J assume the SIF form.
L

3.4.The Statiical Interpretation with Application in Economics

The statistical interpretation (with application in economics) of the SIF
springs from economic system which is far more susceptable to human
subjective perception than the technical system from thequewxposition. To
illustrate this, we opt for an example related to market competition.

Suppose

a;) Geographical, i.e. the spatial dimension of the market under
observation is

clearly defined;

a) Time frame, i.e. the period of observat[@, T] is set up;

a) Present in the market is a limited numiperof independent firms
which

constitute an industry. They compete over the same payment limited
available demand with their homogenous and braarde
goods/services.

On these groundghe aggregate demand of the set of homogenous
(competitive) and brandame goods/services is defined as

g:= Zqi (249

23¢



Sl obodanidekul ovi i

wherein the system

g:=f(x), (i=12, ...,m},} (25)

Xe=(xy, x5, 0, X))

represents the subfunctions, i.e. demand functjofar the braneéhame
producti; X is the price vector which reflects the price lewglx,...,x,, of
each rival product = 1, 2, ..., m respectively. The theorem follows:

TheorenB.1. (Fractional Market Shares Theorentf)demand functions
g; (i=1,2,..,m) are related by expression

f;-'(X} X
=—, (i,j=12,...m; i#j) (26)
fz(X} x_;l'
throughot the observed market in the observed time period, then the
share of an industryés sales made by ea
x 1
-rpk(.r}=f"(X}=—1-—x1 (k =1,2,...,m). (27)
q Xy 1+E;':“=2x—1
.

We leave out the proof which is straightforward, and it only employs
simple arrangements of the balance equation (2d)eapression (26). From the
mathematical point of view, formula (27) holds true. But, the formula (22)
which depicts a technical system holds true as well, and yet technical laws and
conditions which generate it are deterministic by their nature, wheheas
conditions which give rise t¢26) and consequently27) are more or less
probabilistic onesThis translates into understanding that formula (22) and its
analogon, the SIF, can stand up under scrutiny, whereas the extent to which (26)
that is (27) igeliable is influenced by the market conditions which calls for two
notes:

a,) Expression (26), i.e.

(X)) x,

—— ==, (i,j=12,..m; i%]j)

ﬁ.(X} x_;l' -

exploits a Asilent assumptionfi that

sway in the observed market, and in the observed time period. The impact of
other \ariables (e.g., quality, design, service abilities etc.) in terms of boosting
stronger preference for consumption of one given brearde product over the

! In broader sense

g; = filry g xp) = Flo, (8, 2,0, x (0 = FE@). (1= 1.2,...m) , ie. each
demand functiorg; for the specific branechame product is a composite function which
indirectly depeds on time. Also, other mathematical considerations such as continuity,
differentiability etc., are not vital for the point we want to make. 10
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other, can be disregarded because the bmantk products are identical in this
respect. However, thiis only approximate truth in reality!

as) Suppose consideration) autterly holds. Even then, degeneration of
expression (26) resulting from persistant unallowed practices (e.g., price fixing,
i.e. prices unilaterally set by large corporations, selliegn$ below cost to
lessen competition and to injure competitors, etc.) and in particular from the
monopolistic practices can take place. The regulations prohibiting unallowed
practices should be vigorously enforced. Yet, it is not easy to identify
monopolstic practices with certainty. A number of indicators for empirical
identification whether an industry is monopolized or competitive has been
launched. The level of an industry
concentration the har e of an industryédés sal es
is among traditional ones. However, historical evidence has it that the antitrust
cases related to and derived from a significant level (60% or more) of an
industry concentration "... restedore upon consensus than upon evidence ...
that this level of industry concentration allowed a substantial amount of
noncompet i tiivgenetaledl measuces ifidicators of monopolistic
power differ in their perception: what does generate, thahat does the market
power arise out of (e.g., market share, governmental regulations which favor or
tend to impair competition, etc.)?!

Having taken the market conditiong @and @) into consideration, we
proceed to establishing the connection betweamession (27) and the SIF. Let
k = 4 (4 competitors in the observed market). Consider the following ratios:

FziX) Xy
_— = = — = ' = ﬂ ¥
@1l X) jll Xy jll (Al }
e (XD _ 1 __
—ma_l:.f:l'qugl:Xl:I = ..-12 =] e = (1 + j:ld_}ﬂ,gl (.-'-'L: = ﬂ}; (28}

PalX)
@1 (X)X + e (X)

=3= 2= (1+ )1 +22)3, (43> 0).

After substituting expressions for the price reIatig‘és—z" and;—" into
Iz B 4
(27) and arranging we have:

2 George J. Stigler (1988), Memoirs of an Unregulated Economist, New York:
Basic Books, Inc., Puldhers, p. 100.
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'l B
R A CErm Rk
Ay
@2(X) = (=pr1),
(1+11£1+«1:3'(1+«133' L (py + Py + pa+ Py = 1),
s () = 13,13 (=p3), )

By analogy, fork = m we take the following rations into account

@2 (X) _ @3(X) -1 P (X) -2
@1(X) ’ @ (X) + @2 (X) - ’EL":‘E@:{(X} m-1

. . . . La X X
from which we derive expressions for the price relattyes=, ..., —.
z g

m

After substituting the price relatives into (27) and arrangthg, Fractional
Market Sharesp, (X) assume the SIF fornAnd that is what we laid out to
demonstrate.

4. Series with Probability Normed Coefficients

Definition 4.1 Infinite series

Z fn (ﬂ’ii "'J“lkJ j: (29}
n=1
wherein
(411 i } — ;
Juldas v, Ay T+ Ay ﬂ
FalAgy s Ay o) Ao Ans =i + 4) (n=2),

- H;‘::n—l(-l + ";l’k} B H;::j_(-l + “;l’k} !
A4 20,4 =0,..

is called the Series with Probability Normed Coefficients the
Structural Serie¢SS.

Theorem4.1. (SS Theorem)The Structural Series converges for all
Ax = 0. It converges to 1 if the seri€g;—,4; converges, and i, 4,
diverges it converges to zero.
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Proof. Let the seriest;—,4, be convergent. Then infinitproduct
[1x=4,(1 + 4, ) converges as well, and the following inequality is valid:

R+ 4)
[hi=a(1 + 4
<1 (30)

0=

Multiplying expression (30) by,,—4 yields

Anoy - TRZ3(1+ 4)

0 <int
=1 (1+ 4%)

< Apet, (vn € N)(n = 2),

or
0<f(Ag, e gy o) < Ay g, (vnEN)(n
> 2). (31)

Based on the First Comparision Principle for the series with positive
terms, it follows from expression (3iat SS is convergent. Its partial sums
form the bounded and monoteimereasing sequence:

1
0 < 5:(A, e, Ay o) = L+ A <1,
k=1

IS+ A
0<5,(A, 0, Adgyo) = 71_[?:1(1 0 <1, (vne M(n=2),

(32)

and

CMpoa(1+ A (14 A)  TIEH + A
Sl b ) =M 39307 Thn@ +40)
=(1+21,)-5,>5,.(33)

Since obviously

(ﬂ(i + Ak}) — (H(i + Ak}) (n— oo}, (34)
k=1 k=1

then
lim 5,(4;,..., 4, ..) =5 = 1. (35)
=00

Now, let the series}.;—,4; be divergent. Then infinite product
[Ti=,(1+ ;) diverges as well ang;,(1y,...,44,...) =0 for ewry n € M.
Consequently, SS converges to zero. Thus the proof is complete.
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Corollary 4.1. LetS: (T12, R, ") = {0,1} be a function defined by

(w, = (A4, Aoy e Ay o) E nRﬁ“‘) S(4)
i=1

= Az A ), R = [0,00),
Then the family, cT;flined by
Ker(S) = {$71(0),57 (1)},
where 5~ 10) = {(A)pen: Ax ER™ A T2, A, = ) and
S7TH) = {(Apen: AL ERyT A T A<} Cly
is apartitioning of a se[[;‘ich.J’ induced by functiols.

Proof. This follows easily from the definition of the Strucutral Series
(SS) and the SS Theorem.

Corollary 4.2. Let S,:(IIZ,Ry") = {0,1},p €N, be a family of
functions defined by

(w, = (A1, A2, ver) Asgy o) € HRHJ’)S?,(A} = Zf,,{zlhfj v A )
i=1 n=1

EN,Ry" =[0,c0).

Then

(i) (Vp EN) B3ty A <0 = 5,(D =1,

() S730) ={(A)ewdx €E Ry A Tpe Al < oo}l
p € M.

» for every

Proof. (i) Note that
(w,e HRD“‘)(V;:E M) Z,lk:‘:m:‘-z,l::‘:m.
i=1 k=1 k=1

Then we employ the steps of SS Theorem to get:
(WMpeEN) T, A< =5,A)=1
So (i) is proved.
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(i) Follows directly from ().
Corollary 4.3. LetG: (TT;Z4 R) = {0,1} be a function defined by
(‘ﬂ = G Ao i) €| R) 6 =) fullash 22 1A, ).
i=1 n=1

Then
() the family, defined by Ker(G):={572(0),571(1)}, where
S7HO) = {(A ke nidi ER A Nzl dg] = o0} and

STHO) ={(A)kem: A E B A Byl < o2} =14 is a partitioning of a set
[T, R induced by functior&,
(ii) function 5 is arestriction of( to H§'§1RD+, ie.s5=6|I1Z, R,™.

Proof. Follows easily from the definition of SS, SS Theorem and
Corollary 4.1.

5. Final comments

There is considerable evidence to support a conjecture that the results
obtained in thé paper for the concept of the Complete or Total Coefficient of
Aggregate Demand Elasticity, initially developed il Rith the usual or
standard metric/norm, can be applied and extended to more generalized situation
- to probabilistic normed (PN) spaces the sense of C. Alsina, B. Schweizer
and A. Sklar.

PN spaces are real linear spaces in which the norm of each vector is an
appropriate probability distribution function rather than a number. Such spaces
were first i ntr od DakleAkad. Nguk BSSR48I[1963}er st n e
2801 283). But C. Alsina, B. Schweizer and A. SklakeQuationes Math.
46[1993], no. 12, 91198) developed a new definition of PN spaces which
includes the definition6i8)f Gerstnev as
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