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ʄʠʣʝʥʢʦ ʊ. ʇʠʢʫʣʘ
*
 

ɺʣʘʜʠʤʠʨ ɺ. ɺʣʘʜʠʯʠ˂ 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʀʩʪʦʯʥʦʤ ʉʘʨʘʿʝʚʫ 

ʌʠʣʦʟʦʬʩʢʠ ʬʘʢʫʣʪʝʪ ʇʘʣʝ 

ʂʘʪʝʜʨʘ ʟʘ ʤʘʪʝʤʘʪʠʢʫ ʠ ʨʘʯʫʥʘʨʩʪʚʦ 

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʆ ɱɽɼʅʆʄ ɼʀʌɽʈɽʅʎʀɱɸʃʅʆʄ ʆʇɽʈɸʊʆʈʋ ʀ 

ɳɽɻʆɺʀʄ ʉɺʆɱʉʊɺɽʅʀʄ ɺʈʀɱɽɼʅʆʉʊʀʄɸ 

 
1. ʋʚʦʜ 

 

ʋ ʦʚʦʤ ʨʘʜʫ ʧʦʩʤʘʪʨʘ˂ʝʤʦ ʜʠʬʝʨʝʥʮʠʿʘʣʥʠ ʦʧʝʨʘʪʦʨ  

( ) ( )Ly y q x y x t¡¡=- + - 

ʧʨʠ ʯʝʤʫ ʿʝ ( ],q C pÍ -¤  ʧʦʟʥʘʪʘ ʨʝʘʣʥʘ ʬʫʥʢʮʠʿʘ ʢʦʿʫ ˂ʝʤʦ ʟʚʘʪʠ 

ʧʦʪʝʥʮʠʿʘʣ, ʠ ( )0,t pÍ  ʧʦʟʥʘʪʘ ʚʝʣʠʯʠʥʘ ʢʦʿʫ ˂ʝʤʦ ʟʚʘʪʠ ʢʘʰˁʝˁʝ. ʆʚʘʿ 

ʦʧʝʨʘʪʦʨ ʧʨʠʧʘʜʘ ʢʣʘʩʠ ʐʪʫʨʤ-ʃʠʫʚʠʣʦʚʠʭ ʦʧʝʨʘʪʦʨʘ ʜʨʫʛʦʛ ʨʝʜʘ ʩʘ 

ʢʘʰˁʝˁʝʤ. ʇʦʩʤʘʪʨʘ˂ʝʤʦ ʦʚʘʿ ʦʧʝʨʘʪʦʨ ʥʘ ʜʦʤʝʥʫ: 

{ }03 : ( , ] ( , ]; ( ) 0 ( ,0]C f C f C f x xp p¡¡¡= -¤ ­ Í -¤ = " Í -¤ 

ʧʨʠ ʯʝʤʫ ʿʝ ʥʘ ʦʚʦʤ ʜʦʤʝʥʫ ʥʦʨʤʘ ʫʚʝʜʝʥʘ ʥʘ ʧʦʟʥʘʪ ʥʘʯʠʥ: 

( , ] ( , ] ( , ] ( , ]
max ( ) max ( ) max ( ) max ( )

x x x x
f f x f x f x f x

p p p pÍ -¤ Í -¤ Í -¤ Í -¤
¡¡¡ ¡¡ ¡= + + +  

ʩʘ ʥʦʨʤʦʤ ʜʝʬʠʥʠʩʘʥʦʤ ʥʘ ʦʚʘʿ ʥʘʯʠʥ 
02 03,C C  ʧʦʩʪʘʿʫ ɹʘʥʘʭʦʚʠ 

ʧʨʦʩʪʦʨʠ. 

ʂʦʜʦʤʝʥ ʦʚʦʛ ʦʧʝʨʘʪʦʨʘ ʿʝ  

{ }( , ] ( ) 0 ( ,0]C f C f x xp¡= Í -¤ = " Í -¤ʩʘ ʩʪʘʥʜʘʨʜʥʦʤ ʥʦʨʤʦʤ. 

ʋʢʦʣʠʢʦ ʟʘ ʥʝʢʠ ʢʦʤʧʣʝʢʩʘʥ ʙʨʦʿ l ʧʦʩʪʦʿʠ ʥʝʪʨʠʚʠʿʘʣʥʦ ʨʿʝʰʝˁʝ 

ʿʝʜʥʘʯʠʥʝ Ly yl=  ʪʘʜʘ ʢʘʞʝʤʦ Ăñʜʘ ʿʝ l ʩʚʦʿʩʪʚʝʥʘ ʚʨʠʿʝʜʥʦʩʪ ʦʧʝʨʘʪʦʨʘ 

L . 

ʎʠˀ ʥʘʤ ʿʝ ʜʘ ʧʦʢʘʞʝʤʦ ʜʘ ʿʝ ʦʚʘʿ ʦʧʝʨʘʪʦʨ ʣʠʥʝʘʨʘʥ ʠ ʦʛʨʘʥʠʯʝʥ ʠ 

ʜʘ ʿʝ ʩʢʫʧ ˁʝʛʦʚʠʭ ʩʚʦʿʩʪʚʝʥʠʭ ʚʨʠʿʝʜʥʦʩʪʠ ʧʨʘʟʘʥ.  

 

2. ʃʠʥʝʘʨʥʦʩʪ ʠ ʦʛʨʘʥʠʯʝʥʦʩʪ ʦʧʝʨʘʪʦʨʘ L  

 

ʉʪʘʚ1: ʆʧʝʨʘʪʦʨ L  ʜʝʬʠʥʠʩʘʥ ʫ ʫʚʦʜʫ ʿʝ ʣʠʥʝʘʨʘʥ ʠ ʦʛʨʘʥʠʯʝʥ.  

ɼʦʢʘʟ: ʅʝʢʘ ʩʫ ,a b ʧʨʦʠʟʚʦˀʥʠ ʢʦʤʧʣʝʢʩʥʠ ʙʨʦʿʝʚʠ ʠ ʥʝʢʘ ʩʫ 

,f g  ʧʨʦʠʟʚʦˀʥʝ ʬʫʥʢʮʠʿʝ ʠʟ 
03C  ʪʘʜʘ ʿʝ  

( ) ( ( ) ( )) ( )( ( ) ( ))L f g f x g x q x f x g xa b a b a t b t¡¡+ =- + + - + - 
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( ) ( ) ( ) ( ) ( ) ( ) ( )L f g f x g x q x f x q x g xa b a b a t b t¡¡ ¡¡+ =- - + - + - 

( ) ( ) ( )L f g L f L ga b a b+ = +  

ʯʠʤʝ ʩʤʦ ʜʦʢʘʟʘʣʠ ʜʘ ʿʝ ʦʧʝʨʘʪʦʨ L  ʣʠʥʝʘʨʘʥ. ɼʦʢʘʞʠʤʦ ʿʦʰ ʜʘ ʿʝ 

ʦʚʘʿ ʦʧʝʨʘʪʦʨ ʦʛʨʘʥʠʯʝʥ, ʦʟʥʘʯʠʤʦ 
[0, ]

max ( )
x

m q x
pÍ

=  ʠʤʘʤʦ  

( ) ( ) ( ) ( )L f f x q x f x t¡¡= - + -     ʜʘˀʝ 

[ , ]
( ) max ( ) ( ) ( )

x
L f f x q x f x

p
t

Í-¤
¡¡= - + -   

ʩ ʦʙʟʠʨʦʤ ʥʘ ʩʪʨʫʢʪʫʨʫ ʜʦʤʝʥʘ ʠʤʘʤʦ 

[0, ]
( ) max ( ) ( ) ( )

x
L f f x q x f x

p
t

Í
¡¡= - + - 

[0, ] [0, ]
( ) max ( ) max ( ) ( )

x x
L f f x q x f x

p p
t

Í Í
¡¡¢ + - 

[0, ] [0, ] [0, ] [0, ]
( ) max ( ) max ( ) max ( ) max ( )

x x x x
L f f x f x f x m f x

p p p p
t

Í Í Í Í
¡¡ ¡¢ + + + - 

( )
[ , ] [ , ] [ , ] [ , ]

[ , ] [ , ] [ , ] [ , ]

( ) max ( ) max ( ) max ( ) max ( )

max ( ) max ( ) max ( ) max ( )

x x x x

x x x x

L f f x f x f x f x

m f x f x f x f x

p p p p

p p p p
t t t t

Í-¤ Í-¤ Í-¤ Í-¤

Í-¤ Í-¤ Í-¤ Í-¤

¡¡¡ ¡¡ ¡¢ + + + +

¡¡¡ ¡¡ ¡+ - + - + - + -

 

( ) (1 )L f f m f m f¢ + ¢ +  

ʧʘ ʿʝ ʦʧʝʨʘʪʦʨ L  ʦʛʨʘʥʠʯʝʥ. 

 

3. ʉʚʦʿʩʪʚʝʥʝ ʚʨʠʿʝʜʥʦʩʪʠ ʦʧʝʨʘʪʦʨʘ L  

ʇʨʚʦ ˂ʝʤʦ ʜʦʢʘʟʘʪʠ ʩˀʝʜʝ˂ʫ ʣʝʤʫ: 

ʃʝʤʘ 1: ɿʘ ʩʚʘʢʫ ʬʫʥʢʮʠʿʫ 
03f CÍ  ʚʨʠʿʝʜʠ 

(0) (0) (0) 0f f f¡ ¡¡ ¡¡¡= = =. 

ɼʦʢʘʟ: ʅʝʢʘ ʿʝ f  ʧʨʦʠʟʚʦˀʥʘ ʬʫʥʢʮʠʿʘ ʠʟ 
03C . ʇʦ ʜʝʬʠʥʠʮʠʿʠ 

ʠʤʘʤʦ ʜʘ ʿʝ  

0 0

( ) (0) ( ) (0)
(0) lim lim 0

h h

f h f f h f
f

h h-­ ­

- -
¡ = = = 

ʉ ʦʙʟʠʨʦʤ ʜʘ ʿʝ ( )( ) 0, ,0f x x= " Í -¤, ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

( ) 0, ( ,0]f x x¡ = " Í -¤, 

ʧʘ ʥʘ ʦʩʥʦʚʫ ʪʦʛʘ ʜʦʙʠʿʘʤʦ (0) 0f¡¡=  ʠ (0) 0f¡¡¡= . 

 

ʉʪʘʚ 2: ʉʚʦʿʩʪʚʝʥʝ ʚʨʠʿʝʜʥʦʩʪʠ ʦʧʝʨʘʪʦʨʘ L  ʩʫ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ. 

ɼʦʢʘʟ: ʅʝʢʘ ʿʝ l ʩʚʦʿʩʪʚʝʥʘ ʚʨʠʿʝʜʥʦʩʪ ʦʧʝʨʘʪʦʨʘ L , 

ʧʨʝʪʧʦʩʪʘʚʠʤʦ ʩʫʧʨʦʪʥʦ Im 0ļ  . 

ɸʢʦ ʿʝ l ʩʚʦʿʩʪʚʝʥʘ ʚʨʠʿʝʜʥʦʩʪ ʦʧʝʨʘʪʦʨʘ L  ʪʘʜʘ ʧʦʩʪʦʿʠ 

ʥʝʪʨʠʚʠʿʘʣʥʦ ʨʿʝʰʝˁʝ ʜʠʬʝʨʝʥʮʠʿʘʣʥʝ ʿʝʜʥʘʯʠʥʝ 

( ) ( ) ( ) ( )y x q x y x y xt l¡¡- + - =  
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ʥʘ ʩʝʛʤʝʥʪʫ [0, ]p  ʢʦʿʝ ʟʘʜʦʚʦˀʘʚʘ ʥʘ ʦʩʥʦʚʫ ʣʝʤʝ 1 ʠ ʩʪʨʫʢʪʫʨʝ 

ʜʦʤʝʥʘ ʫʩʣʦʚʝ: 

( ) 0, ( ,0), (0) (0) (0) (0) 0y x x y y y y¡ ¡¡ ¡¡¡= " Í -¤ = = = =. 

ʇʦʩʤʘʪʨʘʿʤʦ ʦʚʫ ʿʝʜʥʘʯʠʥʫ ʥʘ ʩʝʛʤʝʥʪʫ [0, ]t, ʦʥʘ ʥʘ ʦʚʦʤ 

ʩʝʛʤʝʥʪʫ ʠʤʘ ʦʙʣʠʢ 

( ) ( )y x y xl¡¡- = , 

 

 ʥʝʢʘ ʿʝ ( ) ( ) ( ),y x u x iv x a ibl= + = + ʧʦʰʪʦ ʿʝ q  ʬʫʥʢʮʠʿʘ ʩʘ 

ʨʝʘʣʥʠʤ ʚʨʠʿʝʜʥʦʩʪʠʤʘ ʦʚʘ ʿʝʜʥʘʯʠʥʘ ʩʘ ʥʘʚʝʜʝʥʠʤ ʫʩʣʦʚʠʤʘ  ʿʝ 

ʝʢʚʠʚʘʣʝʥʪʥʘ ʩˀʝʜʝ˂ʝʤ ʩʠʩʪʝʤʫ ʜʠʬʝʨʝʥʮʠʿʘʣʥʠʭ ʿʝʜʥʘʯʠʥʘ: 

( ) ( ) ( ) 0

( ) ( ) ( ) 0

u x au x bv x

v x bu x av x

¡¡+ - =

¡¡+ + =
 

ʢʘʜʘ ʠʟ ʧʨʚʝ ʿʝʜʥʘʯʠʥʝ ʠʟʨʘʯʫʥʘʤʦ ( )v x  ʠ ʫʚʨʩʪʠʤʦ ʫ  ʜʨʫʛʫ 

ʜʦʙʠʿʘʤʦ 
2 2( ) 2 ( ) ( ) ( ) 0IVu x au x b u x a u x¡¡+ + + =. 

ʆʟʥʘʯʠʤʦ ,r Argl l j= =, ʧʦʰʪʦ ʿʝIm 0ļ  ʦʥʜʘ ʿʝ sin 0j¸ . 

ʈʿʝʰʝˁʝ ʦʚʝ ʭʦʤʦʛʝʥʝ ʣʠʥʝʘʨʥʝ ʜʠʬʝʨʝʥʮʠʿʘʣʥʝ ʿʝʜʥʘʯʠʥʝ ʩʘ ʢʦʥʩʪʘʥʪʥʠʤ 

ʢʦʝʬʠʮʠʿʝʥʪʠʤʘ ʿʝ  

 

cos
2

1 2

cos
2

3 4

( ) sin sin cos sin
2 2

sin sin cos sin
2 2

x r

x r

u x e C x r C x r

e C x r C x r

j

j

j j

j j-

å õå õ å õ
= + +æ ö æ öæ ö

ç ÷ ç ÷ç ÷

å õå õ å õ
+ +æ ö æ öæ ö

ç ÷ ç ÷ç ÷

 

ʠʩʢʦʨʠʩʪʠʤʦ ʩʘʜʘ ʫʩʣʦʚʝ (0) (0) (0) (0)y y y y¡ ¡¡ ¡¡¡= = = . 

ʀʟ (0) 0y =  ʠʤʘʤʦ: 

2 4 0C C+ =, 

ʠʟ  (0) 0y¡ =  ʠʤʘʤʦ: 

1 2 3 4sin cos sin cos 0
2 2 2 2

C C C C
j j j j
+ + - =, 

ʠʟ (0) 0y¡¡=  ʠʤʘʤʦ: 

1 2 3 4sin cos sin cos 0C C C Cj j j j+ - + =. 

 

ʇʦʜ ʧʨʝʪʧʦʩʪʘʚʢʦʤ  sin 0j¸ ʠʤʘʤʦ  

3 1 2 1 4 1, ,
2 2

C C C C tg C C tg
j j

= =- = , ʧʘ ʿʝ 
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cos
2

1

cos
2

1

( ) sin sin cos sin
2 2 2

sin sin cos sin
2 2 2

x r

x r

u x C e x r tg x r

C e x r tg x r

j

j

j j j

j j j-

å õå õ å õ
= - +æ ö æ öæ ö

ç ÷ ç ÷ç ÷

å õå õ å õ
+ +æ ö æ öæ ö

ç ÷ ç ÷ç ÷

  

ʠʟ (0) 0y¡¡¡=  ʠʤʘʤʦ: 

14 cos 0
2

C r r
j
= . 

ʇʦʰʪʦ sin 0j¸  ʠʤʧʣʠʮʠʨʘ cos 0
2

j
¸  ʠʤʘʤʦ ʜʘ ʿʝ 1 0C =  ʧʘ ʿʝ 

( ) 0, [0, ]u x x t= " Í , ʩʣʠʯʥʦ ʩʝ ʧʦʢʘʟʫʿʝ ʜʘ ʿʝ ( ) 0, [0, ]v x x t= " Í  ʧʘ ʿʝ 

( ) 0, [0, ]y x x t= " Í .  ʉʣʠʯʥʦ ʩʘʜʘ ʧʦʩʤʘʪʨʘʿʤʦ ʿʝʜʥʘʯʠʥʫ 

( ) ( ) ( ) ( )y x q x y x y xt l¡¡- + - =  ʥʘ ʩʝʛʤʝʥʪʫ [ ,2 ]t t ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

( ) 0, [ ,2 ]y x x t t= " Í . ʇʦʰʪʦ ʧʦʩʪʦʿʠ k NÍ  ʪʘʢʚʦ ʜʘ ʿʝ ( ,( 1) ]k kp t tÍ +  

ʧʦʥʘʚˀʘʿʫ˂ʠ ʛʦʨʝ ʥʘʚʝʜʝʥʠ ʧʦʩʪʫʧʘʢ ʜʦʙʠʿʘʤʦ ( ) 0, [0, ]y x x p= " Í , ʧʘ l 

ʥʠʿʝ ʩʚʦʿʩʪʚʝʥʘ ʚʨʠʿʝʜʥʦʩʪ ʦʧʝʨʘʪʦʨʘ L. ʇʨʝʤʘ ʪʦʤʝ l ʿʝ ʨʝʘʣʘʥ ʙʨʦʿ. 

 

ʉʪʘʚ 3: ʉʢʫʧ ʩʚʦʿʩʪʚʝʥʠʭ ʚʨʠʿʝʜʥʦʩʪʠ ʦʧʝʨʘʪʦʨʘ L  ʿʝ ʧʨʘʟʘʥ 

 

ɼʦʢʘʟ: ʋ ʩʪʘʚʫ 2 ʩʤʦ ʜʦʢʘʟʘʣʠ ʜʘ ʩʚʦʿʩʪʚʝʥʝ ʚʨʠʿʝʜʥʦʩʪʠ ʦʚʦʛ 

ʦʧʝʨʘʪʦʨʘ ʤʦʨʘʿʫ ʙʠʪʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ, ʧʦʩʤʘʪʨʘʿʤʦ ʩʘʜʘ ʜʠʬʝʨʝʥʮʠʿʘʣʥʫ 

ʿʝʜʥʘʯʠʥʫ  

( ) ( ) ( ) ( )y x q x y x y xt l¡¡- + - = , 

ʧʨʠ ʯʝʤʫ ʿʝ lʨʝʘʣʘʥ ʙʨʦʿ, ʟʘʿʝʜʥʦ ʩʘ ʫʩʣʦʚʠʤʘ: 

( ) 0, ( ,0), (0) (0) (0) (0) 0y x x y y y y¡ ¡¡ ¡¡¡= " Í -¤ = = = =. 

ʅʝʢʘ ʿʝ 0l>  ʪʘʜʘ ʥʘ ʩʝʛʝʤʥʪʫ [0, ]t ʦʚʘ ʿʝʜʥʘʯʠʥʘ ʠʤʘ ʦʙʣʠʢ 

( ) ( )y x y xl¡¡- =  

ʘʢʦ ʿʝ ( ) ( ) ( )y x u x iv x= +  ʠʤʘʤʦ ʜʚʠʿʝ ʿʝʜʥʘʯʠʥʝ: 

( ) ( ) 0

( ) ( ) 0

u x u x

v x v x

l

l

¡¡+ =

¡¡+ =
 

ʯʠʿʘ ʩʫ ʨʿʝʰʝˁʘ  

1 2 3 4( ) cos sin , ( ) cos sinu x C x C x v x C x C xl l l l= + = +  ʧʘ ʠʟ 

ʫʩʣʦʚʘ(0) (0) (0) (0) 0y y y y¡ ¡¡ ¡¡¡= = = = ʣʘʢʦ ʩʣʠʿʝʜʠ ʜʘ ʿʝ 

( ) 0, [0, ]y x x t= " Í . ( ) 0, [0, ]y x x t= " Í . ʉʘʜʘ ʢʘʦ ʫ ʦʚʦʤ ʩʣʫʯʘʿʫ ʩʣʠʯʥʦ 

ʧʦʩʤʘʪʨʘʤʦ ʿʝʜʥʘʯʠʥʫ ( ) ( ) ( ) ( )y x q x y x y xt l¡¡- + - =  ʥʘ ʩʝʛʤʝʥʪʫ [ ,2 ]t t 

ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ ( ) 0, [ ,2 ]y x x t t= " Í . ʇʦʰʪʦ ʧʦʩʪʦʿʠ k NÍ  ʪʘʢʚʦ ʜʘ ʿʝ 

( ,( 1) ]k kp t tÍ +  ʧʦʥʘʚˀʘʿʫ˂ʠ ʛʦʨʝ ʥʘʚʝʜʝʥʠ ʧʦʩʪʫʧʘʢ ʜʦʙʠʿʘʤʦ 
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( ) 0, [0, ]y x x p= " Í  ʧʘ ʦʚʘʿ ʦʧʝʨʘʪʦʨ ʥʝʤʘ ʩʚʦʿʩʪʚʝʥʠʭ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ ʢʦʿʝ 

ʚʘʞʠ 0l> . 

ʅʝʢʘ ʿʝ 0l<  ʪʘʜʘ ʥʘ ʩʝʛʝʤʥʪʫ [0, ]t ʦʚʘ ʿʝʜʥʘʯʠʥʘ ʠʤʘ ʦʙʣʠʢ: 

( ) ( )y x y xl¡¡- = , 

ʘʢʦ ʿʝ ( ) ( ) ( )y x u x iv x= +  ʠʤʘʤʦ ʜʚʠʿʝ ʿʝʜʥʘʯʠʥʝ: 

( ) ( ) 0

( ) ( ) 0

u x u x

v x v x

l

l

¡¡+ =

¡¡+ =
 

ʯʠʿʘ ʩʫ ʨʿʝʰʝˁʘ 1 2 3 4( ) , ( )x x x xu x C e C e v x C e C el l l l- -= + = +  ʧʘ 

ʠʟ ʫʩʣʦʚʘ(0) (0) (0) (0) 0y y y y¡ ¡¡ ¡¡¡= = = = ʣʘʢʦ ʩʣʠʿʝʜʠ ʜʘ ʿʝ 

( ) 0, [0, ]y x x t= " Í . ( ) 0, [0, ]y x x t= " Í . ʉʘʜʘ ʢʘʦ ʫ ʦʚʦʤ ʩʣʫʯʘʿʫ ʩʣʠʯʥʦ 

ʧʦʩʤʘʪʨʘʤʦ ʿʝʜʥʘʯʠʥʫ ( ) ( ) ( ) ( )y x q x y x y xt l¡¡- + - =  ʥʘ ʩʝʛʤʝʥʪʫ [ ,2 ]t t 

ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ ( ) 0, [ ,2 ]y x x t t= " Í . ʇʦʰʪʦ ʧʦʩʪʦʿʠ k NÍ  ʪʘʢʚʦ ʜʘ ʿʝ 

( ,( 1) ]k kp t tÍ +  ʧʦʥʘʚˀʘʿʫ˂ʠ ʛʦʨʝ ʥʘʚʝʜʝʥʠ ʧʦʩʪʫʧʘʢ ʜʦʙʠʿʘʤʦ 

( ) 0, [0, ]y x x p= " Í  ʧʘ ʦʚʘʿ ʦʧʝʨʘʪʦʨ ʥʝʤʘ ʩʚʦʿʩʪʚʝʥʠʭ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ ʢʦʿʝ 

ʚʘʞʠ 0l< . ʇʦʰʪʦ ʿʝ ʣʘʢʦ ʧʦʢʘʟʘʪʠ ʜʘ 0l=  ʥʠʿʝ ʩʚʦʿʩʪʚʝʥʘ ʚʨʠʿʝʜʥʦʩʪ 

ʦʚʦʛ ʦʧʝʨʘʪʦʨʘ, ʟʘʢˀʫʯʫʿʝʤʦ ʜʘʿʝ ʩʢʫʧ ʩʚʦʿʩʪʚʝʥʠʭ ʚʨʠʿʝʜʥʦʩʪʠ ʦʧʝʨʘʪʦʨʘ 

ʧʨʘʟʘʥ. 
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ON THE CONVERSE THEOREM OF APPROXIMATION IN 

VARIOUS METRICS FOR NON-PERIODIC FUNCTIONS 

 
1. Introduction and Preliminaries 

 

The converse theorem of approximation in various metrics for  p2  

periodic functions of several variables was proved in [5]. In this paper we prove 

the theorem of representation for the derivative of a function, and then we prove 

the analogous converse theorem for non-periodic functions defined on the space 
nR . In this way we generalize and improve the converse theorem from [4], 6.4. 

As usual we say that a function ( ) ( ) ¤<¢Í pRLxxf n
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The notions of the best approximation and of the modulus of 

smoothness are given in [2] and [4]. 

Let  ( ),,...,1...1 nxxgg
nnnn= ( )nnnn ,...,1= , ( )

pLg Ín , be an entire 

function of exponential type  in 
with respect to the variable  ( )nixi ,...,2,1, = . 
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nnn,...,1
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entire functions of exponential type is the quantity 
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The modulus of smoothness of order k  of a function f with respect to 

the variable ix  is the quantity 
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The derivative of a function f  is denoted by symbol   
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Lemma 1.1.  If 0®iA  as ¤­i  then inequalities hold 

(1.1)             ( )
i
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s AiA 1
2
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1

2 -

+=

- ä
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¢

l

l

l

l  , 

(1.2)             ( )
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for  ,...2,1=l  
and 1²s  .       

                                               

Proof. We have 

                

( ) ( ) ( ) ( )sssss
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i 11111111
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22122...12
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Therefore 

 (1.3)             
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l
 . 

Since the sequence iA  is monotonic, (1.1) follows from (1.3). 

Multiplying the inequality (1.1) by 
s22  we get the inequality (1.2). 

Lemma1.1. has been proved. 

 

Lemma 1.2. If 0®iA  as ¤­i , and 1²s , then the following 

inequality holds 

(1.4)           ,...3,2,2 1
2

12

121
2

12

1

21

=¢ -

+=

--

+=

ää
-

--

mAiAi i

s

i

s

i

s

i

m

m

m

m

. 

 

Proof. The following inequalities hold because the sequence iA  is 

monotonic 
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12

1

2

1

1

2

-

+=

-

+=

ää
-

-

-

-

-

² s

i

i

s

i

iAAi

m

m

m

m

m

 . 

We have  

( ) 111
2

12

22
1

---

+=

Ö¢ä
-

msms

i

i

m

m

 , 

( ) ( ) 11212121
2

12

22222

1

2

-------

+=

ÖÖ=Ö²ä
-

-

msmsmsms

i

i

m

m

. 
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From the above two inequalities it follows  

 

(1.7)              1
2

12

121
2

12

1

21

2 -

+=

--

+=

ää
-

--

¢ s

i

ss

i

ii

m

m

m

m

 . 

 

Multiplying the inequality (1.7) by 12 -mA    and in view of (1.5) and 

(1.6), we get (1.2). Lemma 1.2. has been proved. 

 

Remark 1.1. Lemmas 1.1. and 1.2. are valid for 10 <<s  also, with 

different constants  ()sCC=  
. So the inequality (1.1) becomes

 
 

(1.1`)                ( )
i

s

i

ss AiA 1
2

12

1

2

1

1

22 -

+=

-- ä
-

¢

l

l

l

l  ,  ( )10 <<s  . 

 

2. Theorem of representation 

 

Let ( ),,...,1...1 nxxgg
nnnn= ( )nnnn ,...,1= , ( )

pLg Ín , be an entire 

function of exponential type  in 
with respect to the variable  ( )nixi ,...,2,1, = , 

by which the best approximation ()
p

fE
nnn,...,1  

 is achieved, i.e. let 

 

(2.1)            ()
pp nn

gffE nnnn ,...,,..., 11
-= . 

From these entire functions ( ),,...,1...1 nxxg
nnn we create entire functions 

(2.2)            ( ) ( ) nllnll gg lllllllx 2...2...22...2...2 11111 -= +++ ,  ,...2,1,0=l  

for  given natural numbers ( )njl j ,...,2,1, =  , where  1=il  
for a 

chosen number { }ni ,...,2,1Í  . 

The function lx   is entire of exponential type 
( )jl1

2
+l

 with respect to 

the 
jx . 

Theorem 2.1. Let a function ( )n

p RLf Í  and 
jr  be non-negative 

integer numbers, and ( ),,...,1, njl j = be natural numbers, where 1=il  for some 

{ }ni ,...,2,1Í . 

If the following inequality holds for the best approximation of function f  
 

 
(2.3)              () ¤<ä

¤

=

-

p

qq fE
nll lll

l

sl
......

1

1

1

  

, 



 

Miloġ Ģ. Tomiĺ 

 16 

where  

 (2.4)            ¤<¢¢öö
÷

õ
ææ
ç

å
-+=ä

=

qp
qp

rl
n

j

jj 1,
11

1

s , 

then the function f  has derivative 
( )nrr

f
,...,1

   
belonging to the space  

qL  and in the sense of 
qL  the equality 

(2.5)            
( )nrr

f
,...,1

()
( ) ( )

ä
¤

=

+=
0

,...,,...,

1...1
11

l

lx
nn rrrr

q

g . 

holds. 

 

Proof. For the sum 

 (2.6)             ,...2,1,0,
0

1...1 =+= ä
=

mgG
m

m

l

lx
 

the equality 

 (2.7)             ( ) ( )nlmmlmgGm 1111
2...2...2
+++= . 

 

holds. In view of (2.1) and (2.7) we conclude that  

                      ( ) ( ) ()ppm fEGf
nlmmlm 1111

2...2...2
+++=-  

hence, it follows that 

(2.8)              0­-
pmGf  ʘs  ¤­m . 

 

This means that the equality 

(2.9)              
()

ä
¤

=

+=
0

1...1

l

lxgf
p

 

holds  in 
pL . 

In the next step we prove that the equality (2.9) holds in 
qL . For lx  we 

have 

 (2.10)             ()
pp

fE
nll llllx 2...2...2 1

2¢ . 

Applying the inequality of various metrics of  S. M. Nikolsky, 

([2],3.3.5.), we obtain 

( )

p

qpn

j

ln

q

j

l

l

l xx

11

1

1
22

-

=

+

ö
ö

÷

õ

æ
æ

ç

å
¢ Ô   

hence,  in view of (2.10), it follows 

(2.11)             
( ) ()

p

qpn

j

ln

q
fE

nll

j

lll

l

lx 2...2...2

11

1

1

1
22

-

=

+

ö
ö

÷

õ

æ
æ

ç

å
<< Ô . 
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We will estimate the sum 

(2.12)             tmGG
t

m

mt <=- ä
+=

,
1l

lx , 

in the norm 
qL . 

With the aim of estimating quantity 
q

qmt GGA -=  we will apply a 

method which has been used in several papers. For example, the method was 

applied in papers [3] and [1] (see the estimate of quantity A in Lemma 1). The 

method was also applied in paper [6] to estimate quantity ɸ from (2.6) to (2.45). 

Therefore, taking into account (2.11), from (2.12), we get 

(2.13)             ()
q

p

q
t

m

l
qp

q

qmt fEGG
nll

n

j

j

1

2...2...2
1

11

1

12
îý

î
ü

û

îí

î
ì

ë ä
<<- ä

+=

öö
÷

õ
ææ
ç

å
-

=

lll

l

l

. 

Following the proof in [6] and starting from equality (2.12), we will now 

prove inequality (2.13). 

Denote 

(2.14)           tmGGA

q

q

t

m

q

qmt <=-= ä
+=

,
1l

lx . 

  For a given number q  denote[] kq =+1 . This means that { },...3,2Ík  

and that 1<
k

q
. From (2.14) it follows that  

(2.15)            

ñññäñäñä =
ö
ö
ö

÷

õ

æ
æ
æ

ç

å

¢==
+=+=+=

nnn R

k

k

q
t

mR

k
k

q
t

mR

q
t

m

dxdxdxA ,
111 l

l

l

l

l

l xxx . 

Denote 

(2.16)            k

q

ll xd= .          

We get 

(2.17)            ñä ö
÷

õ
æ
ç

å
¢

+=

dxA

k
t

m 1l

ld . 

As )(qkk= is an integer, then 

(2.18)             Ôäää
=+=+=+=

=ö
÷

õ
æ
ç

å k

j

t

m

t

m

k
t

m
j

k 1111

...
1

l

lll

l dd . 

Now from (2.17) based on (2.18) we get 
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(2.19)          ñÔää
=+=+=

¢ dxA
k

j

t

m

t

m
j

k 111

...
1

l

ll

d . 

Using the equality 

(2.20)         

1

1

1,1

-

== öö
ö

÷

õ

ææ
æ

ç

å

=ÔÔ
<

k
k

sr

sr

k

j

j

sr

DDD  

for 
jjD ld=  from (2.19) we get 

(2.21)           ñÔää

-

<
=+=+= ö

ö
ö

÷

õ

æ
æ
æ

ç

å

¢ dxA

k
k

sr
sr

t

m

t

m
sr

k

1

1

1,11

...
1

ll

ll

dd . 

Applying Hºlder's integral inequality to a product of  
2

)1( -kk
 factors, 

from (2.21) we get that  

(2.22)      ( )
)1(

2

1,

2

11

...
1

-

<
=+=+=

Ôñää ù
ú

ø
é
ê

è
¢

kkk

sr
sr

kt

m

t

m

dxA
sr

k

ll

ll

dd . 

Based on (2.16) we get that 

(2.23)   ( ) dxdx
qqk

rs srsrñ ñ ö
ö

÷

õ

æ
æ

ç

å
==G 222

llll xxdd . 

For numbers   
q

qp

p

qp +
=

+
= `, aa    equality  1

`

11
=+

aa
 holds. 

Therefore by applying Hºlder's inequality we get 

(2.24)                
2

2

2

2

'

q

q

q

qrs sr öö
÷

õ
ææ
ç

å
öö
÷

õ
ææ
ç

å
¢G alal xx . 

Function lx  is entire of exponential type 
( )jl1

2
+l

with respect to  

njx j ,...,2,1, = . Therefore applying the inequality of S.M. Nikolsky 

([2],3.3.5.) we get 

 

(2.25)                 ( )2
1

22

2

12
q

p

p

q
l

q

q
r

n

j

jr

r l

a
l

al xx
öö
÷

õ
ææ
ç

å
-

ö
ö

÷

õ

æ
æ

ç

å

ä
<<öö

÷

õ
ææ
ç

å
=

  .   
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(2.26)                 ( )2
1

22

2

'
1

' 2
q

p

p

q
l

q

q
s

n

j

js

s l

a
l

al xx
öö
÷

õ
ææ
ç

å
-

ö
ö

÷

õ

æ
æ

ç

å

ä
<<öö

÷

õ
ææ
ç

å
=

  .                 

Using the equality 

(2.27)           { }',,
1

2

111

2

1

2
aab

bb
Í-+öö

÷

õ
ææ
ç

å
-=-

qp

q

p

q
 ,    

from  (2.24) based on (2.25), (2.26) and (2.10) we get 

 

(2.28)      Ö
ä

<<G =

ù
ú

ø
é
ê

è
ö
÷

õ
æ
ç

å
-+ö

÷

õ
æ
ç

å
-

n

j

jsr l

rs
1

'

1

2

11

2

1

2
a

l
a

l

    

( )
2

1

2...2...22...2...2

11

)()(2
11

1

îý

î
ü

û

îí

î
ì

ë ä
Ö =

ù
ú

ø
é
ê

è
öö
÷

õ
ææ
ç

å
-+

p

q

p

q
l

qp
q

fEfE
nslsslnlrrlr

n

j

jsr

llllll

ll

. 

Denote 

 

(2.29)                p

q
l

qp
iq

i fEH
niliil

n

j

j

)(2
2...2...2

11

1

1

ä
= =

öö
÷

õ
ææ
ç

å
-

. 

Then 

 

(2.30)                 2

1

2

1
1

2

11

2

1

1
'

2
sr

n

j

jsr

HH
l

rs ll

a
l

a
l ä

<<G =

ù
ú

ø
é
ê

è
ö
÷

õ
æ
ç

å
-+ö

÷

õ
æ
ç

å
-

 . 

Since 
aa

1
1

`

1
-=  it holds that  

                            ( ) ö
÷

õ
æ
ç

å
---=ö

÷

õ
æ
ç

å
-+ö

÷

õ
æ
ç

å
-

a
ll

a
l

a
l

1

2

11

2

11

2

1
' rssr . 

Therefore from (2.30) it follows 

(2.31)                   

( )
2

1

2

1
1

2

1

12
sr

n

j

jrs

HH
l

rs ll

a
ll ä

<<G =

ö
÷

õ
æ
ç

å
---

 .  

If we apply Hºlder's inequality so that 
'a is with respect to the first 

factor, and a is with respect to the second factor, then in the same way we 

conclude that the following inequality holds 

(2.32)                     

( )
2

1

2

1
1

2

1

12
sr

n

j

jsr

HH
l

rs ll

a
ll ä

<<G =

ö
÷

õ
æ
ç

å
---

 . 

Based on (2.31) and (2.32) we conclude that 
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(2.33)                     2

1

2

1
1

2

1

12
sr

n

j

jsr

HH
l

rs ll

a
ll ä

<<G =

ö
÷

õ
æ
ç

å
---

 .  

Denote 

(2.34)          ( )
ä

= =

ö
÷

õ
æ
ç

å
---

n

j

jsr l

rsa 1

1

2

1

2,
a

ll

ll     , 

(2.35)           ( )
( )1

2

1,

2

1

2

1

,
-

<
=

Ô
ý
ü
û

í
ì
ë

=
kkk

sr
sr

rs sr
HHaQ llll . 

From (2.22), based on (2.23), (2.33), (2.34) and (2.35), it follows 

(2.36)          
ää
+=+=

¢
t

m

t

m k

QA
11

...
1 ll

 . 

We will now estimate product Q . Based on (2.20) it holds that  

ÔÔ
=

-

<
=

=
ý
ü
û

í
ì
ë k

j

kk

sr
sr

jsr
HHH

1

2

11

1

1,

2

1

2

1

lll           

and then, using (2.35), we get 

(2.37)             ( ){ }
( )1

2

1 1,

1

,
-

=
<
=

Ô Ô=
kkk

j

k

sr
sr

rs
k aHQ

j
lll . 

It holds 

                        ( ) ( )srrs aa llll ,, =  and  ( )1, =rra ll . 

Therefore 

(2.38)               ( ) ( )Ô ÔÔ
<
= = =

=
k

sr
sr

k

r

k

s

srsr aa
1, 1 1

2

1

,, llll . 

From (2.37) based on (2.38) it follows 

(2.39)              ( )[ ]Ô Ô
=

-

= îý

î
ü

û

îí

î
ì

ë

=
k

r

k
kk

s

rs
k aHQ
r

1

1

1

1

1

1

,lll . 

Now from (2.36) based on (2.39) we get 

(2.40)              ( )[ ]Ô Ôää
=

-

=+=+= îý

î
ü

û

îí

î
ì

ë

<<
k

r

k
kk

s

sr
k

t

m

t

m

aHA
r

k 1

1

1

1

1

1

11

,...
1

lll

ll

. 

In the inequality (2.40) the product has k  factors 
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( )[ ]
1

1

1

1

,
-

=

Ô=
kk

s

sr
k

r aHL
r

lll  

with the exponent 
k

1
. The sum of these exponents is 1. Therefore we 

can apply Hºlder's inequality based on which we get 

 

(2.41)               ( )[ ]
k

k

r

kk

s

sr

t

m

t

m

aHA
r

k

1

1

1

1

111

,...
1

Ô Ôää
=

-

=+=+= îý

î
ü

û

îí

î
ì

ë

<< lll

ll

.             

 

Denote  

(2.42)                ( )[ ] kraHM
kk

s

sr

t

m

t

m

r r

k

,...,2,1,,...
1

1

1111

==
-

=+=+=

Ôää lll

ll

. 

Since  tmr ,...,1+=l  for every kr ,...,1=  , then 

(2.43)                 MMMM k ==== ...21 . 

We will estimate, for example, MM =1 . Since ( )1, 11 =lla , then from 

(2.42) after the calculation we get 

(2.44)          ( )[ ] ( )[ ]äää
+=

-

+=

-

+=

==
t

m

k
k

t

m

k

t

m k

aaHMM
1

1

1

1

1

1

1

21

1

1 ,...,
21

1

lll

l llll . 

  

Based on (2.34) we conclude that 

(2.45)            ( )[ ] ( ) krqpCa
kt

m

r

r

,...,3,2,,,
1

1

1

1 =¢
-

+=

ä
l

ll . 

Now from (2.44) based on (2.45) it follows 

(2.46)                ä
+=

<<
t

m

HM
11

1

l

l  . 

From (2.41), using (2.42), (2.43) and (2.46), we get that 

(2.47)              äÔ
+==

<<=<<
t

mi

i

k

r

k HMMA
11

1

. 

Based on (2.47) and (2.29) we conclude that 

(2.48)              
ä
+=

öö
÷

õ
ææ
ç

å
- ä

<< =

t

mi

p

q
l

qp
iq

fEA
niliil

n

j

j

1
2...2...2

11

)(2
1

1
 . 

Finally, from (2.48), based on (2.14), the inequality (2.13) follows.     



 

Miloġ Ģ. Tomiĺ 

 22 

    If 0=jr  then ä
=
öö
÷

õ
ææ
ç

å
-=

n

j

jl
qp 1

11
s  , therefore in view of   (2.3) and 

(2.13) we deduce that the sequence { }mG  is a Cauchy sequence in the space 
qL  

and therefore it tends to a function f  in 
qL  ([2], 1.3.9.). Thus, we have the 

equality 

 (2.49)             
()

ä
¤

=

+=
0

1...1

l

lxgf
q

. 

 In the next step we prove the equality (2.5). To prove (2.5) we estimate 

the quantity 

(2.50)            
( ) ( ) ( )

q

q

t

m

rr
q

q

rr

m

rr

t
nnn GGB ä

+=

=-=
1

,...,,...,,..., 111

l

lx  . 

Applying the inequality of Bernstein type  ( [2] ,3.2.2.) we get  

( ) ( )
q

rlrl
n

j

rl

q

rr nnjjn

l

l

l xx 111
...

1

,...,
22

++

=
ö
ö

÷

õ

æ
æ

ç

å
¢Ô  

hence,  in view of (2.11), it follows 

(2.51)            
( ) ()

p
q

rr
fE

nll
n

lll

ls
lx 2...2...2

,...,

1

1 2<< . 

Now, using the same procedure by which we estimated the quantity A, 

for the quantity B we get (see estimation of quantity B in [6] from (2.50) to 

(2.65)) 

(2.52)            
( ) ( ) ()

q

p

q
t

m

q

q

rr

m

rr

t fEGG
nll

nn

1

2...2...2
1

,...,,...,

1

11 2
ý
ü
û

í
ì
ë

<<- ä
+=

lll

l

sl
. 

In view of the condition (2.3) and inequality (2.52) we conclude that the 

sequence 
( ){ }nrr

mG
,...,1  is a Cauchy sequence in 

qL  . If we denote 

that
( )

¤­­ mhG nrr

m ,
,...,1  , then we conclude (see  [2], 4.4.7. or  [4], 6.3.31) 

that 
( )nrr

fh
,...,1=  . This means that the equality (2.5) holds. Theorem 2.1.  has 

been proved.  

 

3. The converse theorem of approximation 

 

Now we are going to prove the converse theorem of approximation 

analogously to the result in [5] and give some consequences of the theorem. 

 

Theorem 3.1. Let the conditions of theorem 2.1. be satisfied (the 

condition (2.3) where s is given by (2.4)), and let k  and im
 
 be given natural 

numbers. Then the inequality 
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(3.1)       
( )

qi

rr

k
m

f n

ö
ö
÷

õ
æ
æ
ç

å
0,...,0,

1
,0,...,0;

,...,1w     

( ) ()
q

p

q
m

kqq

pk

i

fEf
m

C
nll

i

1

......
1

1

1

1
ù
ú

ø
é
ê

è
+

í
ì
ë

¢ ä
=

-+

lll
l

sl + ()
î
ý

î
ü

û

ù
ú

ø
é
ê

è
ä
¤

+=

-
q

p

q

m

q fE
nll

i

1

......
1

1

1 lll
l

sl  

holds, where constant  C  does not depend on either f  nor  

,...2,1=im . 

Proof.  For the modulus of smoothness kw  of the derivative 
( )nrr

f
,...,1

 
of 

the function  f   we have 

 (3.2)         

( ) ( ) ( )

qi

rr

m

rr

k

qi

rr

k
m

Gf
m

f nnn

ö
ö
÷

õ
æ
æ
ç

å
-¢ö

ö
÷

õ
æ
æ
ç

å 1
;

1
;

,...,,...,,..., 111 ww

 

                  +
( )

qi

rr

mk
m

G n

ö
ö
÷

õ
æ
æ
ç

å 1
;

,...,1w = 21 II + . 

For the quantity  1I  we obtain 

 (3.3)            
( ) ( ) ( )

qm

rr

q

rr

m

rr nnn GfI ä
¤

+=

=-<<
1

,...,,...,,...,

1
111

l

lx    

In the same way by which the inequality (2.17) was established, in view 

of (3.3), we conclude that 

 (3.4)           ()
q

p

q

m

q fEI
nll

1

2...2...2
1

1 1
2

ý
ü
û

í
ì
ë

<<ä
¤

+=

lll

l

sl

. 

In virtue of the properties of the modulus of smoothness ( [2], 4.4.4. (2)) 

we have 

 (3.5)          

( ) ( )

q

rkrr

mk

iqi

rr

mk
nin G

mm
GI

,...,,...,,...,

2
11

11
;

+
¢ö

ö
÷

õ
æ
æ
ç

å
=w

. 

 

In the same way by which the inequality (2.17) was established, putting 

kri +   instead of  ir  , 

and since  1=il , we get the estimate 

(3.6)           
( ) ( ) ()

q

p

q
m

kqq

pq

rkrr

m fEfG
nll

ni

1

2...2...2
0

,...,,...,

1

1 2
ý
ü
û

í
ì
ë

+<< ä
=

++
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Now, in view of (3.2), (3.4), (3.5) and (3.6), we obtain 
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Using the lemma 1.2. from the previous inequality, it follows 
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To estimate the first sum in the inequality (3.7) we use the inequality 

(1.2), (lemma 1.1.), and get    
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hence,  using that m
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Putting  q

ii EA =   (the equality (3.8)), from (3.7) and (3.11), it follows 

(3.1). Theorem 3.1. has been proved.  

Corollary  3.1. For 1=n  it holds that   
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and we get the corresponding theorems and inequalities for a function of one 

variable. 
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implies that the function f  has derivative 
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 with respect to any 

variable ix  belonging to space  
qL . For the modulus of smoothness the 

corresponding inequality holds.   
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From (3.12) it follows 
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For  1=n  the inequality (3.13) implies the  inequality  6.4.1. (3)  in [4]. 

For ( )njrrijr ij ,...,1,,,0 ==¸=   it holds that  
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This is the inequality 6.4.3. (8) in [4]. 

Corollary 3.4.  For qp= it holds that ä
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get 
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Kratko saopġtenje 

 

POLINOMI BLISKI POLINOMIMA ĻEBIĠEVA 

 
U radu su definisana dva niza polinoma. Date su njihove eksplicitne 

formule, rekurentne formule, funkcije generatrise, njihova veza sa 

trigonometrijskim funkcijama, veza sa polinomima Ļebiġeva i druge osobine.  

Neka su  i  polinomi koji zadovoljavaju uslov 

  

gdje je    imaginarna jedinica. 

Tada vaģi    i  

  

  

  je polinom stepena  , a polinom  stepena  i vaģi 

  

  

tj. 

  

  

Prvih nakoliko ļlanova nizova polinoma    su 

 

 

 

 

 

 

 

 
Prvih nakoliko ļlanova nizova polinoma    su 
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T e o r e m a  1.  Za    vaģi 

  

Specijalno     i    . 

Dokaz.   

 

  
Adicione trigonometrijske formule imaju svoj analogn za date polinome. 

T e o r e m a  2.  Za nizove polinoma    i   vaģe formule: 

  

  

Dokaz. TvrĽenja slijede iz identiteta 

   

  

  

Stavljajuĺi u prethodnim formulama     , dobijamo 

P o s le d i c a  3.  Za    vaģe rekurentne formule: 
  

  

T e o r e m a  4. Polinomi  i  odreĽeni su rekurentnim relacijama 

  

  

  

Dokaz. Rekurentna formula slijedi iz identiteta  

 

  

  

T e o r e m a  5.  Funkcije generatrise za polinome   i  su  sledeĺe 

  

  

Dokaz.  Za     imamo 

   

Koristeĺi trigonometrijske funkcije, polinomi    i   se mogu 

definisati na sledeĺi naļin. 
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 T e o r e m a  6.  Za    vaģi: 

  

  

 Dokaz.  

 . 

Prethodna i sledeĺa teorema pokazuje bliskost izmeĽu polinoma 

Ļebiġeva prve i druge vrste  i  i polinoma   i  . 

T e o r e m a  7.  .  Za    vaģi:  

  

  

  

  

Dokaz. Neka je   . Tada je   

  . Koristeĺi prethodnu teoremu imamo 

  

Druga formula se analogno dokazuje. Stavljajuĺi   

 , imamo 

 
T e o r e m a  8.  Polinomi     i   imaju jednostruke realne nule i 

vaģi: 

  

  

Dokaz.  Za    je     

 

 Za    ;   
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Originalni nauļni rad 

 

ICOSAHEDRON AND A PAPER DRAGON 

 
Introduction 

 

Make a triangulated tape (Ăpaper dragonñ) following the pattern 

depicted in Figure 1. Start bending the tape simultaneously at each edge 

connecting two adjacent triangles. 

 
Figure 1. 

 

More precisely, choose an angle a between 0 and 180 degrees and fold 

the tape along the edge connecting triangles 1 and 2 so that the associated 

dihedral angle is equal to a.  Continue this process by folding the tape along the 

common edge of triangles 2 and 3 so that the dihedral angle determined by 

triangles 2 and 3 is equal to a, etc. It is assumed that folding is always on the 

same side i.e. that the edge forms a ridge from the readerôs point of view. We 

stop when each of the 19 dihedral angles between adjacent triangles is equal to 

a. 

 

Definition 1. The geometric shape (figure) obtained by the process of 

folding the triangulated tape depicted in Figure 1 along each of the edges 

connecting the consecutive triangles for a given angle a is denoted by D[a]  and 

referred to as a-paper dragon or a-dragon for short. 

 

The p-dragon D[180
o
] = D[p] is by construction (Definition 1) precisely 

the Ăpaper dragonñ depicted in Figure 1. The 0-dragon D[0], arising as the 
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opposite boundary case when a=0, is the case when the tape folds down to a 

triangle.  

 

Question 1: What happens with the triangulated tape when the dihedral 

angle a  is in between these two extremal cases!? 

 

Problem 1. The general problem we study in this paper is the 

mathematical structure of objects D[a].  For this reason we allow self-

intersections, i.e. the triangles freely move during the bending process 

uninterrupted by other triangles. We want to understand what are the most 

interesting shapes among the objects D[a] and how are they changing when the 

dihedral angle a  is slowly decreasing from 180
o
 to 0

o
. We want to determine 

how different objects D[a] are related to each other by tracking the numbering of 

the triangles during the different phases of the bending process. 

 

 

Animation of the folding process 

 

 
Figure 2: D[a]   for a = 180

o
 

 

We strongly recommend the reader to visit the address http://www.rade-

zivaljevic.appspot.com/, alternatively the addresses http://vimeo.com/35377694 

or http://www.youtube.com/watch?v=IGmjTyAQccQ where an animation  

showing the metamorphosis of the object D[a]   when a  goes from 180
o   

to 0
o
,  can be found. For the reader who does not have these videos at hand we 

reproduce in the pages that follow some of the most interesting images from this 

animation. Figure 2 essentially reproduces the original triangulated tape, that is 

the object D[p]. The next image (Figure 3) depics the object D[a1] where a1 = 

150.05
o
. This is the first moment when the triangulated tape makes a closed 

form (the paper dragon bites his tail).  

 

Question 2: Determine the exact value of the angle a1. Can it be a 

rational multiple of p !? How do we know that triangles 1 and 20 perfectly fit 

together!? 
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Figure 3: D[a]   for a = 150.05

o
 

 

The next, and the one of the most interesting phases in the bending 

process is when the dihedral angle reaches the value a2 = 138.19
o 
(Figure 4). The 

triangulated tape has formed an icosahedron with all 20 triangles in the role of 

faces. This is not really a surprise since the shape of the Ăpaper dragonñ depicted 

in Figure 1 was carefully chosen precisely to achieve this goal. For this purpose 

we used a  

 
Figure 4: D[a]   for a = 138.19

o
 

  

Hamilton cycle of the graph of edges and vertices of the dodecahedron 

which is dual to the icosahedron depicted in Figure 4 (see the following section 

for the details). However, the bending process is continued. There is no apparent 

reason why there should be any regular or semi-regular form emerging from the 

cacophony of moving triangles for any of the subsequent dihedral angles. 

Nevertheless, for a3 = 109.47
o
 and  a4 = 70.53

o
 two new regular forms suddenly 

emerge, the octahedron and the tetrahedron, Figure 4. Even greater surprise 

awaits when the dihedral angle reaches the value a5 = 41.81
o
. A wonderful shape 

emerges, Figure 5. 
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Figure 4: The cases a3 = 109.47

o
 and  a4 = 70.53

o 

 

 
Figure 5: The cases a5 = 41.81

o
 and  a6 = 0

o
 

   

This is the so called great icosahedron, one of four Kepler-Poinsot 

polyhedra (nonconvex regular polyhedra), 

http://en.wikipedia.org/wiki/Great_icosahedron. It can be also described as one 

of icosahedron stellations. After passing through the great icosahedron stage 

there are no more surprises. The paper dragon curls into a triangular form (and 

Ăfalls asleepñ). 

 

The origin of the paper dragon 

 

As already mentioned in the previous section, the shape of the paper 

dragon depicted in Figure 1 was carefully chosen. We want to guarantee in 

advance that an icosahedron must appear as one of the shapes D[a] for an 

appropriate angle a. This is achieved by designing a path on the icosahedron that 

visits each face exactly once and returns to the beginning position (a closed 

Hamiltonian path). Figure 6 (A) is a accurate representation of mutual positions 

of faces of an icosahedron  



 

Icosahedron and a paper dragon 

 37 

 

 
 

Figure 6: Hamiltonian path on the icosahedron 

 

(Schlegel diagram) so the problem of designing such a path can be 

informally rephrased as follows. Suppose that Figure 6 (A) represents a plan of a 

castle which has 19 triangular rooms. Assume that there is a door at each wall; in 

particular one can go from each of the rooms to any of the adjacent rooms. Also 

one can enter the castle through the gates leading to rooms labeled by 1, 3 and 7. 

In order to describe (or memorize) a closed path visiting each room exactly 

once, we separate the rooms into 7 apartments (Figure 6 (B)) and design a closed 

path visiting each of these apartments exactly once. After that it is not difficult 

to see how this path can be refined to an actual path visiting each of the 19 

rooms (Figure 6 (D)). Observe that when we enter a room, say we move from 

room 4 to the room labeled by 51 (Figure (6) (D)) then there are two possibilities 

how to continue. We can either move to the left (in our example to the room 52) 

or to the right (to the room labeled by 55). Consequently, the word recording the 

left-right movements of the path (assuming 1 is the initial position) is the 

following  

L L L R L R L R R R L L L R L R L R R 

Interchanging the letters L and D we obtain another word describing a 

Hamiltonian path on the icosahedron and this is precisely the code used to 

design the paper dragon depicted in Figure 1 (see Figure 7).  
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Figure 7: RRRLRLRLLLRRRLRLRLL 

 

Motivation and further research 

 

The animation used in this experiment was one of the videos created 

within the project ĂĢiva matematikañ (Math Alive), a project for popularizing 

mathematics sponsored by the Belgrade Center for the Promotion of Science. 

For more details about this project see http://www.rade-zivaljevic.appspot.com/. 

The sole designer of all animations was the second author while the general idea 

and the overall mathematical expertise were provided by the first author. The 

original motivation was to produce an attractive animation with rich 

mathematical content. However, it turned out to be a potentially interesting 

project in itself connecting problems of discrete and computational geometry 

with mathematical applications in biology and chemistry.  

 The references [1] and [2] address questions about regular polyhedra 

which are potentially amenable to the experimental approach utilized in our 

paper. The reference [3] illustrates the relevance of the question of studying 

combinatorial geometric blueprints based on Hamiltonian paths for the 

morphogenesis of icosahedra in viral capsides and related structures. 
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GENERALIZED COMPOSITIONS OF NATURAL NUMBERS 

 
1. Introduction 

 

Let b = (b1,b2,é) be a sequence of nonnegative integers. Compositions 

of n in which there are b1 different type of 1ôs, b2 different type of 2ôs, and so on, 

will be called the colored compositions of n. We let c(n, b) denote its number. If 

all bi equal 1, then the standard compositions are obtained. It is clear that the 

following recursion for c(n, b) holds 

,),1(),2(),1(),( 121 nn bbcbbncbbncbbnc +++-+-= -?  

having b1 colored compositions ending by one of 1ôs, b2 colored 

compositions ending by one of 2ôs, and so on. At the end, there are bn 

generalized compositions consisting of one of nôs. 

We define the sequence a = (a1,a2,é) such that  

ä
=

-++ ==
n

i

iinn abaa
1

111 .,1                        (1) 

It is clear that ),2,1(),,(1 >==+ nbncan .  

Equation (1)  connects two sequences of nonnegative integers a and b. 

Obviously, for each sequence b we may form the sequence a. Conversely is not 

true. Namely, equation (1) may be regarded as a recurrence relation with respect 

to bôs, but it does not ultimately produces nonnegative integers. 

The paper is organized as follows. In this section we find a simple 

connection of colored compositions with Catalan numbers. 

In Section 2 we consider the case when the bôs make an arithmetical 

progression. We shall prove that then the numbers c(n, b) satisfy a three terms 

homogenous recursion with constant coefficients. This means that a close 

formula for colored compositions may be obtained. In a particular case the 

number of colored compositions is a Pell-Lucas number. 

In Section 3 we consider the case when bi  is a square function of i. Then 

the numbers c(n, b) satisfy a four terms homogenous recursion with constant 

coefficients. Thus, in this case also, we may derive an explicit formula for 

colored compositions. Several results will be obtained in the case when the bôs 

are triangular numbers. Then the aôs are sums of binomial coefficients. Some 

identities, concerning sums of binomial coefficients, will be derived by the the 

use of Zeilbergerôs algorithm, which is described by Petkovsek and all. [3]. 
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In Section 4 we investigate the case when bi is an exponential function 

of i. In Section 5 two result concerning the floor and the ceil functions will be 

proved. 

We shall see, in Section 6, that the colored compositions are closely 

related with Fibonacci numbers, as is the case with the standard compositions. 

Several recurrence relations as well as some closed formulas for 

coloredcompositions will be proved. New relationships of Fibonacci numbers 

with Pell, Jacobsthal and other classes of numbers are derived. 

Note that there is a significant number of sequences in Sloaneôs 

encyclopedia OIES, [4], which terms equal the number of generalized 

compositions. Comment of these sequences in OEIS offer other interpretations 

of colored compositions. Sequence A145839 connects colored compositions 

with the so called matrix compositions. Also A020729, A008776, A020698, 

A007484 connect colored compositions  with Pisot sequences. 

The next result shows that the Catalan numbers are the case when bôs 

produce bôs again.  

 

Proposition 1. If b = (C0,C1,é), where Ci, (i=0,1,é) are Catalan 

numbers, then 

 

c(n, b) = Cn, (n=1,2,é). 

 

Proof. In this case equation (1) has the form: 

ää
-

=

+--

=

-+ ==
1

0

11

1

1 ..
n

i

iin

n

i

iinn aCaCa  

 

The equation an+1 = Cn follows by induction, using the well-known 

Segnerôs recurrence formula for Catalan numbers. 

 

2. Arithmetic Progressions 

 

In this section we consider the case when bi is a linear function of i, that 

is, when the bôs make an arithmetic progression. We shall prove that then the 

numbers of colored compositions satisfy a three terms recursion with constant 

coefficients, so that, there is an explicit formula for the number of compositions. 

 

Proposition 2. Let n be a positive integer, let m, k be nonnegative 

integers, and let bi = (i-1)+k, (i=1,2,é). Then  

 

,),2(,),1( 2kkmbckbc ++==  

).,1()1(),()2(),1( bnckmbnckbnc ---++=+  
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Proof. Equation (1) takes the form: 
i

n

i

n akinma ä
=

+ +-=
1

1 ])([ . It is 

easy to see that a2 = k, 

a_3=m+k+k
2
. Furthermore, for n>2 we have  

.])1([)(
2

1

2

1

11 i

n

i

i

n

i

nnn amakinmakmkaa ää
-

=

-

=

-+ ++--+++=  

We conclude that   

.)1(
2

1

11 i

n

i

nnn ammaaka ä
-

=

-+ +++=  

Replacing n by n+1 yields 

.)1(
1

1

12 i

n

i

nnn ammaaka ä
-

=

++ +++=  

Subtracting the last two equation we obtain 

.)1()2( 12 nnn akmaka --++= ++  

In the next corollary we give some particular cases which show that 

some well-known integer sequences count the number of colored compositions. 

 

Corollary 1.  

(i)        If m = 1, k = 0 then c(1, b) = 0, c(n, b) = 2
n-2

, (n>1). 

(ii)       If m = 2, k = 0 then .2
2

2),(
2

0

i

n

i i

n
bnc öö

÷

õ
ææ
ç

å
Ö= ä
ù
ú

ø
é
ê

è

=

(Pell - Lucas 

numbers)   

(iii)      If m = 1, k=1 then c(n, b) = F2n. (Fibonacci numbers with even 

indices) 

(iv)      If k = m-1 then c(1, b) = m-1, c(n, b)=m
2
 (m+1)

n-2
,  (n>1). 

 

Proof. (i) is obvious. 

In the case (ii) the recurrence equation takes the form c(1, b)=0, c(2, 

b)=2, 

c(n+1,b) = 2c(n, b)+c(n-1,b), 

which is the recurrence for Pell-Lucas numbers. 

In the case (iii) the recurrence relation becomes c(1, b) = 1, c(2, b)= 3, 

c(n+1, b) = 3c(n, b)-c(n-1,b). 

This is the recurrence equation for Fibonacci numbers with even indices 

by Identity 7 from [1]. 

Finally, for k = m-1 we have c(1, b) = m-1, c(2, b) = m^2, 

c(n+1,b) = (m+1)c(n, b) ,(n>2), 

and (iv) is true. 
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3. Square functions 

 

In the case, bi is a square function of i. We now obtain the four terms 

recurrence relation for c(n, b). This means that, in this case, we may also obtain 

a closed formula for generalized compositions. 

 

Proposition 3. Let n be a positive integer, and let k, m,p be arbitrary 

(rational) numbers such that bi=ki
2
+mi+p, (i=1,2, é) are nonnegative integers. 

Then 

c(1,b) = k+m+p, c(2,b) = k
2
+m

2
+p

2
+2(km+mp+kp)+4k+2m+p, 

c(3,b) = 

8k+3m+p+2(4k
2
+2m

2
+p

2
+6km+5kp+3mp)+k

3
+m

3
+p

3
+3(km

2
+kp

2
+mp

2
+2kmp

), 

c(n+1, b) = (k+m+p+3)c(n, b)+(k-m-2p-3)c(n-1, b)+(p+1)c(n-2, b), 

(n² 3). 

Proof. We have .])1()1([
1

1 i

n

i

n apinminka ++-++-=ä
=

+  It is easy 

to obtain the value a2 , a3 and a4. 

For n>3 we have  

.])1()1([)( 2
1

1

1 i

n

i

nn apinminkampka ++-++-+++= ä
-

=

+ It 

follows that 

.])122([)3()1(
2

1

11 i

n

i

nnn aminkamkapmka ++-++++++= ä
-

=

-+  

Replacing n by n+1 we obtain 

.2])122([)1(
1

1

1

1

12 i

n

i

i

n

i

nn akaminkapmka ää
-

=

-

=

++ +++-++++=  

By subtraction we obtain  

.2)12()2(
1

1

12 i

n

i

nnn akapkapmka ä
-

=

++ +--++++=  

Replacing n by n+1 in this equation yields  

.2)12()2(
1

123 i

n

i

nnn akapkapmka ä
=

+++ +--++++=  

 

It follows that an+3 = (k+m+p+3)an+2 + (k-m-2p-3)an+1 + (p+1)an..  

In the next corollary we give two particular cases. 

 

Corollary 2. (i) If k = 1, m = 0, p = -1 then  c(1, b) = 0, c(2,b) = 3, 

.)3(38),( 3 ²Ö= - nbnc n
 

 (ii) If k = 1, m = 1, p= -1 then  c(1,b) = 1, c(2, b) = 6,c(3,b)=22, 
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( ) ( ).32
6

559
32

6

559
),(

nn

bnc -
+

++
-

=  

 

Proof. The assertion (i) is true since, in this case, the recurrence 

equation becomes  

.)2(,),(3),1( ²Ö=+ nbncbnc  

In the case (ii) the recurrence takes the form: 

.)3(),,1(),(4),1( ²--Ö=+ nbncbncbnc  

Solving the characteristic equation of this three terms recurrence 

equation we conclude that the assertion is true. 

Since öö
÷

õ
ææ
ç

å

2

n
 is a square function of n we may derive from the preceding 

proposition some formulas which connect triangular numbers with generalized 

compositions. 

 

Corollary 3. (i) If ),2,1(,
2

2
>=öö

÷

õ
ææ
ç

å-
= i

i
bi  then c(1,b) = 1, c(2,b) =1, 

c(3,b) =1,  
c(n+1,b)=4c(n, b)-6c(n-1,b)+4c(n-2,), (n=3,4,é). 

Explicitly,  

.
44

),(
0

ä
=

öö
÷

õ
ææ
ç

å

-
=

n

i in

n
bnc  

(ii)  If  ),,2,1(,
2

1
>=öö

÷

õ
ææ
ç

å-
= i

i
bi  then c(1,b) = 0, c(2, b) = 0, c(3,b) = 1, 

c(n+1, b) = 3c(n, b)-3c(n-1,b)+2c(n-2,b), (n=3,4,é). 

 

(iii)  If  ),,2,1(,
2

>=öö
÷

õ
ææ
ç

å
= i

i
bi  then c(1,b) = 0, c(2, b) = 1, c(3,b) = 3, 

c(n+1,b)=3c(n, b)-2c(n-1,b)+c(n-2,b), (n=3,4,é). 

Explicitly,  

.
23

),(
0

ä
=

öö
÷

õ
ææ
ç

å

+

+
=

n

i i

in
bnc  

(iv) If  ,,2,1,
2

1
>=öö

÷

õ
ææ
ç

å+
= i

i
bi  then c(1,b) = 1, c(2, b) = 4, c(3,b) = 13, 

c(n+1,b)=4c(n, b)-3c(n-1,b)+c(n-2,b), (n=3,4,é). 
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Explicitly,  

.
12

),(
0

ä
=

öö
÷

õ
ææ
ç

å

-

-+
=

n

i in

in
bnc  

Proof. The assertion (i) is obtained for 3.,
2

5
,

2

1
=-== pmk , (ii) for 

1.,
2

3
,

2

1
=-== pmk  , 

(iii) for 0.,
2

1
,

2

1
=-== pmk , (iv) for 1.,

2

1
,

2

1
=== pmk . The 

explicit formulas are obtained by the use of Zeilbergerôs algorithm, [3]. 

 

Remark 1. In the case ,,2,1,
2

2
>=öö

÷

õ
ææ
ç

å+
= i

i
bi  A145839 which counts 

the number of 3-compositions of n. This connects the colored compositions with 

the so called matrix compositions. 

 

4. Exponential functions 

 

The following result concerns the case when bi is an exponential 

functions of i. Then, again, the numbers c(n, b) satisfy a three terms 

homogeneous recurrence relation with constant coefficients. 

 

Proposition 4. Let n be a positive integer. If bi = k+pm
i-1
, (i=1,2,é), then 

c(1,b)=k+p, c(2,b) = k+pm+(k+p)
2
, c(n, b) = (k+m+p+1)c(n-1,b)-

(km+m+p)c(n-2),(n=3,4,é). 

 

Proof. Equation (1) has the form: .)(
1

1 i

n

i

in

n apmka ä
=

-

+ += It foll ows 

that  

a2 = k+p, a3 = k+pm+(k+p)
2
. 

 Further we have 

.)()()(
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1

1

1

1 äää
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-
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=

-

=

-

+ +++=+++=
n
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nce, 
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-+ -++++++= ää n

n

i

i

in
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innn ampampmakapkapka

that is, .)1()1()1(
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1

1

11 ä
-

=

--

-+ -+-+++=
n

i

i

in

nnn ammpampapka  
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Replacing n by n+1 we obtain  

.)1()1()1(
1

1

1

12 ä
-

=

--

++ -+-+++=
n

i

i

in

nnn ammpmampapka  

Subtracting two last equation yields   

an+2 = (k+p+m+1) an+1 - (p+m+mk) an. 

Some particular cases of the preceding theorem  follow. 

 

Corollary 4. (i) If k = 0 then c(n, b) = p(m+p)
n-1

. 

(ii) If k = 1, m = 2, p = 1 then c(1,b), c(2,b) = 7, c(n, b) = 5c(n-1, b)-

5c(n-2,b), (n=3,3,é). 

(iii) If k = -1, m = 2, p = 1 then c(n, b) = F2n-2. 

 

Proof. (i) In the case k = 0 we have: c(1,b) = p, c(2,b) = p(m+p),  

c(n, b) = (m+p+1)c(n-1,b)-(m+p)c(n-1,b), (n=3,4,é). 

The roots of the characteristic equation are Ŭ = 1, ɓ = m+p. Solving the 

system 

c1 Ŭ +c2 ɓ = p, c1 Ŭ ^2+ c2 ɓ ^2 = p(m+p), yields c1=0, c2 = p/(m+p), 

and the assertion (i) is true. 

 

In the case (ii) we have c(1,b) = 2, c(2,) = 7, c(n, b)=5c(n-1,b)-5c(n-

2,b), (n=3,4,é). 

Finally, in the case (iii) we have c(1,b) = 0, c(2,b) = 1, c(n, b)=3c(n-

1,b)-c(n-2,b), (n=3,4,é).  

The assertion now follows from Identity 7 in [1]. 

 

5. Floor and Ceil functions 

Proposition 5. Let n be a positive integer, and .),2,1(,
2

>=ù
ú

ø
é
ê

è
= i

i
bi  

Then  

c(1,b) = 0, c(2,b) = 1, c(3,b) = 1,  c(n, b) = c(n-1,b) + 2c(n-2,b) - c(n-

3,b), (n>3). 

 

Proof.  It is easy to see that a2 = 0, a3 = a4 = 1. For n>3 we have 
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It follows that .
2
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1
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i
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++=  

Replacing n by n+1 we obtain  
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+-
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It follows that .2
1

1

2 ä
-

=

+ +=
n

i

inn aaa  Replacing n by n+1 we have 

.2
1

12 ä
=

++ +=
n

i

inn aaa  

Subtracting the last two equations yields  

an+3 = an+2+2an+1-an. 

In a similar way the following result for the ceil function may be proved. 

We let öö
÷

õ
ææ
ç

å

q

p
cf denote the ceil function of  

q

p
. 

 

Proposition 6.  Let n be a positive integer, and .),2,1(,
2

>=ö
÷

õ
æ
ç

å
= i

i
cfbi  

Then c(1,b) = 1, c(2,b) = 2, c(3,b) = 5, c(n, b) =2 c(n-1,b) + c(n-2,b) - c(n-3,b), 

(n>3). 

 

6. Fibonacci numbers 

 

In this section we prove several formulas in which the number of 

colored compositions is related with Fibonacci numbers. Our first result extends 

the result from [2], where compositions with two different types of 1 are 

considered. 

 

Proposition 7. Let n be a positive integer, let p,q be a nonnegative 

integers, and let b = (p,q,q,é). 

Then c(1, b) = p, c(2, b) = p
2
+q, c(n, b) = (1+p)c(n-1, b)+(q-p)c(n-2, 

b), (n>2). 

Explicitly, c(n, b) = u Ŭ
n
+vɓ

n
, where 

2

4)1(1 2 qpp +-++
=a ,  

2

4)1(1 2 qpp +--+
=b , 

qp

qpppq
u

4)1(2

4)1()1()1(4

2

22

+-

+--+--
= , 

.
4)1(2

4)1()1()1(4

2

22

qp

qpppq
v

+-

+----+
=  
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Proof. In this case equation (1) has the form: .
1

1

1 ä
-

=

+ +=
n

i

inn aqpaa  We 

easily obtain that 

a2 = p, a3 = p
2 
+ q. Next we have ,

2

1

111 ä
-

=

--+ +-+=
n

i

innnn aqpaqapaa  

that is, 

an+1 =(1+p)an+(q-p)an-1. 

 

The characteristic equation for this recurrence is x
2 
- (p+1) x ï q + p = 

0. Solving this equation we obtain the explicit formula. 

In the following corollary we shall state some particular cases of this 

theorem. The first is the well-known formula for the number of all standard 

compositions. In all stated results the number of colored compositions is a 

Fibonacci number.  

 

Corollary (i) If b = (0,1,é) then c(n, b) = Fn. This is the well-known 

result that says that there are 

Fn compositions of n in which each part is greater than 2. 

(ii) If b = (2,1,.1,é.) then c(n, b) = F2n+1. This is the result from 

\cite{eme}. 

(iii) If b = (3,4,4,é) then c(n, b) = F3n+1. 

 

Proof. (i) In this case we have p = 0, q = 1. It follows that  

,
10

55
,

10

105
,

2

51
,

2

51 +
=

-
=

-
=

+
= vuba  

 

and the assertion follows from Binet formula. 

 (ii). In this case we have p = 2, q = 1 and the recurrence relation has the 

form 

a2 = 2, a3 = 5, an+1=3an-an-1, (n=3,4,é). 

The assertion follows by induction using Identity 17 from \cite{bk}.                

(iii). The recurrence equation in this case has the form an+1=4an+an-1. It 

is easy to prove that for Fibonacci numbers the following identity holds 

Fk+2=4Fk-1+Fk-4. Using induction and this identity we conclude that the assertion 

holds.  

The next result also generalizes a classical result for standard 

compositions. 

 

Proposition 8. If b = (p,1,0,0,é) where m is a positive integer then  

in

n

i

p
i

in
bnc 2
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ä öö
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õ
ææ
ç
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Proof. The recurrence relation for Fibonacci polynomials is Fn+1(x) = 

xFn(x)+Fn-1(x). It follows that, for a positive integer p we have Fn+1(p) = c(n, b). 

The required equation follows from the well-known formula for Fibonacci 

polynomials. 

As an immediate consequence we obtain the following well-known 

result. 

 

Corollary. The number of compositions of n in which each part is either 

1 or 2 is Fn+1. 

 

Proof. Take p = 1 in the preceding proposition and apply Identity 4 in 

\cite{bk}. 

The following result also extends a well-known result for standard 

compositions. 

 

Proposition 9. Let $n$ be a positive integer, let p, q be nonnegative 

integers, and let b = (p,q,p,q,é). 

 

Then c(1,b) = p, c(2,b) = p
2
+q, c(n, b)=pc(n-1,b)+(1+q)c(n-2,), (n>2). 

 

Proof. In this case we first have .
2

1

1212 ä
=

+-+=
n

i

iinn aba  Hence 

,)1()()( 122242123112 --+ ++=+++++++= mmmmm aqpaaaapaaaqa ??
 

and the assertion is true for even n. 

 

Also, ,
12

1

22 ä
-

=

-=
n

i

iinn aba that is,  

2212224212312 )1()()( ---- ++=+++++++= mmmmm aqpaaaaqaaapa ??
. 

 

Hence, the assertion is also true for odd n. 

 

Corollary. Let n be a positive integer, and let b = (1,0,1,0,é). Then c(n, 

b) = Fn. 

In other word, Fn is the number of compositions of n in which all parts 

are odd.  

 

Proof. Since p = 1, q = 0 the assertion of the preceding theorem 

becomes recurrence relation for Fibonacci numbers. 

 

In the last result the Fibonacci numbers play the role of the bôs. 
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We prove that there are a closed formula for c(n, b) in the case when bi 

=Fm+k(i-1) (i=1,2,én), where 0,1 ²-² km are arbitrary integers. For this we 

need the following identities for Fibonacci numbers. 

 

Identity 1.  Let 0,1 ²-² km   be integers. Then Fm+2k+Fm-2k = Fm(F2k-

1+F2k+1).               

Proof. The assertion is obviously true for m = 0. Since F-(2k-1) = F2k-1 it is 

also true for m = 1 and m = -1. Assume that it is true for m1 such that 

.0 1 mm <¢  Then, for  2.²m  we have  

Fm+2k + Fm-2k = Fm-1+2k + Fm-1ï2k + Fm-2+2k + Fm-2ï2k. 

 

Using the induction hypothesis yields 

Fm+2k + Fm-2k = (Fm-1 + Fm-2 )(F2k-1+ F2k+1) = Fm (F2k-1+ F2k+1). 

In a similar way we may prove  

 

Identity 2.  Let 0,1 ²-² km  be integers. Then  

Fm+2k-1+Fm-2k+1 = Fm(F2k-2+F2k). 

 

Proposition 10. Let 1-²m  be an integer, let k be a nonnegative 

integer, and let bi =Fm+k(i-1) (i=1,2,én). Then, c(1, b) = Fm, c(2, b) = Fm+k + Fm
2
,                                              

c(n+1,b) = (Fm + Fk-1 + Fk+1) c(n, b) + (-1)
k-1

(Fm-k + 1)c(n-1, b), (n>1). 

Proof. We have .,1
1

)(11 ä
=

-++==
n

i

iinkmn aFaa For n = 1,2 we easily 

obtain a2 = Fm, a3 = Fm+k +Fm
2 
Assume that k is even and denote k = 2p. Then for 

n>2 we obtain .
1

)(21 ä
=

-++=
n

i

iinpmn aFa  Applying Identity 1 yields  

,)( 212

1

)1(2

1

)1(211212 nkmnnmn

n

i

iinpm

n

i

iinpmnpp aFaaFaaFaFaFF -++

=

--+

=

-++++- ++-=+=+ ää

 

and the assertion holds 

The proof in the case that k is odd follows similarly from Identity 2. 

 

Remark. We state sequences in OIES which are generated by the results 

of this paper 

A000079, A000129, A000244, A000302, A000351, A000400, 

A000420, A001018, A001019, A001020, A001021, A001022, A001023, 

A001024, A001025, A001026, A001027, A001029, A006053, A006054, 

A009964, A009965, A009966, A009967, A009968, A009969, A009970, 

A009971, A009972, A009973, A009974, A009975, A009976, A009977, 

A009978, A009979, A009980, A009981, A009982, A009983, A009984, 

A001045, A001076, A001333, A001353, A001519, A001653, A001906, 
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A002001, A002533, A002535, A003665, A003699, A003946, A004253, 

A005053, A005054, A006190, A007051, A007052, A007484, A008776, 

A011557, A013708, A013730, A018902, A018903, A018904, A020698, 

A020729, A024495, A026150, A028859, A030186, A033887, A034999, 

A038503, A046717, A052530, A052542, A052913, A052918, A052924, 

A052934, A052936, A052945, A054413, A054854, A055270, A055275, 

A055841, A055842, A055846, A055847, A055995, A055996, A056002, 

A056116, A067403, A067411, A078469, A081294, A083098, A083100, 

A083101, A083217, A084057, A090019, A090042, A093141, A095263, 

A100237, A103333, A104934, A105476, A109808, A118264, A120612, 

A122117, A122558, A125816, A125818, A133343, A133345,  A133356, 

A147518, A147722, A158869, 
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RICKART RINGS WITH INVOLUTION 

 
1. Preliminaries 

 

All rings considered in this paper are associative. A * - ring  or a ring 

with involution R  is a ring with unary operation 
*xx­  such that 

******** )(,)(,)( xyxyyxyxxx =+=+= , for all yx,  in R . An element 

ReÍ  is called a projection if it is self adjoint ( ee =*
), ʘnd idempotent 

( ee =2
). We write R

~
 for the set of all projections in R . If S  is any subset of 

Rwe write RSS
~~

Æ= . For projections ,  e f  we write fe¢  in case efe=  

and see that relation ¢ is partial ordering on a set of projections. In general, 

extra conditions on R  are needed to make R
~

 a lattice. ([1]) A drastic condition 

that works is commutativity. Projections ,  e f in R  are equivalent, written 

feº  if there exists RwÍ  such that 
* *,  .w w e ww f  It is well known 

that this relation is equivalence relation. An element RwÍ  such that 

wwww =*
 is called a partial isometry. An element RwÍ  is a partial isometry 

if and only if an element 
==wwe  is a projection such that .wwe=  Then 

*wwf =  is also a projection and wfw= . Moreover e is the smallest 

projection such that wwe=  and f  is the smallest projection such that .wfw=  

With notation of previous statement e is called initial projection and f  the 

final projection of the partial isometry w . It is easy to see that projections ,  e f  

are equivalent if and only if  there exists a partial isometry with initial projection 

e and final projection f . Projections ,  e f  are called orthogonal if 0=ef , 

equivalently .0=fe  If ,  e f  are projections with fe¢  then ef -  is a 

projection orthogonal to e. 
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1.1 Some properties of equivalence of projections 

 

The next proposition shows that the equivalence is finitely additive. 

 

Proposition 1.1.1 ([2]) If nee ,...,1  are orthogonal projections and 

nff ,...,1  are orthogonal projections  such that ii fe º , for ni ,...,1=  then 

ää
==

º
n

i

i

n

i

i fe
11

. 

Proof: Let iw  be a partial isometry with .,
**

iiiiii fwweww ==  Let 

ä
=

=
n

i

iww
1

. It is routine to check that w  is a partial isometry implementing the 

desired property. 

 

For the projection e in ring R  we call Ree  a corner generated by a 

projection e. The next proposition shows that the equivalence of projections 

implies the isomorphism of the coresponding corners. 

 

Proposition  1.1.2 If feº  with partial isometry w  then fRfe @Re . 

Proof:  We define a function f by 
*)( wxwx =f , ReexÍ . Since 

ReexÍ , fRfx Í)(f . Obviously f is additive which means 

).()()( yxyx fff +=+  If Re, eyx Í then: 

).()()( **** yxwywwxwwxeywwxywxy fff ====  

 

We also have f is injective. If ReexÍ  and 0* =wxw  then 

xexewwxww === )(0 **
. If fRfyÍ  then Re* eyww Í  and 

yyww =)( *f  so f is surjective. For all ReexÍ  we have 

****** ))(()()( xwxwwwxx ff ===  which proves that f is involutive 

isomorphism. 

The clasification theory requires an ordering of projections more 

suitable then ¢. For projections Rfe Í,  we write feb , and say that e is 

dominated by f , in case there exists projection g  such that fge ¢º , that is 

e is equivalent to a subprojection of f . We use )(Xr  to denote an annihilator 

of set X . 
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We say  that R  is Rickart ring with involution (*- ring) if for  each 

RxÍ  there exists Rg
~
Í  such that {} gRxr =)( . It is well known that  *- 

regular rings, Boolean rings are Rickart rings. 

 

Proposition 1.1.3 ([1]) If R  is Rickart *- ring then R  has a unity 

element and the involution of R  is proper.  

 

Proof: Write {}( )0r gR= . Since {}( )0r R=  we have gRR= , thus 

g is left unity for R . From the fact that R  is ring with involution we obtain 

that g is two-sided unity element.. 

It is well known from  that in a Rickart *- ring R  for arbitrary RxÍ  

there exists ( ),  ( )LP x RP x  so called left and right projection respectively. 

Although the projections of a Rickart *- ring need not form complete 

lattice, they always  form a lattice by an supremum and infimum given with: 

)).1(()),1(( feLPefefeRPffe --=Ø-+=Ù  

 

Proposition 1.1.4 ([3])  Let R  be a Rickart *- ring and let B  be a *- 

subring such that B  has a unity and for all BxRPBx ÍÍ )(, . Then B  is also 

Rickart *- ring. Moreover if BxÍ  then: 

).()( xRPxRP BR =  

 

Proof: Write e for the unity element. Let BxÍ  and ).(xRPg=  By 

assumption BgÍ , since xxe= , we have eg¢ . If ByÍ  then 0=xy  iff 

0=gy  iff yyge =- )( , so we have that  the  right annihilator of x  in 

B .)( Bge-  

 

A useful application of previous proposition is: 

 

Corollary: If R  is a Rickart *- ring and Re
~
Í  .Then Ree is Rickart *- 

ring. 

 

2. Matrix representation of rings with involution 

 

It is generally quite hard to show that a ring with involution is 

isomorphic to some matrix ring. The question of when a Rickart ring is matrix 

ring is easier under some assumptions of projections. We begin this section with 

assumption on orthogonality of equivalent projections with sum 1. 
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Theorem 2.1 Let R be a *- ring with unity, NnÍ , and suppose that R  

contains n  orthogonal equivalent projections neee ,...,, 21  with sum 1. Then R  

is isomorphic with the ring ne )Re( 11 , of  all nn³  matrices over .Re11e  

 

Proof: For all ni ,...1=  let iw  be a partial isometry such that 

iiiii ewweww ==
*

1

*
, . We define mapping neR )Re(: 11­f  with 

nji awwa )()(
*

=f  which is involutive isomorphism. 

If RaÍ , then 11

*
Reeaww ji Í , for all ji, , thus nea )Re()( 11Íf . 

Clearly:   
** ))(()(,)()()( aababa fffff =+=+ . 

Mappnig f is injective. If 0=ji aww  for all ji,  then 

0)(
**
== jjiiji wawwwaee , for all ji,  thus  

äää ====
ji

ji

j

j

i

i aeeeaeaa
,

.0)()(11   

 

If nij ea )Re()( 11Í   we define 
*

,

j

ji

iji wawa ä= . Nothing that 

0
*
=ji ww  when ji ¸ , we obtain 

ijijjijiijikl

lk

kiji aeaewwawwwwawwaww ====ä 11

***

,

**
, which 

shows that ).()( ijaa =f  

At the and we have that:  
* * * *

* *

( ) ( )( ) ( )( )( )

( )( )( ) ( ) ( ) ( ).

i k k j i k k j

k k

i k j i j

k

ab w aw w bw w a w w bw

w a e bw w ab w a b  

which completes the proof. 

Next result is very important in theory of extension of ordering. ([2]) 

 

Lemma 2.1 Let R  be a Rickart *- ring containing a projection e such 

that ee -º1 . Then 112 +=  is invertibile in R . 

 

Proof:  Let w  be a partial isometry such that ewweww -==+ 1, *
. 

From the fact that R  is Rickart ring we obtain there exists projection f  such 

that fRwer =- )( *
. From 0)( * =- fwe  we have fefw= . Since 
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Re)1( ew -Í  it follows 0))(( * =+- wewe , and therefore 

wewef +=+ )( . Noting that fefw= , this yields to wfee -=2 , and after 

that )1(2 ** efww --= . Taking adjoints we obtain wwfe -=- 21 . Then 

for wwffex -+=  we have 12 =x  which completes the proof. 

 

In our closing result we give an aplication of previous theorem which 

characterize equivalence of orthogonal projections in weakly Rickart ring with 

involution. 

Let R  be a *- ring, RxÍ , e a projection in R . We say that e is an 

annihilating right projection (briefly, ARP) of x  in case (i) xxe=  and (ii) 

0=xy  implies 0=ey . We say that R  is weakly Rickart * - ring if every 

RxÍ  has ARP property. 

 

Theorem 2.2 Let R  be weakly Rickart *- ring and let fe,  be 

projections such that 0=ef . Then feº  if and only if there exists a projection 

g  such that ggfggegffgfeege ==== 22,2,2 . 

 

Proof:  If such a  projection g  exists then, defining fgew 2=  we have 

eegeegfgeegfgeww ==== 2)2(24*
, and similarly fww =*

, thus feº  

 

Conversely,  suppose feº . Dropping down to )()( feRfe ++ we 

can suppose that R  is Rickart *- ring  and 1=+fe . Let w  be partial isometry 

such that efwweww -=== 1, **
. Define wwew == 21 ,  and consider the 

* -isomorphism 2Re)(: eR­f  given by )()(
*

jawwa =f . 

For RaÍ  we write jiij awwa
*

= )2,1,( =ji . Since 11 0w ewe , 

*

12 0w eww , 
*

21w w we e, *

22 0w w ww ew . Now we have  

ù
ú

ø
é
ê

è
=

e
w

0

00
)(f . 

The similar computations yields ù
ú

ø
é
ê

è
=

00

0
)(

e
ef , ù

ú

ø
é
ê

è
=

e
f

0

00
)(f . 

If we write 1 for the unity element of Ree  and identify R  with 

2Re)(e  then: 

ù
ú

ø
é
ê

è
=ù

ú

ø
é
ê

è
=ù

ú

ø
é
ê

è
=

00

10
,

10

00
,

00

01
wfe . 
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Note that if ù
ú

ø
é
ê

è
==

220

00
),(

a
fafaa ij .  Since element 112 +=  is 

invertible in R  we may define: 

ù
ù
ù

ú

ø

é
é
é

ê

è

=

2

1

2

1
2

1

2

1

g .  

 

Evidently, g is projection with desired property:   

2 ,  2 ,  2 2ege e fgf f geg gfg g. 

 

3. Baer rings as generalization of Rickart rings 

 

The definition of  a  Rickart *- ring involves the annihilator of singleton.  

For a Baer  * - ring we consider arbitrary subset. A Baer *- ring is a *- ring R  

such that for every nonempty S  of  R  gRSr =)(  for suitable projection g . 

The relation between Rickart *- rings is the relation between lattices and 

complete lattices. 

 

Proposition 3.1 ([1]) The following conditions on *- ring R  are 

equivalent: 

 

(i) R  is Baer *- ring. 

(ii)  R  is Rickart *- ring whose projections form a complete lattice. 

(iii)  R  is Rickart *- ring in which every orthogonal family of 

projections has a supremum. 

 

Proof: 

(i) implies (ii): Suppose that R  is Baer *- ring and S  is nonempty 

subset of projections in R . From the fact that R  is Baer ring with involution we 

find projection e such that ReSr )1()( -= . We will show that e is supremum 

for S . Since )(1 SreÍ-  we have 0)1( =-ef  for all Sf Í . On the other 

hand, if g  is a projection such that gf ¢ , for all Sf Í , then 

ReSrg )1()(1 -=Í- , then geeg ¢-¢- ,11 . This shows that Ssup  

exists and is equal to { }Sff Í-- ,1sup1 . 

 

(ii) implies (iii) trivialy.  
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(iii) implies (i). Let S  be nonempty subset of R . Note that )(SrxÍ  

iff )()( SrxLP Í . It follows that if the only projection in )(Sr  is 0 then 

{} RSr 00)( == . Otherwise let {}ie  be maximal orthogonal family of nonzero 

projections in )(Sr . By hypothesis iee sup=  exists, we conclude the proof by 

showing that gRSr =)( . At any rate )(SreÍ , so we obtain )(SreRË . 

Conversely, assuming )(SrxÍ  we assert that eRxÍ .  Setting exxy -=  we 

will show that 0=y . Note that )(SryÍ , which implies )()( SryLP Í . Also 

for all i , we have 0=-= exexeye iii , therefore 0)( =yLPei . The argument 

of maximality  yields 0)( =yLP , that .0=y  
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Originalni nauļni rad 

 

POLUPRAVILNI MNOGOUGLOVI NAD  

CJELOBROJNIM REĠETKAMA 

 
1. Uvod 

 

1.1. Taļkaste reġetke u ravni: Dvije familije paralelnih pravih koje 

Ărazbijajuñ ravan na jednake paralelograme formiraju mreģu u ravni. Skup L  

svih taļaka presjeka tih pravih linija nazivamo taļkasta reġetka ili jednostavno 

reġetka, a same taļke ļvorovima reġetke. Svaki od tih paralelograma nazivamo 

fundamentalnim paralelogramom ili generatorom reġetke. Reġetka se sastoji od 

(taļaka) ļvorova, a same prave to nisu. Od posebnog je interesa ortogonalna 

cjelobrojna reġetka 
2Z. Ona se sastoji od taļaka ravni Oxļije su koordinate 

cijeli brojevi u pravouglom koordinantnom sistemu. Jedna reġetka se moģe 

dobiti presjekom razliļitih familija paralelnih pravih koje nisu ortogonalne. 

Taļke reġetke moģemo posmatrati i kao ļvorove kvadratne mreģe ļije su 

stranice duģine 1. Ako svi vrhovi mnogougla leģe na ļvorovima reġetke, kaģemo 

da je on upisan u reġetku. Taļke reġetke nisu direktno vezane za familiju linija 

za razliku od svojih fundamentalnih paralelograma. Reġetke u ravni 

predstavljaju moĺno sredstvo povezivanja analitiļkih problema sa geometrijom i 

obrnuto. Kretanje na ovom jedinstvenom mostu povezivanja analize i geometrije 

je obostrano i vrlo intenzivno.  

Prva istraģivanja reġetke 
2Z  kao matematiļkog objekta prema 

dostupnim informacijama vezana su za radove Gausa, koji se zainteresovao za 

pitanje: Kako brzo sa porastom Rpolupreļnika kruģnice raste i broj )(RN  

taļaka sa cijelim koordinatama u krugu? (Vavilov, Ustinov 2006a).  

Na ļinjenicu da neke jednostavne geometrijske tvrdnje u ravni imaju 

ļvrste i duboke veze sa aritmetiļkim tvrdnjama meĽu prvima je ukazao 

Minkovski, pokazujuĺi da brojni teorijski problemi proizlaze iz gemetrijskih 

modela (Hilbert 1932: 36ï47). TakoĽe, postojalo je i interesovanje za 

moguĺnost upisivanja pravilnih mnogouglova u reġetki 
2Z . Prvi rezulatati se 

veģu za Lukasa koji je dokazao da se na toj reġetki ne moģe razloģiti pravilni 

trougao (Lukas 1878). U osnovi tog dokaza leģe elementarne osobine iz teorije 

brojeva. 

Znaļajni su rezultati u razmatranju pitanja vezanih za odnos poligona i 

cjelobrojnih reġetki i sljedeĺih autora: Ball 1973:119ï122, Hilbert, Cohn-Vossen 

1932, Vavilov, Ustinov 2006a, 2006b, Egorov 1974, Robinowitz 1986, 

Govedarica 2005 i dr. 
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Paralelogrami koji generiġu reġetku L  nazivamo fundamentalnim 

paralelogramima, ļiju povrġinu oznaļavamo sa )(LD=D . Za kordinantni 

poļetak na reġetki obiļno uzimamo jedan njen ļvor. Reġetku moģemo 

konstruisati za svaki paralelogram, paralelnim pomjeranjem prvo u jednom, a 

zatimu drugom pravcu, duģ stranice paraelograma za duģinu tih stranica. 

Drugi praktiļan naļin zadavanja reġetke u ravni zasniva se u izboru bilo 

koja dva nekolinearna vektora ba,  i taļke O  koordinantnog poļetka. Tada 

skup ),( baL  svih taļaka P  takvih da je amOP= + bn
d

 gdje su 

ZÍnm, predstavlja reġetku. Na primjer ),( jiL=2Z  gdje su ji, dva 

uzajamno normalna vektora jediniļne duģine. Dakle, reġetku generiġu svaka dva 

nenula vektora sa zajedniļkom poļetnom taļkom, a koji svoj kraj imaju u 

razliļitim vrhovima nekog fundamentalnog paralelograma. 

 

1.2. Osnovne osobine taļaka reġetke u ravni:  

( 1 ) Prava koja prolazi kroz dvije taļke reġetke sadrģi beskonaļno 

mnogo ļvorova reġetke i pri tome sva rastojanja meĽu susjednim ļvorovima koji 

leģe na jednoj pravoj su jednaki. 

( 2 ) Paralelnim pomjeranjem ravni kojom se jedan ļvor reġetke prevodi 

u drugi, prevodi se cijela reġetka u samu sebe. 

( 3 ) Reġetka je centralno simetriļna u odnosu na sredinu bilo kog 
segmenta koji povezuje dva ļvora te reġetke. 

( 4 ) Pravilo paralelograma ï ako su tri vrha paralelograma ļvorovi 

reġetke, tada je i ļetvrti vrh tog paraelograma ļvor te reġetke. 

( 5 ) Ako paralelogram sa vrhovima u ļvorovima reġetke ne sadrģi druge 
ļvorove na stranama ni unutar sebe, tada on generiġe tu reġetku tj. on je 

fundamentalni paralelogram za tu reġetku. Ova osobina se uzima za kriterijum 

kod ispitivanja da li se paralelogram javlja generatorom reġetke. 

 

1.3. Fundamentalni paralelogrami: Trougao ļiji vrhovi leģe u ļvorovima 

reġetke i koji osim svojih vrhova ne sadrģi ni unutar sebe ni na svojim 

stranicama druge ļvorove reġetke, naziva se primitivni trougao. Oļito se svaki 

fundamentalni paralelogram moģe svojom dijagonalnom podijeliti na dva 

primitivna trougla, a vrijedi i obratno, da se svaki primitivni trougao moģe 

dopuniti do fundamentalnog paralelograma. Osnovne osobine fundamentlanih 

paralelograma i primitivnih trouglova sadrģane su u sljedeĺa dva stava (Vavilov, 

Ustinov 2006b). 

1. Svi fundamentalni paralelogrami (time i primitivni trogulovi) date 

reġetke imaju jednake povrġine (slika 1). 
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2. Par vektora 2121 , elekbenema
ddddd

+=+=  gdje su ZÍlknm ,,,  

generiġe reġetku ako i samo ako je generiġu i vektori $ 21,ee
hd

 

tj. ).(),( 21 eeLbaL
dd

=  kada je 1=-nkml .                                  

Primjeri reġetki sa razliļitim fundamentalnim paralelogramima prikazani 

su slikom 2. 

  

2. Pravilni mnogouglovi na reġetkama 

 

U ovom dijelu dajemo osnovne rezultate koji se odnose na pravilne 

mnogouglove upisane u cjelobrojne reġetke u ravni. Prve rezultate o 

nemoguĺnosti upisivanja pravilnog trougla u reġetku 
2Z  prema dostupnim 

izvorima dokazao je E. Lukas. U osnovi tog dokaza leģe elementarne osobine iz 

teorije djeljivosti brojeva (Lukas 1878). Odnosno, dokazana je tvrdnja. 

 

Teorem 2.1. Pravilni trougao nije moguĺe upisati u cjelobrojnu reġetku 
2Z (da su mu sva tri 

 

Slika 1. 

 

Slika 2. 
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tjemena u ļvorovima cjelobrojne reġetke). 

Dokaz: Neka date poluprave qp,  sa zajedniļkim koordinantnim 

poļetkom prolaze kroz ļvorove ),(),,( dcBbaA  reġetke 
2Z  (slika 3a). Tada je 

tangens ugla ),( qpÏ=j  izmeĽu tih polupravih racionalan broj ili nije 

definisan. Odnosno, 

QÍ
+

-
=

Ö+

-

=
+

-
=-=

bdac

bcad

a

b

c

d
a

b

c

d

tg

tgtg
tgtg

1
1

)(
b

ba
baj  

Slika 3. 

 

Pretpostavimo suprotno, da postoji jednakostrani trougao u reġetki 
2Z  

sa tjemenima u ļvorovima ),(),,(),0,0( dcBbaAO tj. trougao OABje 

jednakostraniļni trougao. Tada poluprave koje izviru iz njegovih vrhova sadrģe 

strane trougla i zatvaraju ugao od 
a60  ļiji je tangens 360 =atg .  

Kako je 3  iracionalan broj, to je suprotno sa veĺ pretpostavkom da je 

tangens ugla racionalan broj ili nije definisan. Na osnovu toga zakljuļujemo da 

pravilni trougao nije moguĺe upisati u cjelobrojnu reġetku 
2Z .Na osnovu 

pokazanog, jasno je da se ni pravilni ġestougao ne moģe takoĽe upisati u 

ortogonalnu reġetku 
2Z. Pravilni trougao i ġestougao moģemo upisati u reġetku 

3Z. Dakle, u reġetki 2Z  se moģemo upisati kvadrat, ali ne i pravilni trougao. 

MeĽutim reġetka ļiji je fundamentalni paralelogram romb duģine stranice 1 i 

oġtri ugao 
a60 moģemo upisati kako pravougli trougao tako i pravilni ġestougao 

(slika 3 b). 
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Teorem 2.2. Ne postoji reġetka u kojoj istovremeno moģemo upisati 

kvadrat i pravilni trougao. 

Dokaz: Dokaģimo teoremu koristeĺi kompleksne brojeve. Neka je 

reġetka TL  generisana primitivnim trouglom ABCD sa kompleksnim brojevima  

îý

î
ü
û

îí

î
ì
ë

=Í+== 3,,,

p

ee
i

T enmnmzzL Z,, . 

Pretpostavimo da su taļke 3,2,1,0, =+= knmz kkk e  vrhovi kvadrata. 

Ne gubeĺi uopġtenost uzmimo da je 00 =z , a da su taļke 321 ,, zzz  tako 

numerisane da je 13 izz = . Iz tih jednakosti zakljuļujemo da je 

).( 1133 nminm ee +Ö=+   

Kako je 

,
2

1
)

2

3
(,

2

1

2

3

3
sin

3
cos 33333

3 innmnimiie
i

Ö+Ö+=++=+== e
pp

e
p

  i 

inmnninimiinimnmi Ö++-=-+=Ö+ÖÖ+=+ )
2

3
(

2

1

2

1

2

3
)

2

1

2

3
()( 1111111111 e

. 

Zamijenimo li to u jednakost 13 izz = , nakon izjednaļavanja dobijamo 

sistem jednaļina 

.32

32

133

311

nnm

nnm

-=+

=+
 

Rjeġavanjem sistema, nalazimo da je 031 ==nn  ġto je nemoguĺe, jer 

bi to znaļilo da sve taļke 310 ,, zzz  leģe na jednoj, realnoj, pravoj. Dobijenom 

protivrjeļnoġĺu zavrġavamo dokaz. 

Odgovor na pitanje koje pravilne mnogouglove moģemo upisati u 

cjelobrojnu mreģu  

dao je Scherrer (1946: 97ï98) ne znajuĺi pri tom niġta o radovima 

Schenberga (1937: 48ï55) koji je na to pitanje odgovorio joġ 1937. godine. To 

pitanje je Egorov povezao sa iracionalnoġĺu trigonometrijskih funkcija (Egorov 

1974). 

Dakle, jedan kvadrat sa vrhovima u ļvorovima cjelobrojne reġetke 
2Z  

moģe se upisati i to na mnogo naļina, dok se u reġetki ļiji fundamentalni 

paralelogram ima ugao od 
a60  izmeĽu svojih strana moģe upisati i trougao i 

ļetverougao. Jednostavno se pokazuje da reġetka u kojoj bi se mogao upisati 

pravilni petougao ne postoji. 

Zaista, ako pretpostavimo suprotno, da takva reġetka postoji i da se 

vrhovi pravilnog petougla nalaze u ļvorovima reġetke 
2Z . Konstruiġemo li 

dijagonale tog pravilnog petougla one se, kao ġto je poznato, sijeku u taļkama 
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koje su vrhovi novog petougla, a koji ima manju stranicu od polaznog. Svaki vrh 

novog petougla, oznaļimo ih sa 11111 ,,,, EDCBA , javlja se ļetvrtim vrhom 

paralelograma ļija su tri vrha vrhovi polaznog petougla koji leģe u ļvorovima 

reġetke. Duģina stranica manjeg petougla povezana je sa duģinom stranice veĺeg 

koeficijentom k , tj. vrijedi kABBA =11 . Konstrukcijom dijagonala manjeg 

petougla 11111 ,,,, EDCBA dobili bismo joġ manji petougao sa vrhovima na 

ļvorovima reġetke itd. To nas dovodi do protivrjeļnosti da smo izabrali pravilni 

petougao sa najmanjom stranicama. Dakle, nema reġetke u kojoj moģemo 

nacrtati pravilni petougao. Za ostale pravilne mnogouglove vrijedi teorem koju 

ovdje navodimo bez dokaza, a za dokaz vidjeti: Vavilov, Ustinov 2006b. 

Teorem 2.3. Pravilni n-tougao za NÍ>= nnn ,6,5  ne moģe se upisati 

nijednoj cjelobrojnoj reġetki. 

 

3. Polupravilni mnogouglovi upisani u cjelobrojne reġetke 

 

Mnogougao koji ima ili sve strane (a razliļite uglove), ili sve uglove 

jednake (a razliļite strane) nazivamo polupravilnim mnogouglom. Na primjer, 

polupravilni jednakougaoni ļetverougao je pravougaonik, ļiji su svi unutraġni 

uglovi pravi, ili polupravilni jednakostrani ļetverougao je romb koji ima sve 

strane jednake, a untraġnje uglove razliļite. 

Dakle, ako bi sa sM oznaļili skup svih jednakostranih mnogouglova, a 

sa uM skup svih jednakougaonih mnogouglova, tada bi usp MMM Æ=  

predstavljao skup svih pravilnih mnogouglova. Ovdje ne razmatramo pitanje 

konveksnosti mnogouglova. Problematika polupravilnih mnogouglova na 

reġetkama se dakle moģe posmatrati u dvije odvojene grupe: grupu 

jednakougaonih i grupu jednakostranih. Pitanjem rasporeda ove dvije klase 

mnogouglova na reġetki 
2Z  bave se u posljednje vrijeme Vavilov i Ustinov 

(2006a, 2006b) a neġto ranije Ball (1973) koji je za tu klasu mnogouglova i 

formulisao i dokazao niz vaģnih stavova. 

 

3.1. Jednakougaoni polupravilni mnogouglovi 

 

Razmotrimo polupravilne mnogouglove sa jednakim unutraġnjim 

uglovima, a razliļitim stranama. Primjer jednog ļetverostranog polupravilnog 

mnogougla je pravougaonik sa untraġnjim uglovima od 
a90 . Razmatranje 

jednakougaonih mnogouglova oslanja se na stav o iracionalnosti vrijednosti 

trigonometrijskih funkcija koji glasi: sa iskljuļenjem nekih vrijednosti ugla j 

trigonometrijske funkcije imaju iracionalne vrijednosti. Prvo pokaģimo da 

vrijedi teorem. 
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Teorem 3.1. Brojevi ö
÷

õ
æ
ç

å

n
tg
p2

za prirodne vrijednosti n  se uvijek 

javljaju iracionalnim sa iskljuļenjem sluļaja 8,4,2,1=n . 

 

Dokaza: Matematiļkom indukcijom se lako pokaģe da vrijedi i formula 

 

?

?

-Ö+Ö-

-Ö-Ö-Ö
==

--

---

aaaaa

aaaaaa

a

a
a

444222

55533311

sincossincoscos

sincossincossincos

)cos(

)sin(
)(

n

n

n

n

n

n

n

n

n

n

n

CC

CCC

n

n
ntg

 

(3.1) 

ù
ù

ú

ø

é
é

ê

è
-Ööö

÷

õ
ææ
ç

å
+Ööö

÷

õ
ææ
ç

å
-Ö

ù
ú

ø
é
ê

è
-Ööö

÷

õ
ææ
ç

å
-Ööö

÷

õ
ææ
ç

å
-öö
÷

õ
ææ
ç

å
ÖÖ

=

----

-----

?

?

aaaaa

aaaaaa

4422

2

44221

sincos
4

sincos
2

1cos

sincos
5

sincos
31

sincos

nn

nnn

n

n

n

 

gdje je 
)!(

!

kn

n

k

n
Ck

n
-

=öö
÷

õ
ææ
ç

å
= . Koristeĺi formulu (3.1) pokaģimo da 

teorema vrijedi.  

Kako za 
n

p
a

2
= vrijedi  )(

2
)2(0 a

p
p ntg

n
ntgtg =ö

÷

õ
æ
ç

å
Ö==  iz 

jednaļine (3.1) imamo da je  

0)( =antg  ako i samo ako je 

(3.2)          

( ) 01
53

1
2

1
42 =ù

ú

ø
é
ê

è
-+-öö

÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
-Ö -

-

aaaa n
n

tgtg
n

tg
n

ntg ?  

 i pri tome je ( ) 01
42

1 1
2

1
42 ¸-+-öö

÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
- -

-

aaa n
n

tgtg
n

tg
n

? . 

Uzmimo da je
n

tgx
p2

= . Tada je jednaļina (3.2) ekvivalentna sistemu 

jednaļina 

0=x  ili   ( ) 01
53

1
2

1
42 =-+-öö
÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
- -

-
n

n

xx
n

x
n

n ?  

Iz prve jednaļine nalazimo da je  

k
nk

n
kk

nn
tgx

22
,

2
0

2
=Ý=ÚÍ=Ú== Zp

pp
. 
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Kako je NÍn , moguĺe vrijednosti za n  su 1 i 2 , ġto ne zadovoljava 

pretpostavku da je n  razliļit od { }8,4,2,1 . 

Iz druge jednaļine ( ) 01
53

1
2

1
42 =-+-öö
÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
- -

-
n

n

xx
n

x
n

n ?  vidimo 

da se 
n

tgx
p2

=  

javlja korijenom jednaļine sa cjelobrojnim koeficijentima. S obzirom na 

prirodu korijena jednaļine razlikujemo dva sluļaja: 

1. Ako je pmn Ö= , gdje je p  neparan prost broj, tada za 

pnm ==,1  iz jednaļine (3.2) slijedi 

 ( ( ) )3
2

1
22 1

53

-
-

-+-öö
÷

õ
ææ
ç

å
+öö
÷

õ
ææ
ç

å
= n

n

xx
nn

xn ? , odakle zakljuļujemo da 

px2
 za 

n
tgx
p2

=  ġto nije moguĺe, jer je p  neparan prost broj. Ako je 

1, >Ö= mpmn  tada, ako bi 
n

tgx
p2

=  bio racionalan broj, onda bi 

i öö
÷

õ
ææ
ç

å
=öö
÷

õ
ææ
ç

å
=ö
÷

õ
æ
ç

å
=

p
tg

mp
mtg

n
mtgx

ppp 222
 takoĽe bio racionalan, a veĺ smo 

pokazali da to nije moguĺe. 

2. Ako je 4,2 ²= kn k
, Kako je za 4=k   12

16

2
-=ö

÷

õ
æ
ç

åp
tg  

iracionalan broj, tada prema (3.2) svi brojevi oblika 4,
2

2
²ö

÷

õ
æ
ç

å
ktg

k

p
bili bi 

takoĽe iracionalni, ġto je protivrjeļno pretpostavci o korijenu jednaļine (3.2) sa 

cjelobrojnim koeficijentima. 

Koje polupravilne jednakougaone mnogouglove moģemo nacrtati u 

cjelobrojnoj reġetki 
2Z? Odgovor na to pitanje nalazi se u sljedeĺem teoremu 

koji je formulisao i dokazao Ball.  

Mi  dajemo dokaz te teoreme koristeĺi kosinusnu teoremu, analitiļki 

pristup i rezultate prethodnih stavova i teorema. 
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Teorem 3.2. Od svih moguĺih jednakougaonih mnogouglova na reġetki 

2Z  moģemo upisati  

samo pravougaonik i osmougao. 

Dokaz: 

1.Uzmimo da je jednakougaoni mnogougao sa n  stranica, NÍ> nn ,2  

upisan u reġetki 
2Z (slika 4) ļiji su vrhovi nAAAA ?,,, 321  ļvorovi te reġetke. 

Uoļimo bilo koja tri uzastopna vrha (npr. 321 ,, AAA ) tog jednakougaonog 

polupravilnog mnogougla ļije su koordinate cijeli brojevi. Stavimo da je: 

),(),,(),,( 321 feAdcAbaA , gdje su ZÍfedcba ,,,,,  cijeli brojevi, pa 

vektori odreĽeni stranama mnogougla imaju cjelobrojne koordinate. Uoļimo 

trougao 321 AAAD i vektore njegovih strana, 322211 , AAvAAv ==  kao i strane 

31AA , 313 AAv = . Oznaļimo mu unutraġnji ugao u vrhu2A  sa y, u vrhu 1A  sa 

x  i u vrhu 3A  sa y . Spoljaġnji ugao jednakougaonog polupravilnog mnogougla 

je 
n

p
j

2
=  i vrijedi odnos jpy -= . Uoļimo prave )( 21AApp= , 

)(),( 3132 AArrAAqq == . Primjenom kosinusne teoreme na stranice trougla 

321 AAAD ļije su duģine jednake duģinama vektora 21 i vv  koje meĽusobno 

zatvaraju ugao y, nalazimo da vrijedni jednakost 

(3.3) =-+= ycos2 21

2

2

2

1

2 vvvvv
n

vvvv
p2

cos2 21

2

2

2

1 ++ .  

 

Slika 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
                                 Slika 4 
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Oļito je lijeva strana jednakosti cio broj, jer je 

ZÍ-+-= 222
)()( bfaev , pa i desna strana treba biti cio broj, odnosno 

treba da vrijedi ZÍ++
n

vvvv
p2

cos2 21

2

2

2

1 . 

Kako je ZÍ-+-= 222

1 )()( bdacv  i 

ZÍ-+-= 222

2 )()( dfcev  desna strana ĺe biti cio broj ako je 

ZÍ
n

vv
p2

cos2 21  odnosno, ako je ZÍ21 vv  i ZÍ
n

p2
cos , zbog ļega 

razlikujemo sljedeĺe sluļajeve: 

(1) 0
2

cos =
n

p
 

(2)   i  1
2

cos °=
n

p
ZÍ21 vv  

(3)   i
2

1
1

2
cos °=

n

p
ZÍ21 vv . 

Analizirajmo sva tri sluļaja. 

1. Ako je 0
2

cos =
n

p
 tada je Z,Í= k

k

n
,

2

2 pp
 odnosno, 

k
n

4
= . 

Posljednja jednakost je zadovoljena jedino za 4   ili2ili1 === kkk , pa su 

moguĺe vrijednosti 1=n  ili 2=n ili 4=n . Prema uslovu je 2>n  pa jedina 

moguĺa vrijednost je 4=n i tada je 
24

2 pp
j == . Tada jednakost prelazi u 

oblik 
2

2

2

1

2
vvv += , a to vrijedi u sluļaju da je 321 AAAD  pravougli trougao, 

odnosno, jedini polupravilni jednakougaoni mnogougao koji zadovoljava traģene 

uslove je pravougaonik. 

2. U ovom sluļaju ako je ispunjen uslov da je 

  i  1
2

cos °=
n

p
ZÍ21 vv  tada je Z,Í= kk

n
,2

2
p

p
. Odavde nalazimo da 

jedino za 1=k je to moguĺe i tada je 2=n ili 1=n . Imajuĺi u vidu uslov 

2>n nijedna vrijednost za nne zadovoljava traģene uslove.  

Dakle, u ovom sluļaju nemamo nijedan jednakougaoni polupravilni 

mnogougao za koji vrijedi navedena jednakost. 

3. U ovom sluļaju uslov je ispunjen ako je 

N,Í°=°=Ö n
n

,1)
2

1
(2

2
cos2
p

. Ġto vrijedi za )13(
3

22
°Ö= k

n

pp
odnosno, 
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za 
13

6

°
=

k
n , ZÍk  odakle je 6=n , a 

a60=j . Dakle, u tom sluļaju 

unutraġnji ugao trougla321 AAAD  iznosi 
a120=y . Za ovu vrijednost n  treba da 

je i ZÍ21 vv . Kako je ,Z,Í-+-== AbdacAAv ,)()(, 22

1  i 

ZÍ-+-== BdfceBBv ,)()(, 22

2  tada je ZÍ21 vv  ako i samo 

ako BA=  ili ZÍ¸= kkAkB ,0,2
. Ako je BA=  tada je 

ZÍ-+-=-+-== 2222

21 )()()()( dfcebdacAAvv . Odavde, 

nalazimo da ta jednakost vrijedi ako je 0
2

)( =ö
÷

õ
æ
ç

å
-

+
- c

ea
ea  i 

0
2

)( =ö
÷

õ
æ
ç

å
-

+
- d

fb
fb , odnosno, ako je ( ea=  ili cea 2=+ ) i ( fb= ili 

dfb 2=+ ). Sluļaj ea= i fb=  nije moguĺ jer bi tada bilo 31 AA = , kao 

ġto nije moguĺ ni sluļaj 
2

  i
2

fb
d

ea
c

+
=

+
= , jer bi tada taļka 2A  bila 

sredina segmenta 31AA .  

Lako se pokaģe da i u ostalim sluļajevima nije moguĺe naĺi trougao za 

koji bi bio ispunjen i uslov 
a60=j . Sliļno pokaģemo da i u sluļaju 

ZÍ¸= kkAkB ,0,2
 ne postoji mnogougao za koji je ZÍ21 vv  i 

a60=j . Zaista, primijetimo da je  

[ ] 2222222 )()()()()()( kbkdkakcbdackdfce -+-=-+-=-+-

, dokaz je sliļan prvom sluļaju. Koeficijent smjera prave rqp ,,  je respektivno: 

ae

bf
k

ce

df
k

ac

bd
k rqp

-

-
=

-

-
=

-

-
= ,, . Na osnovu toga i relacije za tangens 

ugla izmeĽu dvije prave 
21

21

1 kk

kk
tg

+

-
=j  imamo da je 

))(())((

))(())((

1
1 bddfacce

cebdacdf

ac

bd

ce

df
ac

bd

ce

df

kk

kk
tg

pq

pq

--+--

-----
=

-

-
Ö

-

-
+

-

-
-

-

-

=
+

-
=j

. 

Kako je QÍjtg  ako i samo ako i samo ako je Z,Í= kk ,pj  ili 

p
p

j k+°=
4

 , odnosno za te vrijednost ugla vrijednost tangensa je ili 
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racionalan broj ili vrijednost nije definisana, a u svim ostalim sluļajevima je 

vrijednost tangensa iracionalan broj. 

Za 
n

p
j

2
= vrijednost izraza 

))(())((

))(())((

bddfacce

cebdacdf

--+--

-----
 je 

racionalan broj ako je p
p

k
n
=

2
 ZÍk  ġto je moguĺe jedino za 1=k ili 

2=k , a tada je 2=n  ili 1=n , ġto ne zadovoljava zahtjev da je 2>n . U 

suļaju da je vrijednost izraza racionalna i iznosi 1, tada bi ugao 

ZÍ= kk
n

,
2

p
p

 imao vrijednost p
p

j k+°=
4

, odakle imamo jednakost 

k
n

+=
4

12
, odnosno ZÍ

°
= k

k
n ,

14

8
, iz koje nalazimo da je jedino za 

0=k  vrijednost 8=n . Dakle, postoji joġ jedan mnogougao osim 

pravougaonika, a to je jednakougaoni polupravilni osmougao koji moģemo 

upisati cjelobrojnoj reġetki (slika 5a). Time je teorem potpuno dokazan.  

 

 
Slika 5 

 

3.2. Jednakostrani polupravilni mnogouglovi 

 

Mnogouglove koji imaju jednake stranice, a razliļite unutraġnje uglove 

nazivamo jednakostrani polupravilni mnogouglovi. Primjer takvog 

ļetvorostranog polupravilnog mnogougla je romb. Mi analiziramo neke osobine 

polupravilnih jednakostranih mnogouglova koji se mogu upisati u cjelobrojnu 

reġetku 
2Z. Dajemo dokaz teoreme, koju je dokazao D. Boll imajuĺi u vidu da 

je cjelobrojna mreģa 
2Z  kompleksna cjelobrojna Gausova ravan. 
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Teorem 3.3. Na cjelobrojnoj reġetki 
2Z  moģemo nacrtati svaki 

jednakostrani polupravilni mnogougao sa parnim brojem strana, a nijedan 

mnogougao sa neparnim brojem strana. 

 

Dokaz. Pretpostavimo suprotno, da moģemo nacrtati jednakostrani 

polupravilni mnogougao sa neparnim brojem strana, i da su mu strane najmanje 

moguĺe duģine. 

Neka je to mnogougao nAAAA ?321  i NÍ-= kkn ,12 . Svaki vrh 

mnogougla je i ļvor cjelobrojne reġetke 
2Z .Neka je Oproizvoljna cjelobrojna 

taļka u mnogouglu izabrana za koordinantni poļetak. Kordinate vrha 

nkAk ,,2,1, ?=  mnogugla oznaļimo sa ),( kk ba , a odgovarajuĺi kompleksan 

broj u Gausovoj ravni { }ZZ Í= yxyx ,),(2
 sa ),( kkk baz =  i 

nkbaibabaz kkkkkkk ,,2,1,,,),( ?=Í+== Z,  gdje su kk ba ,  

odgovarajuĺe koordinate vrhova jednakostranog mnogougla.  

Formirajmo razlike kompleksnih brojeva nzzzz ,,,, 321 ?  koji 

odgovaraju vrhovina mnogougla na sljedeĺi naļin: 

ibbaazz )()( 121212 -+-=- , 

ibbaazz )()( 232323 -+-=- ,... ibbaazz nnn )()( 111 -+-=-  

Primijetimo da ti kompleksni brojevi odgovaraju vektorima strana 

mnogougla i da im je duģina jednaka duģini strane (svi imaju iste module). 

Uvedimo oznake za te razlike respektivno sa: 

,)()( 11121212211 iyxibbaazzAA +=-+-=-==w

,,)()( 22232323322 ?iyxibbaazzAA +=-+-=-==w  

,)()( 1111 iyxibbaazzAA nnnnnnn +=-+-=-==w  gdje su 

,21AA ,32AA 1AAn?  vektori strana mnogougla. Kako za vektore strana 

mnogougla vrijedi jednakost  

0
13221 =++ AAAAAA n?  

odnosno, 

Ú=++ 021 nwww ? ( ) ( ) 02121 =+++++ nn yyyixxx ??  

Ú  021 =+++ nxxx ?  i 021 =+++ nyyy ? . 

Odavde, uzimajuĺi u obzir da je an ==== www ?21  i 

,2222
ayx kkk =+=w nk ,,2,1 ?=  dolazimo do sistema jednaļina 
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021 =+++ nxxx ?  

(3.4)  021 =+++ nyyy ?  

=+ 2

1

2

1 yx =+ 2

2

2

2 yx .222 ayx nn =+=?  

Kvadriramo li prve dvije jednaļine sistema (3.4), nakon grupisanja 

ļlanova i uzimajuĺi u obzir treĺu jednakost, nalazimo da je  

++ )( 2

1

2

1 yx ++ )( 2

2

2

2 yx 0)(2)( 22 =ä ++++
j̧i

jijinn yyxxyx? , 

odnosno 0)(22 =ä ++
j̧i

jiji yyxxna . 

Kako je po pretpostavci NÍa  ( a  je duģina stranice mnogougla ļija 

poļetna i krajnja taļka imaju cjelobrojne koordinate), i NÍn  neparan broj iz 

jednakosti 

(3.5)  ä +-=
j̧i

jiji yyxxna )(22
 

slijedi da je 
2a  paran broj. Razmotrimo sada sluļajeve: 

1 ) Ako je 
2a  djeljiv sa 4  tada su svi niyx ii ,,2,1,, ?=  parni 

brojevi ako je parna suma kvadrata. Dakle tada bismo za 

ZÍ== qpqypx ii ,,2,2  imali )(222 iqpqipyix iii +=+=Ö+=w ġto 

znaļi da bi vektor iqpi +=
2

w
 imao cijele koordinate od kojih bismo takoĽe 

mogli sastaviti jednakostrani polupravilni mnogougao ļija je stranica duplo 

manja od stranice polaznog mnogougla, ġto je supratno pretpostavci da polazni 

mnogougao ima stranicu najmanje duģine. Dakle, 
2a  nije djeljiv sa 4. 

2 ) Neka je sada 
2a  djeljiv sa 2, a nije djeljiv sa 4 .Tada bi svi 

niyx ii ,,2,1,, ?=  bili neparni. Odnosno, za  

ZÍ+=+=+=+= srqpsyrxqypx jjii ,,,,12,12,12,12  vrijedi  
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mqpqpqpyxa ii 22)(4)(4)12()12( 2222222 =++++=+++=+=

, gdje je  

Z Í++++= mqpqpm ,1)(2)(2 22
.  

Tada je ,2)12)(12()12)(12( Msqrpyyxx jiji =+++++=+ gdje 

je 1)(2)(2 ++++++= srqpqsprM . 

pa je suma na desnoj strani jednakosti (3.5) djeljiva sa 2 . Otuda ponovo 

dobijamo da 
24a  

ġto je suprotno pretpostavci da 
2a  nije djeljiv sa 4, dakle ni ovaj sluļaj 

nije moguĺ. 

Na osnovu izloģenog zakljuļujemo da se cjelobrojnoj reġetki 
2Z  moģe 

jedino upisati  

jednakostrani polupravnilni mnogougao sa parnim brojem stranica. Da 

se moģe upisati svaki jednakostrani polupravilni mnogougao na cjelobrojanoj 

reġetki 
2Z sa parnim brojem stranica, ilustrujmo na primjeru. 

 

Primjer 1. U cjelobrojnoj mreģi 
2Zizaberemo proizvoljno ļetiri taļke i 

upiġemo pravougaonik stranica cb,2 . Nad stranicama pravougaonika duģine 

b2  konstruiġemo jednakokrake trouglove visine a  ļiji je treĺi vrh ļvor reġetke, 

tako da je cba ,,  pitagorina trojka. Dobijamo mnogougao koji ima sve strane 

Tabela 1. 

n nx  
nx-  nR  

1 

2

15-
 

2

15+
 

5  

2 

2

53-
 

2

53+
 

3 

3 

2

452 -
 

2

452 +
 

52  

4 

2

57-
 

2

57+
 

7 

5 

2

1155 -
 

2

1155 +
 

55  

6 

2

518-
 

2

518+
 

18 
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duģine c. Odnosno, na taj naļin smo upisali ġestougaoni jednakostrani 

mnogougao na reġetki 
2Z  stranice c. Sliļnim postupkom lako se upiġe u 

reġetku i drugi jednakostrani mnogouglovi. 

 

Zadatak. (Kruģnica upisana u reġetku 
2Z ) Iz elementarne geometrije 

poznata nam je konstrukcija podjele date duģi u omjeru zlatne proporcije. Neka 

je duģ AB  

podijeljena taļkom S  u omjeru zlatne proporcije. Tada vrijedi 

x

a

xa

x

SB

AS
=

-
=  gdje je SBxaASx =-= , . Iz te jednakosti imamo 

kvadratnu jednaļinu 022 =-+ aaxx  ļije je pozitivno rjeġenje ax Ö
-

=
2

15
 

gdje je aduģina duģi AB  koja je podijeljena u omjeru zlatnog reza. Neka je 

AB  jediniļna duģ. Reciproļna vrijednost pozitivnog korijena jednaļine zlatnog 

reza ax Ö
-

=
2

15
 za jediniļnu duģ je

2

151 +
=-x . Formirajmo niz 

vrijednosti NÍ+= - nxxR nn

n ,  Nekoliko ļlanova tog niza dati su u tabeli 1. 

Pokazati da centralne kruģnice 
2

nnn Ryx =+  upisane cjelobrojnoj reġetki sadrģe 

8 taļaka ako je n  neparan broj, a ako je n  paran broj sadrģe 4 cjelobrojne taļke. 
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ʈʘʜʦʩʣʘʚ ɺ. ʄʠʣʦʰʝʚʠ˂
*
 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʀʩʪʦʯʥʦʤ ʉʘʨʘʿʝʚʫ 

ʌʠʣʦʟʦʬʩʢʠ ʬʘʢʫʣʪʝʪ ʇʘʣʝ 

ʂʘʪʝʜʨʘ ʟʘ ʤʘʪʝʤʘʪʠʢʫ ʠ ʨʘʯʫʥʘʨʩʪʚʦ 

 

ʇʨʝʛʣʝʜʥʠ ʨʘʜ 

 

ʅɽʂɽ ʅʆɺʀɱɽ ʀʅʊɽʈʇʈɽʊɸʎʀɱɽ ɸʃɻɽɹʈɽ ʀʉʂɸɿɸ 

 
    Ăʋ ʧʦʯʝʪʢʫ ʙʿʝʰʝ ʨʠʿʝʯ (ʣʦʛʦʩ) 

ʠ ʨʠʿʝʯ (ʣʦʛʦʩ) ʙʿʝʰʝ ʫ ɹʦʛʘ 

  ʠ ɹʦʛ ʙʿʝʰʝ ʨʠʿʝʯ (ʣʦʛʦʩ)ñ. 

        (ʉʚ. ɱʝʚ. ʧʦ ɱʦʚ. 1 ) 

ʋʚʦʜ 

 

ʄʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ ʿʝ ʥʘʫʢʘ ʯʠʿʠ ʩʫ ʧʨʝʜʤʝʪ ʧʨʦʫʯʘʚʘˁʘ 

ʤʘʪʝʤʘʪʠʯʢʠ ʜʦʢʘʟʠ. ʆʙʿʝʢʪʠ ʠʩʧʠʪʠʚʘˁʘ ʤʘʪʝʤʘʪʠʯʢʝ ʣʦʛʠʢʝ ʩʫ ʠʩʢʘʟʠ 

(ʩʫʜʦʚʠ), ʩ ʢʦʿʠʤʘ ʩʝ ʚʨʰʝ ʦʧʝʨʘʮʠʿʝ ʩʣʠʯʥʦ ʦʧʝʨʘʮʠʿʘʤʘ ʩʘ ʙʨʦʿʝʚʠʤʘ ʫ 

ʘʣʛʝʙʨʠ. ʄʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ ʩʝ ʧʦʥʝʢʘʜ ʥʘʟʠʚʘ ʠ ʤʝʪʘʤʘʪʝʤʘʪʠʢʘ. 

ʄʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ ʩʝ ʧʨʠʤʿʝˁʫʿʝ ʫ ʪʝʦʨʠʿʠ ʝʣʝʢʪʨʦʥʩʢʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ 

ʤʘʰʠʥʘ (ʨʘʯʫʥʘʨʘ).  

ɼʘʥʘʩ ʩʝ ʧʦʜ ʫʢʫʧʥʠʤ ʥʘʟʠʚʦʤ (ʣʦʛʠʯʢʠʭ) ʦʩʥʦʚʘ ʤʘʪʝʤʘʪʠʢʝ 

ʧʦʜʨʘʟʫʤʠʿʝʚʘ, ʧʦʨʝʜ ʣʦʛʠʮʠʟʤʘ, ʬʦʨʤʘʣʠʟʤʘ ʠ ʠʥʪʫʠʮʠʦʥʠʟʤʘ ï ʿʦʰ 

ʯʠʪʘʚ ʥʠʟ ʜʘˀʠʭ ʤʘʪʝʤʘʪʠʯʢʦ-ʣʦʛʠʯʢʠʭ ʪʝʦʨʠʿʘ. 

ʅʦʚʠʿʠ ʨʘʟʚʦʿ ʤʘʪʝʤʘʪʠʢʝ ʧʦʢʘʟʘʦ ʿʝ ʜʘ ʢʣʘʩʠʯʥʝ ʤʝʪʦʜʝ ʣʦʛʠʯʢʦʛ 

ʨʘʩʫʹʠʚʘˁʘ ʢʦʿʠʤʘ ʩʝ ʤʥʦʛʦ ʚʠʿʝʢʦʚʘ ʩʣʫʞʠʣʦ, ʥʠʩʫ ʫ ʦʥʦʤ ʩʤʠʩʣʫ 

ʜʠʩʢʫʪʘʙʠʣʥʝ ʢʘʦ ʰʪʦ ʩʝ ʪʦ ʥʝʢʘʜ ʤʠʩʣʠʣʦ. ʇʦʿʘʚʘ ʘʥʪʠʥʦʤʠʿʘ ʠʣʠ 

ʧʘʨʘʜʦʢʩʘ ʫ ʪʝʦʨʠʿʠ ʩʢʫʧʦʚʘ ʧʦʩʝʙʥʦ ʿʝ ʧʦʢʘʟʘʣʘ ʜʘ ʩʝ ʦ ʙʝʩʢʦʥʘʯʥʠʤ 

ʩʢʫʧʦʚʠʤʘ ʥʝ ʤʦʞʝ ʫʚʠʿʝʢ ʨʘʩʫʹʠʚʘʪʠ ʥʘ ʦʩʥʦʚʫ ʧʨʘʚʠʣʘ ʢʣʘʩʠʯʥʝ ʣʦʛʠʢʝ 

ʘʧʩʪʨʘʭʦʚʘʥʝ ʦʜ ʦʧʝʨʠʩʘˁʘ ʩʘ ʢʦʥʘʯʥʠʤ ʩʢʫʧʦʚʠʤʘ. ʂʘʦ ʧʦʩˀʝʜʠʮʘ 

ʥʘʩʪʘʣʝ ʩʠʪʫʘʮʠʿʝ ʨʘʟʚʠʿʝʥʦ ʿʝ ʥʝʢʦʣʠʢʦ ʧʨʦʛʨʘʤʘ ʨʝʢʦʥʩʪʨʫʢʮʠʿʝ 

ʤʘʪʝʤʘʪʠʢʝ ʠ ʤʘʪʝʤʘʪʠʯʢʦ-ʣʦʛʠʯʢʦʛ ʨʘʩʫʹʠʚʘˁʘ ʫʦʧʰʪʝ.  

ʀʟ ʪʦʛ ʢʦʥʪʝʢʩʪʘ ʦ ʤʝʪʦʜʘʤʘ ʠ ʨʝʟʫʣʪʘʪʠʤʘ ʩʘʚʨʝʤʝʥʝ ʤʘʪʝʤʘʪʠʯʢʝ 

ʣʦʛʠʢʝ ʫ ʦʚʦʤ ʨʘʜʫ ʠʟʜʚʦʿʠ˂ʝʤʦ ʤʘˁʝ ʧʦʟʥʘʪʝ ʥʦʚʠʿʝ ʠʥʪʝʨʧʨʝʪʘʮʠʿʝ 

ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ. 

 

ʉʢʫʧʦʚʥʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ 

 

ʇʦʩʪʦʿʠ ʫʩʢʘ ʚʝʟʘ ʠʟʤʝʹʫ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʠ ʘʣʛʝʙʨʝ ʩʢʫʧʦʚʘ: ʅʝʢʘ ʿʝ 

U ʥʝʢʠ ʥʝʧʨʘʟʥʠ ʩʢʫʧ, A, B, C,... ʥʝʢʘ ʩʫ ˁʝʛʦʚʠ ʧʦʜʩʢʫʧʦʚʠ. ʇʨoʚʝʜʠʤʦ 

ʦʚʘ ʧʨʠʜʨʫʞʝˁʘ 

(cA = U  - A):  

                                                 
*
 radoslav_milosevic@yahoo.com 
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( )

( ) ( )

,

& ,

,

,

,

A cA

A B A B

A B A B

A B cA B

A B cA B cB A

× ª

ª Æ

Ù ª Ç

Ý ª Ç

Ú ª Ç Æ Çè ø è øê ú ê ú

 

( ) ( )

( )

( )

,

,

A B A cB B cA

A B c A B

A B c A B

è øÙ ª Æ Ç Æè øê úê ú

¬ ª Æ

® ª Ç

 

ʠ ʧʨʦʰʠʨʠʤʦ ʠʭ ʨʝʢʫʨʟʠʚʥʦ ʥʘ ʬʦʨʤʫʣʝ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ. ʊʘʜʘ ˂ʝ 

ʬʦʨʤʫʣʘ A ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʙʠʪʠ ʠʜʝʥʪʠʯʢʠ ʠʩʪʠʥʠʪʘ ʦʥʜʘ ʠ ʩʘʤʦ ʦʥʜʘ ʘʢʦ 

ʟʘ ˁʦʿ ʧʨʠʜʨʫʞʝʥʫ ʬʦʨʤʫʣʫ A ' ʘʣʛʝʙʨʝ ʩʢʫʧʦʚʘ ʚʨʠʿʝʜʠ A ' = U.   

ʅʧʨ. ( ) ( )cAAAA Çª×Ù =U,  ( ) ( )( )cAAcAA Æª×Ø× =U. 

 

ʀʥʪʝʨʧʨʝʪʘʮʠʿʘ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʧʦ ʤʦʜʫʣʫ 2 

 

ʇʨʠʜʨʫʞʠʤʦ ʚʨʠʿʝʜʥʦʩʪʠ ʠʩʪʠʥʠʪʦʩʪʠ  ˟ ʙʨʦʿ 1, ʘ ʚʨʠʿʝʜʥʦʩʪʠ 

ʠʩʪʠʥʠʪʦʩʪʠ  ̂ ʙʨʦʿ 0. ʊʘʜʘ ʿʝ( )( )AA tt +=× 1  (ʤʦʜ 2), 

( )()()BABA ttt Ö=Ø (ʤʦʜ 2), ( ) )( BABABA ttttt Ö++=Ù (ʤʦʜ 2) ʠʪʜ. 

ʌʦʨʤʫʣʘ A ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʙʠ˂ʝ ʠʜʝʥʪʠʯʢʠ ʠʩʪʠʥʠʪʘ ʦʥʜʘ ʠ ʩʘʤʦ ʦʥʜʘ ʘʢʦ 

ʿʝ tA ¹1 (ʤʦʜ 2). 

 

ɸʨʠʪʤʝʪʠʯʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ 

 

ʇʨʠʜʫʞʠʤʦ ʦʧʝʪ ʚʨʠʿʝʜʥʦʩʪʠ ʠʩʪʠʥʠʪʦʩʪʠ  ˟ʙʨʦʿ 1, ʘ ʚʨʠʿʝʜʥʦʩʪʠ 

ʠʩʪʠʥʠʪʦʩʪʠ  ̂ʙʨʦʿ 0. ʊʘʜʘ ʿʝ:  

( )

( )
( )
( )

( )
( )

( )
( ) BABABA

BABA

BABABA

BABABA

BAABA

BABABA

BABA

AA

ttttt

ttt

ttttt

ttttt

tttt

ttttt

ttt

tt

Ö++-=®

Ö-=¬

Ö-+=Ù

Ö+--=Ú

Ö+-=Ý

Ö-+=Ù

Ö=Ø

-=×

1

,1

,2

,21

,1

,

,

,1
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ʌʦʨʤʫʣʘ A ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʙʠ˂ʝ ʠʜʝʥʪʠʯʢʠ ʠʩʪʠʥʠʪʘ ʦʥʜʘ ʠ ʩʘʤʦ 

ʦʥʜʘ ʘʢʦ ʿʝtA ¹1 ʅʧʨ. (ʟʙʦʛ tA = 0 ʠʣʠ 1 ʫʚʠʿʝʢ ʿʝ() AA tt =
2

 ʠʪʜ.): ʅʝʢʘ 

ʿʝ 

A ¹( ) ( )( );ABABA ×Ý×ÝÝÝ  ʦʟʥʘʯʠʤʦ bBaA == tt , . ʊʘʜʘ 

ʿʝ: 

( ) ( ) ( )( )

( )( ) ( )( ) ( )( )( )

1

1 1 1 1 1 1 1 1 1 1

A A B A B A B A

a ab a ab a a b a a b a

t t t t= - Ý + Ý Ö Ý× Ý× =

è ø= - - + + + + - - + - + - + - - ¹ê ú

 

ʀʥʪʝʨʧʨʝʪʘʮʠʿʘ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʝʣʝʢʪʨʠʯʥʠʤ ʩʢʣʦʧʦʚʠʤʘ ʩʘ 

ʧʨʝʢʠʜʘʯʠʤʘ 

 

ʇʨʠʜʨʫʞʠʤʦ ʚʘʨʠʿʘʙʣʘʤʘ ʩʫʜʦʚʘ ʧʨʝʢʠʜʘʯʝ; ʚʨʠʿʝʜʥʦʩʪʠ 

ʠʩʪʠʥʠʪʦʩʪʠ  ˟ʠʩʢʘʟʘ ʥʝʢʘ ʦʜʛʦʚʘʨʘ ʭʦʨʠʟʦʥʪʘʣʥʠ ʧʦʣʦʞʘʿ ʧʨʝʢʠʜʘʯʘ ï ʘ 

ʚʨʠʿʝʜʥʦʩʪʠ ʠʩʪʠʥʠʪʦʩʪʠ  ̂ʥʝʢʘ ʦʜʛʦʚʘʨʘ ʚʝʨʪʠʢʘʣʥʠ ʧʦʣʦʞʘʿ ʧʨʝʢʠʜʘʯʘ 

|.  

ʉʣʦʞʝʥʠʤ ʩʫʜʦʚʠʤʘ ʧʨʠʜʨʫʞʠ˂ʝʤʦ ʩʢʫʧʦʚʝ ʩ ʦʜʛʦʚʘʨʘʿʫ˂ʠʤ 

ʧʨʝʢʠʜʘʯʠʤʘ ʪʘʢʦ ʜʘ ʚʨʠʿʝʜʥʦʩʪʠ ʠʩʪʠʥʠʪʦʩʪʠ  ˟ʩʣʦʞʝʥʦʛ ʠʩʢʘʟʘ ʦʜʛʦʚʘʨʘ 

ʧʨʦʣʘʞʝˁʝ ʩʪʨʫʿʝ ʢʨʦʟ ʩʢʣʦʧ (Ăʭʦʨʠʟʦʥʪʘʣʥʦñ), ʘ ʚʨʠʿʝʜʥʦʩʪʠ ʠʩʪʠʥʠʪʦʩʪʠ 

 ̂ʥʝʤʦʛʫ˂ʥʦʩʪ ʧʨʦʣʘʞʝˁʘ ʩʪʨʫʿʝ ʢʨʦʟ ʩʢʣʦʧ. ʉʢʣʦʧʦʚʠ ʩʫ ʪʘʜʘ ʥʧʨ. ʦʚʠ:  

 

A×  BAØ  BAÙ  BAÝ  BAÚ  

    

 

 

 

 

 

 

 

 

BAÙ  BA¬  BA®    

 

 

 

 

    

  

  

 

ɱʝʜʥʘʢʦʩʪʠ ʬʦʨʤʫʣʘ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʦʜʛʦʚʘʨʘ Ăʿʝʜʥʘʢʦ 

ʬʫʥʢʮʠʦʥʠʩʘˁʝñ ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʩʢʣʦʧʦʚʘ; ʥʧʨ. ʟʙʦʛ 

( )( )( )CABACBA ØÙØ=ÙØ  ʩʢʣʦʧʦʚʠ ʬʫʥʢʮʠʦʥʠʰʫ ʿʝʜʥʘʢʦ. ʊʘʢʦʹʝ 

ʧʨʝʤʘ ʨʘʥʠʿʝʤ ʿʝʜʥʘʢʦ ʬʫʥʢʮʠʦʥʠʰʫ ʩʢʣʦʧʦʚʠ. 

A 

B 
A 

A B 

A 

B 

A B 

A 

B 

A 

B 

A 
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ʇʝʨʬʝʢʪʥʘ ʜʠʩʿʫʥʢʪʠʚʥʘ ʦʜʥʦʩʥʦ ʧʝʨʬʝʢʪʥʘ ʢʦʥʿʫʢʪʠʚʥʘ ʬʦʨʤʘ 

ʦʤʦʛʫ˂ʫʿʫ ʜʘ ʩʝ ʟʘ ʙʠʣʦ ʢʦʿʫ ʟʘʜʘʥʫ ʬʫʥʢʮʠʿʫ ʘʣʛʝʙʨʝ ʠʩʢʘʟʘ ʢʦʥʩʪʘʪʫʿʫ 

ʩʢʫʧʦʚʠ ʢʦʿʠ ˂ʝ ʬʫʥʢʮʠʦʥʠʩʘʪʠ ʥʘ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʥʘʯʠʥ.  

ɸʣʛʝʙʨʘ ʠʩʢʘʟʘ ʫ ʫʩʢʦʿ ʿʝ ʚʝʟʠ ʠ ʩʘ ɹʫʣʦʚʦʤ ʘʣʛʝʙʨʦʤ ʠ ɹʣʦʚʠʤ 

ʧʨʩʪʝʥʠʤʘ ʫ ʰʪʦ ʦʚʜʿʝ ʥʝ˂ʝʤʦ ʫʣʘʟʠʪʠ. 

 

ʃʠʪʝʨʘʪʫʨʘ 

 

ɸʚʨʘʤʦʚ 1970: ɸʚʨʘʤʦʚ ɼ. ɸ., ʄʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ ʠ ʩʢʫʧʦʚʠ, ʊʝʭʥʠʯʢʘ 

ʢˁʠʛʘ, ɿʘʛʨʝʙ. 

ɻʠʣʝʟʘʥ, ʃʘʪʠʥʦʚʠ˂ 1977: ɻʠʣʝʟʘʥ ʂ., ɹ. ʃʘʪʠʥʦʚʠ˂, ɹʫʣʦʚʘ ʘʣʛʝʙʨʘ ʠ 

ʧʨʠʤʿʝʥʝ, ʄʘʪʝʤʘʪʠʯʢʠ ʠʥʩʪʠʪʫʪ, ɹʝʦʛʨʘʜ. 

ɼʝʚʠʜʝ 1964: ɺʣʘʜʠʤʠʨ ɼʝʚʠʜʝ: ʄʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ, ʄʘʪʝʤʘʪʠʯʢʠ 

ʠʥʩʪʠʪʫʪ, ɹʝʦʛʨʘʜ.  

ʂʘʣʫʞʥʠʥ 1971: ʃ. ɸ. ʂʘʣʫʞʥʠʥ: ʐʪʦ ʿʝ ʤʘʪʝʤʘʪʠʯʢʘ ʣʦʛʠʢʘ, (ʧʨʝʚʦʜ: ɼ. 

ʉʪʦʰʠ˂), ʐʢʦʣʩʢʘ ʢˁʠʛʘ, 3ʘʛʨʝʙ. 

ʅʦʚʠʢʦʚ 1959: ʇ. ʉ. ʅʦʚʠʢʦʚ, ʕʣʝʤʝʥʪʳ ʤʘʪʠʤʘʪʝʯʩʢʦʡ ʣʦʛʠʢʠ, 

ʌʠʟʤʘʪʛʠʟ, ʄ. 

ʇʨʝʰʠ˂ 1968: ʉʣʘʚʠʰʘ ɹ. ʇʨʝʰʠ˂: ɽʣʝʤʝʥʪʠ ʤʘʪʝʤʘʪʠʯʢʝ ʣʦʛʠʢʝ, 3ʘʚʦʜ 
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ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʇʨʠʰʪʠʥʠ 

ʋʯʠʪʝˀʩʢʠ ʬʘʢʫʣʪʝʪ ʇʨʠʟʨʝʥ ï ʃʝʧʦʩʘʚʠ˂ 

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʌʈʆɹɽʅʀʋʉʆɺɸ ɻʈʋʇɸ ʈɽɼɸ 20 ʀ  

ʇʈʆɱɽʂʊʀɺʅɸ ʈɸɺɸʅ ʈɽɼɸ 9 

 
1. ʅʝʢʝ ʜʝʬʠʥʠʮʠʿʝ ʠ ʨʝʟʫʣʪʘʪʠ 

  

ʉʪʨʫʢʪʫʨʘ ʠʥʮʠʜʝʥʮʠʿʝ ʿʝ ʪʨʦʿʢʘ D = (V, B, I), ʛʜʝ ʩʫ V ʠ B 

ʜʠʩʿʫʥʢʪʥʠ ʩʢʫʧʦʚʠ ʠ I Ì   V ³ B. ɽʣʝʤʝʥʪʠ ʩʢʫʧʘ V ʟʦʚʫ ʩʝ ʪʘʯʢʝ, 

ʝʣʝʤʝʥʪʠ ʩʢʫʧʘ B ʟʦʚʫ ʩʝ ʙʣʦʢʦʚʠ. ɸʢʦ ʿʝ A ʪʘʯʢʘ ʩʢʫʧʘ V ʦʥʜʘ ʩʢʫʧ ʩʚʠʭ 

ʙʣʦʢʦʚʘ ʢʦʿʠ ʩʫ ʠʥʮʠʜʝʥʪʥʠ ʩʘ ʪʘʯʢʦʤ A ʦʟʥʘʯʘʚʘ ʩʝ ʩʘ (A). ʊʘʢʦ ʿʝ 

 

(A) = {b: b Í  B, A I b}.  

 

ɼʘˀʝ, ʟʘ A1, A2, é, An, ʩʢʫʧ ʩʚʠʭ ʙʣʦʢʦʚʘ ʠʥʮʠʜʝʥʪʥʠʭ ʩʘ ʩʚʠʤ 

ʪʘʯʢʘʤʘ A1, A2, é, An ʦʟʥʘʯʘʚʘ ʩʝ ʩʘ  (A1, A2, é, An). ʊʘʢʦ ʿʝ 

(A1, A2, é, An) = {b: b Í B, Ai I b for all i Í Nn},  

ʛʜʝ ʿʝ N ʩʢʫʧ ʩʚʠʭ ʧʦʟʠʪʠʚʥʠʭ ʮʝʣʠʭ ʙʨʦʿʝʚʘ, Nn = {1, 2, é, n}. 

ɼʫʘʣʥʦ, ʟʘ b, b1, b2, é, bnÍ  B, 

(b) = {A: A Í  V, A I b},  

(b1, b2, é, bn) = {A: A Í V, A I b for all i Í Nn}.  

ʄʠ ˂ʝʤʦ ʨʘʟʤʘʪʨʘʪʠ ʩʪʨʫʢʪʫʨʝ ʠʥʮʠʜʝʥʮʠʿʝ ʫ ʢʦʿʠʤʘ ʩʫ ʨʘʟʣʠʯʠʪʠ 

ʙʣʦʢʦʚʠ ʠʥʮʠʜʝʥʪʥʠ ʩʘ ʨʘʟʣʠʯʠʪʠʤ ʩʢʫʧʦʚʠʤʘ ʪʘʯʘʢʘ. ʉʚʘʢʠ ʙʣʦʢ b ʩʝ 

ʠʮʝʥʪʠʬʠʢʫʿʝ ʩʘ ʩʢʫʧʦʤ ʪʘʯʘʢʘ (b)  ʘ ʨʝʣʘʮʠʿʘ ʠʥʮʠʜʝʥʮʠʿʝ ʠʜʝʥʪʠʬʠʢʫʿʝ 

ʩʝ ʩʘ ʦʙʠʯʥʦʤ ʨʝʣʘʮʠʿʦʤ Í. 

 

ɼʝʬʠʥʠʮʠʿʘ 1. ʉʪʨʫʢʪʫʨʘ ʠʥʮʠʜʝʥʮʠʿʝ P = (V, B, I) ʟʦʚʝ ʩʝ 

ʧʨʦʿʝʢʪʠʚʥʘ ʨʘʚʘʥ ʘʢʦ ʠ ʩʘʤʦ ʘʢʦ ʠʩʧʫˁʘʚʘ ʩʣʝʜʝ˂ʝ ʘʢʩʠʦʤʝ: 

(P. 1) ɹʠʣʦ ʢʦʿʝ ʜʚʝ ʨʘʟʣʠʯʠʪʝ ʪʘʯʢʝ ʩʧʦʿʝʥʝ ʩʫ ʩʘ ʪʘʯʥʦ ʿʝʜʥʦʤ 

ʧʨʘʚʦʤ. 

(P. 2) ɹʠʣʦ ʢʦʿʝ ʜʚʝ ʨʘʟʣʠʯʠʪʝ ʧʨʘʚʝ ʩʝʢʫ ʩʝ ʪʘʯʥʦ ʫ ʿʝʜʥʦʿ ʪʘʯʢʠ. 

(P. 3) ʇʦʩʪʦʿʠ ʯʝʪʚʦʨʦʫʛʘʦ, ʪʿ. 4 ʪʘʯʢʝ ʦʜ ʢʦʿʠʭ ʙʠʣʦ ʢʦʿʝ ʪʨʠ ʥʠʩʫ 

ʥʘ ʟʘʿʝʜʥʠʯʢʦʿ ʧʨʘʚʦʿ.  

ʉʣʝʜʝ˂ʘ ʪʝʦʨʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ ʫ [1]. 

 

Tʝʦʨʝʤʘ 1. ʅʝʢʘ ʿʝ P = (V, B, I) ʢʦʥʘʯʥʘ ʧʨʦʿʝʢʪʠʚʥʘ ʨʘʚʘʥ. ʇʦʩʪʦʿʠ 

ʧʨʠʨʦʜʥʠ ʙʨʦʿ n, ʟʦʚʝ ʩʝ ʨʝʜ ʨʘʚʥʠ  P, ʢʦʿʠ ʠʩʧʫˁʘʚʘ: 

a)  æ(A)æ = æ(g)æ = n +1           ʟʘ ʩʚʝ A Í V ʠ g Í B; 

b) æVæ  =  æBæ = n
2
 + n + 1. 

                                                 
*
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ʂʦʥʘʯʥʘ ʧʨʦʿʝʢʪʠʚʥʘ ʨʘʚʘʥ ʨʝʜʘ n ʦʟʥʘʯʘʚʘ ʩʝ ʩʘ S(2, n + 1, n
2
 + n 

+1). 

 

2. ʂʦʥʩʪʨʫʢʮʠʿʘ ʧʨʦʿʝʢʪʠʚʥʝ ʨʘʚʥʠ ʨʝʜʘ ʜʝʚʝʪ 

 

ʊʝʦʨʝʤʘ 2. ɻʨʫʧʘ ʌʨʦʙʝʥʠʫʩʘ G ʨʝʜʘ 20 ʜʝʣʫʿʝ ʥʘ ʧʨʦʿʝʢʪʠʚʥʫ 

ʨʘʚʘʥ P ʨʝʜʘ ʜʝʚʝʪ ʢʘʦ ʛʨʫʧʘ ʢʦʣʠʥʝʘʮʠʿʘ. ʂʦʨʠʩʪʝ˂ʠ ʦʚʦ ʜʝʣʦʚʘˁʝ ʨʘʚʘʥ P 

ʩʝ ʤʦʞʝ ʢʦʥʩʪʨʫʠʩʘʪʠ. 

  

ɼʦʢʘʟ. ʅʝʢʘ ʿʝ 

G = 
129 ,1/, -=== rrarar a

. 

ɻʨʫʧʘ ʌʨʦʙʝʥʠʫʩʘ ʨʝʜʘ 20 ʢʦʿʘ ʜʝʣʫʿʝ ʥʘ ʧʨʦʿʝʢʪʠʚʥʫ ʨʘʚʘʥ P ʨʝʜʘ 

9 ʢʘʦ ʛʨʫʧʘ ʢʦʣʠʥʝʘʮʠʿʘ. ʈʘʚʘʥ P ʠʤʘ 9
2
 + 9 + 1 = 91 ʪʘʯʘʢʘ ʠ ʠʩʪʦ ʪʦʣʠʢʦ 

ʧʨʘʚʠʭ. ʀʟ 91 = 10
 
Ö 9 + 1 ʠ ʠʟ ʪʚʨʹʝˁʘ ʜʘ ʢʦʣʠʥʝʘʮʠʿʘ ðàr  ʜʝʣʫʿʝ 

ʩʝʤʠʨʝʛʫʣʘʨʥʦ ʥʘ ʥʝʬʠʢʩʥʠʤ ʪʘʯʢʘʤʘ ʩʣʝʜʠ ʜʘ ðàr  ʠʤʘ 9 ʦʨʙʠʪʘ ʪʘʯʘʢʘ 

ʜʫʞʠʥʝ 10 ʠ ʿʝʜʥʫ ʦʨʙʠʪʫ ʜʫʞʠʥʝ 1. ʄʦʞʝʤʦ ʫʟʝʪʠ ʜʘ ʿʝ  

r = (¤)(10, 11, 12, 
.
 
. .
 19 )(20, 21, 22, 

.
 
. .
 29 )(30, 31, 32, 

. . .
 39) 

. . . 
 (90, 91, 

92, 
. . . 

 99) 

ɻʜʝ ʩʫ 10, 11, 12, 
.  .  .

 19, 20, 21, 22, 
. . . 

 29, 30, 31, 32, 
. . .

 39, 
. . .

 90, 91, 92, 
. . .

 

99 ʩʚʝ ʪʘʯʢʝ ʨʘʚʥʠ P. 

ʀʟ ʪʝʦʨʝʤʝ ʦ ʦʨʙʠʪʘʤʘ ʩʣʝʜʠ ʜʘ  ðàr  ʠʤʘ ʠʩʪʫ ʩʪʨʫʢʪʫʨʫ ʦʨʙʠʪʘ 

ʧʨʘʚʠʭ. ʄʦʞʝʤʦ ʫʟʝʪʠ ʜʘ ʿʝ 

( )( )( )
( )( )9

9

2

999

9

3

2

333

9

2

2

222

9

1

2

111

,,,,,,,,

,,,,,,,,

rrrrrr

rrrrrrr

^?^^^?^?^^^

^?^^^^?^^^
¤̂

=
 

ʛʜʝ ʩʫ 

9

9

2

999

9

3

2

333

9

2

2

222

9

1

2

111

,,,,

,,,,,,,,,,,,,,,,,

rrr

rrrrrrrrr

^?^^^

?^?^^^^?^^^^?^^^
¤̂  

ʩʚʝ ʧʨʘʚʝ ʨʘʚʥʠ P. 

ʅʝʢʘ ʿʝ 
¤̂

 ʿʝʜʠʥʩʪʚʝʥʘ ʬʠʢʩʥʘ ʧʨʘʚʘ ʢʦʣʠʥʝʘʮʠʿʝ ðàr . ʄʦʞʝʤʦ 

ʫʟʝʪʠ ʜʘ ʿʝ 

¤̂
 = {10, 11, 12, 

. . . 
, 19}.  

ʅʝʢʘ ʿʝ 
¤̂

 ʿʝʜʠʥʩʪʚʝʥʘ ʬʠʢʩʥʘ ʧʨʘʚʘ ʢʦʣʠʥʝʘʮʠʿʝ ðàr . ʄʦʞʝʤʦ 

ʫʟʝʪʠ ʜʘ ʿʝ 

¤̂
 = {10, 11, 12, 

. . . 
, 116}.  
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ʅʝʢʘ ʿʝ 
1̂
 ʧʨʘʚʘ ʢʦʿʘ ʧʨʦʣʘʟʠ ʢʨʦʟ ¤. ʆʯʠʛʣʝʜʥʦ ʿʝ ʜʘ  

1̂
 ʩʘʜʨʞʠ 

ʧʦ ʿʝʜʥʫ ʪʘʯʢʫ ʠʟ ʩʚʘʢʝ ʦʨʙʠʪʝ ʪʘʯʘʢʘ. ɹʝʟ ʛʫʙʠʪʢʘ ʦʧʰʪʦʩʪʠ ʤʦʞʝʤʦ ʫʟʝʪʠ 

ʜʘ ʿʝ 

1̂
 = {¤,10, 20, 

. . . 
 , 90}.  

ʆʩʪʘʣʠʭ ʜʝʚʝʪ ʧʨʘʚʠʭ ʦʨʙʠʪʝ ʧʨʘʚʠʭ ʢʦʿʦʿ ʧʨʠʧʘʜʘ ʧʨʘʚʘ 
1̂
 

ʜʦʙʠʿʘʿʫ ʩʝ ʜʝʣʦʚʘˁʝʤ ʢʦʣʠʥʝʘʮʠʿʘ 9,,,, 32 rrrr ?  ʥʘ ʧʨʘʚʫ 
1̂
. ʇʨʘʚʝ  

1̂
 ʠ 

¤̂
 ʧʨʦʣʘʟʝ ʢʨʦʟ 10. ʆʩʪʘʣʠʭ ʦʩʘʤ ʧʨʘʚʠʭ 932 ,,, ^?^^  ʢʦʿʝ ʧʨʦʣʘʟʝ 

ʢʨʦʟ 10 ʣʝʞʝ ʫ ʦʩʘʤ  ʧʨʝʦʩʪʘʣʠʭ ʨʘʟʣʠʯʠʪʠʭ  ðàrï ʦʨʙʠʪʘ ʧʨʘʚʠʭ ʨʘʚʥʠ P. 

ɸʢʦ ʩʝ ʢʦʥʩʪʨʫʠʰʫ ʦʚʝ ʧʨʘʚʝ ʦʥʜʘ ʧʨʝʦʩʪʘʣʝ ʩʚʝ ʧʨʘʚʝ ʨʘʚʥʠ P ʩʝ ʜʦʙʠʿʘʿʫ 

ʜʝʣʦʚʘˁʝʤ ʢʦʣʠʥʝʘʮʠʿʘ 
932 ,,,, rrrr ?  ʥʘ ʧʨʘʚʝ 932 ,,, ^?^^ . ʀʟ 

ʫʩʣʦʚʘ 

1
1
=Æ k

i
r̂^ , i = 2, 3, 

. . .
 , 9,  k = 0, 1, 2, 3, 

. . .
 , 9 

ʉʣʝʜʠ ʜʘ ʿʝ 

=
î

{10, 1ô1, 2ô2, 3ô3, 
. . .

 , 9ô9},  

ʛʜʝ ʩʫ 1ô, 2ô, 3ô, 4ô, ..., 9ô   (ʥʝʦʙʘʚʝʟʥʦ ʨʘʟʣʠʯʠʪʠ) ʙʨʦʿʝʚʠ ʩʢʫʧʘ {2, 

3, 
. . .

 , 9}. 

ʉʘʜʘ ʠʩʧʠʪʫʿʝʤʦ ʜʝʣʦʚʘˁʝ ʢʦʣʠʥʝʘʮʠʿʝ a ʥʘ ʩʢʫʧ ʪʘʯʘʢʘ ʠ ʩʢʫʧ 

ʧʨʘʚʠʭ ʨʘʚʥʠ P. ʂʘʢʦ ʿʝ ʨʝʜ ʠʥʚʦʣʫʮʠʿʝ a ʧʘʨʘʥ ʩʣʝʜʠ ʜʘ ʿʝ ʠʥʚʦʣʫʮʠʿʘ a 

ʝʣʘʮʠʿʘ. ʀʟ 
1-=rra  ʩʣʝʜʠ ʜʘ ʿʝ 10 ʮʝʥʪʘʨ ʠ ʧʨʘʚʘ 1̂

 ʦʩʘ ʠʥʚʦʣʫʮʠʿʝ a. 

ʆʪʫʜʘ, ʠʥʚʦʣʫʮʠʿʘ a ʬʠʢʩʠʨʘ 10 ʧʨʘʚʠʭ 9321 ,,,,, ^?^^^¤̂  ʠ 10 ʪʘʯʘʢʘ 

¤, 10, 20, 30, 
. . .

 , 90. ʀʟ 91 = 2
 
Ö 40 + 11 ʩʣʝʜʠ ʜʘ a ʠʤʘ 11 ʦʨʙʠʪʘ ʪʘʯʘʢʘ 

ʜʫʞʠʥʝ 1 (11 ʬʠʢʩʥʠʭ ʪʘʯʘʢʘ) ʠ 40 ʦʨʙʠʪʘ ʪʘʯʘʢʘ ʜʫʞʠʥʝ 2. ɸʢʦ ʦʨʙʠʪʘʨʥʫ 

ʩʪʨʫʢʪʫʨʫ ʢʦʣʠʥʝʘʮʠʿʝa ʟʘʧʠʰʝʤʦ ʫ ʩʢʨʘ˂ʝʥʦʤ ʦʙʣʠʢʫ (ʟʘʧʠʩʫʿʫ˂ʠ ʩʘʤʦ 

ʠʥʜʝʢʩʝ 0, 1, 2, 3, 
. . .

 , 9) ʤʦʞʝʤʦ ʫʟʝʪʠ ʜʘ ʿʝ 

a = (0)(1)(2, 9)(3, 8)(4, 7)(5, 6), 

ʛʜʝ (2, 9) ʦʟʥʘʯʘʚʘ ʜʘʿʝ 2a = 9 ʠʟ ʠʩʪʝ ʦʨʙʠʪʝ ʪʘʯʘʢʘ, (3, 8) 

ʦʟʥʘʯʘʚʘ ʜʘ ʿʝ 3a = 8 ʠʟ ʠʩʪʝ ʦʨʙʠʪʝ ʪʘʯʘʢʘ, (4, 7) ʦʟʥʘʯʘʚʘ ʜʘ ʿʝ 4a = 7 ʠʟ 

ʠʩʪʝ ʦʨʙʠʪʝ ʪʘʯʘʢʘ, (5, 6) ʦʟʥʘʯʘʚʘ ʜʘ ʿʝ 5a = 6 ʠʟ ʠʩʪʝ ʦʨʙʠʪʝ ʪʘʯʘʢʘ. ʀʟ 

ʪʚʨʹʝˁʘ 

,
ii
^^ =a   i = 2, 3, 

. . .
 , 9 

ʩʣʝʜʠ ʜʘ ʩʫ ʧʨʘʚʝ ,
î

  i = 2, 3, 
. . .

 , 9 ʪʠʧʘ 

{ }
6574839210

,,,,,,,,,1 ddccbbaai
i
=^ , 

ʛʜʝ ʩʫ dcba ,,,  ʧʨʝʤʘ ʧʘʨʦʚʠʤʘ ʨʘʟʣʠʯʠʪʠ ʙʨʦʿʝʚʠ ʩʢʫʧʘ {2, 3, 
. . .

 , 

9}. ʄʦʞʝʤʦ ʫʟʝʪʠ ʜʘ ʿʝ  

=
2̂

{10, 21, 22, 29, 33, 38, 44, 47, 55, 56}.  
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ʉʘʜʘ ʩʝ ʢʦʥʩʪʨʫʠʰʫ ʧʨʘʚʝ ,
î

  i = 3, 4, 
. . .

 , 9 ʢʦʿʝ ʩʫ ʪʠʧʘ 

=
2̂

{10, 21, 22, 29, 33, 38, 44, 47, 55, 56}.  

ʀʟ ʪʚʨʹʝˁʘ 

1
2
=Æ k

i
r^^ ,  i = 3, 4, 

. . .
 , 9,  k = 0, 1, 2, 

. . .
 , 9 

ʩʣʝʜʠ ʜʘ ʩʫ ʩʘʤʦ ʜʚʘ ʠʟ ʙʨʦʿʝʚʘ dcba ,,,  ʠʟ ʩʢʫʧʘ {2, 3, 4, 5} ʘ 

ʦʩʪʘʣʘ ʜʚʘ ʩʫ ʠʟ ʩʢʫʧʘ {6, 7, 8, 9}. ʀʟ ʪʚʨʹʝˁʘ 

1=Æ k

j

s

i
rr ^^ ,  i j̧ , i, j = 3, 4, 

. . .
 , 9,  k, s = 0, 1, 2, 

. . .
 , 9 

ʩʣʝʜʠ ʜʘ ʧʨʘʚʝ 
î
 ʠ 

ĵ
, i j̧,  ʠʤʘʿʫ ʪʘʯʥʦ ʜʚʘ ʟʘʿʝʜʥʠʯʢʘ ʧʘʨʘ 

ʙʨʦʿʝʚʘ .,,, dcba  ʂʦʨʠʩʪʝ˂ʠ ʦʚʦ ʪʚʨʹʝˁʝ ʟʘ ʧʨʘʚʝ 
î
, i = 3, 4, 

. . .
 , 9 ʜʦʙʠʿʘ 

ʩʝ ʩʣʝʜʝ˂ʝ ʿʝʜʠʥʩʪʚʝʥʦ ʨʝʰʝˁʝ ʟʘ ʦʚʝ ʧʨʘʚʝ: 

 

=
3̂

{10, 31, 23, 28, 32, 39, 85, 86, 74, 77}  

=
4̂

{10, 41, 34, 37, 42, 49, 75, 76, 93, 98 }  

=
5̂

{10, 51, 24, 27, 52, 59, 73, 78, 95, 96}  

       . 

       . 

       . 

=
9̂

{10, 61, 35, 36, 54, 57, 63, 68, 72, 79}  

ʊʝʦʨʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

 

3. ɿʘʢˀʫʯʘʢ 

 

ʆʚʘʿ ʨʘʜ ʧʨʝʟʝʥʪʫʿʝ ʨʝʟʫʣʪʘʪ ʜʦʙʠʿʝʥ ʜʝʣʦʚʘˁʝʤ ʛʨʫʧʝ ʢʦʣʠʥʝʘʮʠʿʘ 

ʥʘ ʩʢʫʧ ʪʘʯʘʢʘ ʠ ʩʢʫʧ ʧʨʘʚʠʭ ʨʘʚʥʠ P ʟʘ ʢʦʿʫ ʫʥʘʧʨʝʜ ʟʥʘʤʦ ʜʘ ʧʦʩʪʦʿʠ. 

ʉʣʠʯʥʦ ʤʦʞʝ ʩʝ ʠʩʧʠʪʠʚʘʪʠ ʜʝʣʦʚʘˁʝ ʛʨʫʧʝ ʢʦʣʠʥʝʘʮʠʿʘ ʥʘ ʩʢʫʧ ʪʘʯʘʢʘ ʠ 

ʩʢʫʧ ʧʨʘʚʠʭ ʨʘʚʥʠ P  ʯʠʿʝ ʿʝ ʧʠʪʘˁʝ ʝʛʟʠʩʪʝʥʮʠʿʝ ʦʪʚʦʨʝʥʦ. 
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*
 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʀʩʪʦʯʥʦʤ ʉʘʨʘʿʝʚʫ 

ɽʣʝʢʪʨʦʪʝʭʥʠʯʢʠ ʬʘʢʫʣʪʝʪ 

ʄʘʨʢʦ ɲ. ɴʠʪʠ˂ 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʀʩʪʦʯʥʦʤ ʉʘʨʘʿʝʚʫ 

ʌʠʣʦʟʦʬʩʢʠ ʬʘʢʫʣʪʝʪ ʇʘʣʝ 

ʂʘʪʝʜʨʘ ʟ ʘʤʘʪʝʤʘʪʠʢʫ ʠ ʨʘʯʫʥʘʨʩʪʚʦ 

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʂʆʅɺɽʂʉʅʀ ʎɱɽʃʆɹʈʆɱʅʀ  

ʇʆʃʀɻʆʅʀ ʉɸ ɻʈɸʅʀʏʅʀʄ ʊʈɸʇɽɿʀʄɸ 

 
ʂʦʥʚʝʢʩʥʠ ʮʿʝʣʦʙʨʦʿʥʠ ʧʝʪʦʫʛʣʦʚʠ ʩʘ ʛʨʘʥʠʯʥʠʤ ʪʨʘʧʝʟʠʤʘ 

 

ʅʝʢʘ ʿʝ ʜʘʪ ʢʦʥʚʝʢʩʘʥ ʧʝʪʦʫʛʘʦ ABCDE. ʉʘ ˁʝʛʦʚʠʭ 5 ʪʿʝʤʝʥʘ 

ʦʜʨʝʹʝʥʦ ʿʝ 5 ʯʝʪʚʦʨʦʫʛʣʦʚʘ. ʇʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʩʫ ʤʝʹʫ ʪʠʭ 5 

ʯʝʪʚʦʨʦʫʛʣʦʚʘ ʯʝʪʠʨʠ ʪʨʘʧʝʟʘ. ɼʦʢʘʞʠʤʦ ʜʘ ʪʘʜʘ ʠ ʧʝʪʠ ʯʝʪʚʦʨʦʫʛʘʦ ʤʦʨʘ 

ʙʠʪʠ ʪʨʘʧʝʟ. 

ʊʝʦʨʝʤʘ 1. ɸʢʦ ʿʝ ʩʚʘʢʘ ʦʜ ʯʝʪʠʨʠ ʜʠʿʘʛʦʥʘʣʝ ʢʦʥʚʝʢʩʥʦʛ ʧʝʪʦʫʛʣʘ 

ʧʘʨʘʣʝʣʥʘ ʩʘ ʥʝʢʦʤ ˁʝʛʦʚʦʤ ʩʪʨʘʥʠʮʦʤ, ʦʥʜʘ ʿʝ ʠ ʧʝʪʘ ʜʠʿʘʛʦʥʘʣʘ 

ʧʘʨʘʣʝʣʥʘ ʩʘ ʧʨʝʦʩʪʘʣʦʤ ʩʪʨʘʥʠʮʦʤ. 

 

ɼʦʢʘʟ. ʇʨʠʤʠʿʝʪʠʤʦ ʧʨʚʦ ʜʘ ʫ ʪʦʤ ʧʝʪʦʫʛʣʫ ʥʝ ʤʦʛʫ ʜʚʠʿʝ ʩʪʨʘʥʠʮʝ 

ʜʘ ʙʫʜʫ ʧʘʨʘʣʝʣʥʝ. ɿʘʠʩʪʘ, ʘʢʦ ʙʠ, ʥʘ ʧʨʠʤʿʝʨ, ʙʠʣʦ ɸɺ || ʉD, ʪʘʜʘ ʙʠ 

ʥʘʿʚʠʰʝ ʿʝʜʘʥ ʦʜ ʯʝʪʚʦʨʦʫʛʣʦʚʘ ɸɺʉɽ ʠ ɸɺDE, ʦʜʥʦʩʥʦ ʥʘʿʚʠʰʝ ʿʝʜʘʥ ʦʜ 

ʯʝʪʚʦʨʦʫʛʣʦʚʘ ɸCDE ʠ ɺʉDE ʤʦʛʘʦ ʜʘ ʙʫʜʝ ʪʨʘʧʝʟ, ʧʘ ʙʠ ʤʝʹʫ ʪʠʭ 

ʧʝʪʯʝʪʚʦʨʦʫʛʣʦʚʘ ʧʦʩʪʦʿʘʣʘ ʥʘʿʚʠʰʝ ʪʨʠ ʪʨʘʧʝʟʘ. 

ɼʘʢʣʝ, ʤʦʞʝʤʦ ʧʨʝʪʧʦʩʪʘʚʠʪʠ ʜʘ ʿʝ BD || AE, CE || BA, AD || BC ʠ 

Bɽ || CD. ʊʘʜʘ ʧʦʩʪʦʿʝ ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ m,n,p,q ʪʘʢʚʠ ʜʘ ʿʝ: 

 = m ,  = n   = p  ,  = q  . 

ʊʨʝʙʘ ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ ɸʉ || ɽD. 

ʋʟ ʦʟʥʘʢʝ   =   ʠ   =   ʠʤʘʤʦ: 

 =  +  +  = (1-n)  +  , 

 =  +  +  = -  + (p-1)  , 

 =  +   =   + q  = (1-q)  + q(p-1)  , 

 =  +   = -  + m  = m(1-n)  + (m-1)  , 

ʦʜʘʢʣʝ ʩʣʠʿʝʜʠ ʜʘ ʿʝ 

1-n = 1-q , 

1 = q(p -1) , 

-1 = m(1-n) , 

p -1 = m -1. 

 

                                                 
*
 vidangov@yahoo.com 
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ʀʟ ʧʨʚʝ ʿʝʜʥʘʯʠʥʝ ʿʝ q = n, a ʠʟ ʯʝʪʚʨʪʝ p = m. ɿʘʤʿʝˁʫʿʫ˂ʠ ʫ ʜʨʫʛʫ 

ʿʝʜʥʘʯʠʥʫ ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 1 = n(m-1). ʆʜʘʚʜʝ ʠ ʠʟ 1 = m(n-1), ʩʣʠʿʝʜʠ ʜʘ ʿʝ m 

= n, ʰʪʦ ʟʥʘʯʠ ʜʘ ʿʝ m = n = p =q ʠ 

m
2
-m-1=0, ʪʿ. 

m = n = p =q =  . 

ʉʘʜʘ ʿʝ 

 =  +  +  +    = (n-1)  -  +  + -  + (p-1)  = 

= (n-1)  + (p-1)   = (  +  =  , 

ʪʿ. ɸʉ || ɽD . ʊʝʦʨʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

ɸʢʦ ʿʝ ʧʝʪʦʫʛʘʦ ABCDE ʮʿʝʣʦʙʨʦʿʘʥ ʦʥʜʘ ʩʫ ʙʨʦʿʝʚʠ m, n, p ʠ q 

ʨʘʮʠʦʥʘʣʥʠ, ʧʘ ʚʘʞʠ ʙʦˀʠ ʨʝʟʫʣʪʘʪ. 

 

ʊʝʦʨʝʤʘ 2. ʋ ʢʦʥʚʝʢʩʥʦʤ ʮʿʝʣʦʙʨʦʿʥʦʤ ʧʝʪʦʫʛʣʫ ʧʦʩʪʦʿʝ ʙʘʨ ʜʚʠʿʝ 

ʜʠʿʘʛʦʥʘʣʝ ʢʦʿʝ ʥʠʩʫ ʧʘʨʘʣʝʣʥʝ ʥʠ ʩʘ ʿʝʜʥʦʤ ˁʝʛʦʚʦʤ ʩʪʨʘʥʠʮʦʤ. ʋ 

ʢʦʥʚʝʢʩʥʦʤ ʮʿʝʣʦʙʨʦʿʥʦʤ ʧʝʪʦʫʛʣʫ ʤʝʹʫ ʧʝʪ ʯʝʪʚʦʨʦʫʛʣʦʚʘ ʦʜʨʝʹʝʥʠʭ 

ˁʝʛʦʚʠʤ ʪʿʝʤʝʥʠʤʘ ʤʦʛʫ ʙʠʪʠ ʥʘʿʚʠʰʝ ʪʨʠ ʪʨʘʧʝʟʘ. 

 

ʂʦʥʚʝʢʩʥʠ ʮʿʝʣʦʙʨʦʿʥʠ ʰʝʩʪʦʫʛʣʦʚʠ ʩʘ ʛʨʘʥʠʯʥʠʤ ʪʨʘʧʝʟʠʤʘ 

   

ʄʦʪʠʚʠʩʘʥʠ ʧʨʝʪʭʦʜʥʠʤ ʨʝʟʫʣʪʘʪʠʤʘ ʨʘʟʤʦʪʨʠʤʦ ʢʦʥʚʝʢʩʥʝ 

ʰʝʩʪʦʫʛʣʦʚʝ. ʇʨʚʦ ˂ʝʤʦ ʜʦʢʘʟʘʪʠ ʜʚʠʿʝ ʣʝʤʝ. 

ʃʝʤʘ 1. ʅʝʢʘ ʿʝ n Ó 6 ʠ ʥʝʢʘ ʩʫ ʫ ʢʦʥʚʝʢʩʥʦʤ n-ʫʛʣʫ A1A2éAn ʙʘʨ n-1 

ʛʨʘʥʠʯʥʠʭ ʯʝʪʚʦʨʦʫʛʣʦʚʘ ʪʨʘʧʝʟʠ. ʊʘʜʘ ʟʘ ʩʚʘʢʦ i = 1, 2, ... , n ʚʘʞʠ 

<Ai + <Ai+1 >180Á. 

ɼʦʢʘʟ. ʇʨʝʪʧʦʩʪʘʚʠʤʦ ʩʫʧʨʦʪʥʦ, ʜʘ ʿʝ <Ai + <A i+1 Ò180Á ʟʘ ʥʝʢʦ i  

{1,2,é,n}. ʀʤʘʤʦ ʩˀʝʜʝ˂ʘ ʜʚʘ ʩʣʫʯʘʿʘ: 

1Á  <Ai + <A i+1 <180Á. 

ɸʢʦ ʿʝ ʯʝʪʚʦʨʦʫʛʘʦ ɸi-1ɸiɸi+1ɸi+2 ʪʨʘʧʝʟ ʦʥʜʘ ʿʝ ɸi-1ɸi+2 ||  ɸiɸi+ 1 ʧʘ, 

ʟʙʦʛ ʢʦʥʚʝʢʩʥʦʩʪʠ,   ʥʠʿʝʜʘʥ ʦʜ ʯʝʪʚʦʨʦʫʛʣʦʚʘ ɸi-2ɸi-1ɸi ɸi+ 1 ʠ ɸiɸi+1ɸi+ 2ɸi+ 3 

ʥʝ ʤʦʞʝ ʙʠʪʠ ʪʨʘʧʝʟ. ɼʘʢʣʝ, ʛʨʘʥʠʯʥʠʭ ʪʨʘʧʝʟʘ ʠʤʘ ʥʘʿʚʠʰʝ n-2, ʰʪʦ ʿʝ 

ʩʫʧʨʦʪʥʦ ʧʨʝʪʧʦʩʪʘʚʮʠ. 

ɸʢʦ ʯʝʪʚʦʨʦʫʛʘʦ ɸi-1ɸiɸi+1ɸi+2 ʥʠʿʝ ʪʨʘʧʝʟ, ʪʘʜʘ ʩʫ ʯʝʪʚʦʨʦʫʛʣʦʚʠ ɸi-

2ɸi-1ɸiɸi+ 1  ʠ 

ɸiɸi+1ɸi+2ɸi+ 3   ʪʨʘʧʝʟʠ, ʦʜʘʢʣʝ ʩʣʠʿʝʜʠ ʜʘ ʿʝ ɸi-1ɸi-2 || ɸiɸi+ 1 ʠ ɸi+3ɸi+2 

|| ɸiɸi+ 1,  ʪʿ. ʢʦʥʚʝʢʩʘʥ ʧʦʣʠʛʦʥ ʠʤʘ ʪʨʠ ʧʘʨʘʣʝʣʥʝ ʩʪʨʘʥʠʮʝ, ʰʪʦ ʿʝ 

ʥʝʤʦʛʫ˂ʝ. 

2Á  <Ai + <A i+1 =180Á. 

ɸʢʦ ʩʫ ʦʙʘ ʛʨʘʥʠʯʥʘ ʯʝʪʚʦʨʦʫʛʣʘ ɸi-2ɸi-1ɸiɸi+ 1  ʠ ɸiɸi+1ɸi+2ɸi+ 3   

ʪʨʘʧʝʟʠ ʦʥʜʘ, ʟʙʦʛ ʢʦʥʚʝʢʩʥʦʩʪʠ, ʤʦʨʘ ʙʠʪʠ  ɸi-1ɸi-2 || ɸiɸi+ 1 ʠ ɸi+3ɸi+2 || 

ɸiɸi+ 1 ʪʿ.ʦʧʝʪ ʠʤʘʤʦ ʪʨʠ ʧʘʨʘʣʝʣʥʝ ʩʪʨʘʥʠʮʝ, ʰʪʦ ʿʝ ʥʝʤʦʛʫ˂ʝ. 
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ɸʢʦ, ʥʘ ʧʨʠʤʿʝʨ ʯʝʪʚʦʨʦʫʛʘʦ  ɸi-2ɸi-1ɸiɸi+ 1  ʥʠʿʝ ʪʨʘʧʝʟ, ʦʥʜʘ ʿʝ 

ɸiɸi+1ɸi+2ɸi+ 3  ʪʨʘʧʝʟ ʧʘ ʿʝ ɸi+3ɸi+2 || ɸiɸi+ 1 . ʄʝʹʫʪʠʤ, ʪʘʜʘ ʯʝʪʚʦʨʦʫʛʘʦ 

ɸi+1ɸi+2ɸi+3ɸi+ 4 ʥʝ ʤʦʞʝ ʙʠʪʠ ʪʨʘʧʝʟ. ʂʦʥʪʨʘʜʠʢʮʠʿʘ.  

ɼʘʢʣʝ,  <Ai + <A i+1 >180Á ʟʘ ʩʚʘʢʦ i  {1,2,é,n}. ʃʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

ʅʝʢʘ ʿʝ ʜʘʪ ʢʦʥʚʝʢʩʘʥ n-ʫʛʘʦ A1A2éAn. ʆʟʥʘʯʠʤʦ ʩʘ ʘi =   , i 

=0, 1, 2,é, n , ʛʜʿʝ ʿʝ ɸ0 ɸn , An+1  A1. ʋʟ ʦʚʝ ʦʟʥʘʢʝ ʚʨʠʿʝʜʠ ʩˀʝʜʝ˂ʘ ʣʝʤʘ 

 

ʃʝʤʘ 2. ʅʝʢʘ ʿʝ n Ó 6 ʠ ʥʝʢʘ ʩʫ ʫ ʢʦʥʚʝʢʩʥʦʤ n-ʫʛʣʫ A1A2éAn ʙʘʨ n-1 

ʛʨʘʥʠʯʥʠʭ ʯʝʪʚʦʨʦʫʛʣʦʚʘ ʪʨʘʧʝʟʠ. ʊʘʜʘ ʫ ʩʚʘʢʦʤ ʦʜ ʪʠʭ ʪʨʘʧʝʟʘ ɸi-1ɸi 

ɸi+1ɸi+2 ʚʘʞʠ 

ai-1 + ʘi+1 = ʢiʘi   

ʛʜʿʝ ʿʝ ʢi ʧʦʟʠʪʠʚʘʥ ʙʨʦʿ . 

ɼʦʢʘʟ. ʅʘ ʦʩʥʦʚʫ ʧʨʝʪʭʦʜʥʝ ʣʝʤʝ ʿʝ ɸi-1ɸi+2 ||  ɸiɸi+ 1 ʠ ɸi-1ɸi+ 2 > 

ɸiɸi+ 1, ʧʘ ʧʦʩʪʦʿʠ ʙʨʦʿ l i >1 ʪʘʢʘʚ ʜʘ ʿʝ   = l iʘi , ʦʜʘʢʣʝ ʜʦʙʠʿʘʤʦ 

ʨʝʜʦʤ: 

ai-1 + ʘi+ ʘi+1 = l iʘi 

ai-1 + ʘi+1 = (l i-1) ʘi 

ai-1 + ʘi+1 = ʢiʘi   

ʛʜʿʝ ʿʝ  ʢi = l i-1 ʧʦʟʠʪʠʚʘʥ ʙʨʦʿ. ʃʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

 

ʊʝʦʨʝʤʘ 3. ʅʝʢʘ ʫ ʢʦʥʚʝʢʩʥʦʤ ʰʝʩʪʦʫʛʣʫ ɸ1ɸ2ɸ3ɸ4ɸ5ɸ6 ʚʘʞʠ  ɸiɸi+1 

||  ɸi-1ɸi+ 2 , i =1, 2, 3, 4, 5 (A0 A6, A1 A7). ʊʘʜʘ ʿʝ ɸ6ɸ1 || ɸ5ɸ2 . 

ɼʦʢʘʟ. ʆʟʥʘʯʠʤʦ ʩʘ ʘi =  , i = 1, 2, 3, 4, 5, 6  ʚʝʢʪʦʨʝ 

ʩʪʨʘʥʠʮʘ ʪʦʛ ʰʝʩʪʦʫʛʣʘ. ʀʟ ʜʘʪʠʭ ʫʩʣʦʚʘ ʠ ʣʝʤʝ 2 ʩʣʠʿʝʜʠ ʜʘ ʧʦʩʪʦʿʝ 

ʧʦʟʠʪʠʚʥʠ ʙʨʦʿʝʚʠ k1, k2, k3, k4, k5 ʪʘʢʚʠ ʜʘ ʿʝ: 

ʘ6 + ʘ2 = ʢ1ʘ1 

ʘ1 + ʘ3 = ʢ2ʘ2 

ʘ2 + ʘ4 = ʢ3ʘ3 

ʘ3 + ʘ5 = ʢ4ʘ4 

ʘ4 + ʘ6 = ʢ5ʘ5 . 

ʀʟʨʘʟʠʤʦ ʚʝʢʪʦʨʝ ʘ1, ʘ2 , ʘ5 , ʘ6 ʧʨʝʢʦ ʚʝʢʪʦʨʘ ʘ3 ʠ ʘ4 . ɼʦʙʠʿʘʤʦ 

ʨʝʜʦʤ ʜʘ ʿʝ: 

ʘ2 = ʢ3ʘ3 - ʘ4, 

ʘ5 = ʢ4ʘ4 - ʘ3, 

ʘ1 = ʢ2ʘ2 - ʘ3 = ʢ2(ʢ3ʘ3- ʘ4) - ʘ3 = (ʢ2ʢ3-1)ʘ3-ʢ2ʘ4 , 

ʘ6 = ʢ5ʘ5 ï ʘ4 = ʢ5(ʢ4ʘ4- ʘ3) ï ʘ4 = (ʢ4ʢ5-1)ʘ4-ʢ5ʘ3 , 

ʘ6 = ʢ1ʘ1 ï ʘ2 = ʢ1((ʢ2ʢ3-1)ʘ3- ʢ2ʘ4) ï (ʢ3ʘ3-ʘ4)= (ʢ1ʢ2ʢ3-ʢ1-ʢ3)ʘ3-(ʢ1ʢ2-

1)ʘ4. 

ʇʦʰʪʦ ʩʫ ʚʝʢʪʦʨʠ ʘ3 ʠ ʘ4 ʣʠʥʝʘʨʥʦ ʥʝʟʘʚʠʩʥʠ, ʠʟ ʧʦʩʣʝʜˁʝ ʜʚʠʿʝ 

ʿʝʜʥʘʢʦʩʪʠ ʩʣʠʿʝʜʠ ʜʘ ʿʝ: 

 ʢ1ʢ2ʢ3-ʢ1-ʢ3+ʢ5 = 0,    (1) 

1-ʢ1ʢ2 = ʢ4ʢ5-1 .    (2) 

ʂʘʢʦ ʿʝ  ʘ1+ʘ2+ʘ3+ʘ4+ʘ5+ʘ6 = 0, ʪʿ. 
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(ʢ2ʢ3-1)ʘ3- ʢ2ʘ4+ ʢ3ʘ3+ ʢ4ʘ4+(ʢ4ʢ5-1)ʘ4-ʢ5ʘ3 = 0, 

ʜʦʙʠʿʘʤʦ ʿʦʰ ʜʚʠʿʝ ʿʝʜʥʘʯʠʥʝ 

 

ʢ2ʢ3-1+ʢ3-ʢ5 = 0,    (3) 

ʢ4ʢ5-1+ʢ4-ʢ2 = 0.    (4) 

 

ʊʨʝʙʘ ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ  ʿʝ  ʘ5+ʘ1 ||  ʘ6, ʛʜʿʝ ʿʝ 

 

ʘ5+ʘ1 = (ʢ2ʢ3-2)ʘ3 + (ʢ4-ʢ2)ʘ4,   (5) 

ʘ6 = (ʢ4ʢ5-1)ʘ4-ʢ5ʘ3.                       (6) 

 

ʉʘʙʠʨʘˁʝʤ ʿʝʜʥʘʢʦʩʪʠ (1) ʠ (3) ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

ʢ1ʢ2ʢ3-ʢ1+ ʢ2ʢ3-1 = 0, 

ʦʜʥʦʩʥʦ 

 (ʢ1+1)( ʢ2ʢ3-1) = 0, 

ʦʜʘʢʣʝ ʩʣʠʿʝʜʠ ʜʘ ʿʝ ʢ2ʢ3 = 1 (ʿʝʨ ʿʝ ʢ1>0). ʀʟ (1) ʩʘʜʘ ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

ʢ3 =ʢ5, 

 ʪʿ. ʢ3 =ʢ5=1/ʢ2 . 

ʉʘʙʠʨʘˁʝʤ ʿʝʜʥʘʢʦʩʪʠ (2) ʠ (4) ʜʦʙʠʿʘʤʦ 

1-ʢ1ʢ2 + ʢ4-ʢ2 = 0, 

ʦʜʘʢʣʝ ʿʝ 

 

ʢ4 = ʢ1ʢ2 + ʢ2 -1.       (7) 

 

ɿʘʤʿʝˁʫʿʫ˂ʠ ʦʚʝ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ ʢ4 ʠ ʢ5 ʫ (2) ʜʦʙʠʿʘʤʦ 

1-ʢ1ʢ2 = (ʢ1ʢ2 + ʢ2 -1) ʢ2
-1
 -1, 

ʰʪʦ ʿʝ ʝʢʚʠʚʘʣʝʥʪʥʦ ʨʝʜʦʤ ʩʘ: 

ʢ2-ʢ1ʢ2
2
 = ʢ1ʢ2 + ʢ2 -1-ʢ2 , 

ʢ2 +1 = ʢ1ʢ2
2
 + ʢ1ʢ2 , 

ʢ2 +1 = ʢ1ʢ2(ʢ2 +1) , 

ʢ1ʢ2 = 1 . 

ʉʘʜʘ ʠʟ (7) ʩʣʠʿʝʜʠ ʜʘ ʿʝ ʢ4 = ʢ2. ʄʠ ʩʤʦ, ʫ ʩʪʚʘʨʠ, ʜʦʢʘʟʘʣʠ ʜʘ ʿʝ 

ʢ1 = ʢ3 = ʢ5 ʠ ʢ4 = ʢ2=ʢ1
-1
, ʿʝʨ  ʠʟ ʢ1ʢ2 = 1 ʠ ʢ2ʢ3 = 1 ʩʣʠʿʝʜʠ ʢ1 = ʢ3 . 

ʂʦʥʘʯʥʦ, ʠʟ (5) ʠ (6) ʜʦʙʠʿʘʤʦ ʜʘ ʿʝ 

ʘ5+ʘ1 = -ʘ3  ʠ ʘ6 = -ʢ1ʘ3 , 

ʦʜʘʢʣʝ ʩʣʠʿʝʜʠ ʜʘ ʿʝ ʘ5+ʘ1 ||  ʘ6 , ʪʿ. ɸ5ɸ2 || ɸ6ɸ1. ʊʝʦʨʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

ʅʘ ʦʩʥʦʚʫ ʧʨʝʪʭʦʜʥʝ ʪʝʦʨʝʤʝ ʠ ʣʝʤʝ 2 ʜʦʙʠʿʘʤʦ ʜʘ ʚʘʞʠ ʩˀʝʜʝ˂ʝ 

ʪʚʨʹʝˁʝ. 

 

ʊʝʦʨʝʤʘ 4. ɸʢʦ ʩʫ ʫ ʢʦʥʚʝʢʩʥʦʤ ʰʝʩʪʦʫʛʣʫ ʧʝʪ ʛʨʘʥʠʯʥʠʭ 

ʯʝʪʚʦʨʦʫʛʣʦʚʘ ʪʨʘʧʝʟʠ, ʦʥʜʘ ʿʝ ʠ ʰʝʩʪʠ ʛʨʘʥʠʯʥʠ ʯʝʪʚʦʨʦʫʛʘʦ ʪʨʘʧʝʟ. 
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ʂʦʥʚʝʢʩʥʠ ʮʿʝʣʦʙʨʦʿʥʠ ʰʝʩʪʦʫʛʣʦʚʠ ʢʦʜ ʢʦʿʠʭ ʩʫ ʩʚʠ ʛʨʘʥʠʯʥʠ 

ʯʝʪʚʦʨʦʫʛʣʦʚʠ ʪʨʘʧʝʟʠ ʧʦʩʪʦʿʝ. ʊʘʢʚʠ ʩʫ, ʥʘ ʧʨʠʤʿʝʨ, ʰʝʩʪʦʫʛʣʦʚʠ 

ɸ1ɸ2ɸ3ɸ4ɸ5ɸ6 ʠ B1B2B3B4B5B6 , 

ʛʜʿʝ ʿʝ ɸ1(0,0) , ɸ2(1,0) , ɸ3(2,1) , ɸ4(2,2) , ɸ5(1,2), ɸ6(0,1) ʠ B1(0,0) , 

B2(2,0) , B3(4,2) , B4(3,3) , B5(-1,3), B6(-2,2). ʋ ʧʨʚʦʤ ʦʜ ˁʠʭ ʿʝ ʢ1 = ʢ2 = ʢ3= 

ʢ4 = ʢ5 = ʢ6 =1, ʘ ʫ ʜʨʫʛʦʤ 

ʢ1 = ʢ3 = ʢ5=2 ʠ ʢ2 = ʢ4 = ʢ6= 1/2, ʧʨʠ ʯʝʤʫ ʿʝ ʘ5+ʘ1 = ʢ6ʘ6 .ʊʝʦʨʝʤʘ 

ʿʝ ʜʦʢʘʟʘʥʘ. 

ɼʘ ʙʠʩʤʦ ʟʘ ʧʘʨʘʥ ʧʨʠʨʦʜʘʥ ʙʨʦʿ n ʚʝ˂ʠ ʦʜ 4 ʜʘʣʠ ʦʜʛʦʚʦʨ ʥʘ ʜʨʫʛʦ 

ʧʠʪʘˁʝ, ʢʦʨʠʩʪʠ˂ʝʤʦ ʩˀʝʜʝ˂ʝ ʪʚʨʹʝˁʝ.  

 

ʊʝʦʨʝʤʘ 5 (ɻʦʚʝʜʘʨʠʮʘ 2005, ʈʘʙʠʥʦʚʠʮ 1986). ɿʘ ʩʚʘʢʠ ʧʨʠʨʦʜʘʥ 

ʙʨʦʿ n ʚʝ˂ʠ ʦʜ 1 ʧʦʩʪʦʿʠ ʢʦʥʚʝʢʩʘʥ  ʮʿʝʣʦʙʨʦʿʘʥ 2n-ʫʛʘʦ ʢʦʜ ʢʦʛʘ ʩʚʠ 

ʛʨʘʥʠʯʥʠ ʪʨʦʫʛʣʦʚʠ ʠʤʘʿʫ ʧʦʚʨʰʠʥʫ 1/2. 

ɼʦʢʘʟ. ʈʘʙʠʥʦʚʠʮ ʿʝ ʫ (1986) ʩʘ ʮʠˀʝʤ ʢʦʥʩʪʨʫʢʮʠʿʝ ʢʦʥʚʝʢʩʥʦʛ 

ʮʿʝʣʦʙʨʦʿʥʦʛ 2n-ʫʛʣʘ ʤʠʥʠʤʘʣʥʝ ʧʦʚʨʰʠʥʝ, ʢʦʥʩʪʨʫʠʩʘʦ ʢʦʥʚʝʢʩʘʥ 

ʮʿʝʣʦʙʨʦʿʘʥ 2n-ʫʛʘʦ ʥʘ ʩˀʝʜʝ˂ʠ ʥʘʯʠʥ:  

ʅʝʢʘ ʿʝ ɸ1=(0,0) ʠ ɺ1=(1,0). ɼʝʬʠʥʠʰʠʤʦ ɸ2,...,ɸn ʨʝʢʫʨʟʠʚʥʦ ʩʘ 

Ak+1= Ak+(k+1,1) ʠ B2,...,Bn ʨʝʢʫʨʟʠʚʥʦ ʩʘ Bk+1= Bk+(n-k,1) ʟʘ k=1,...,n-1. ʅʘ 

ʦʚʘʿ ʥʘʯʠʥ ʩʤʦ ʜʦʙʠʣʠ ʢʦʥʚʝʢʩʘʥ ʮʿʝʣʦʙʨʦʿʘʥ 2n-ʫʛʘʦ. 

ʂʘʢʦ ʿʝ ɸ2=(1,1) ʠ ɺ2=(n,1), ʧʦʚʨʰʠʥʝ ʪʨʦʫʛʣʦʚʘ A2A1B1 ʠ ɸ1ɺ1ɺ2 ʩʫ 

ʿʝʜʥʘʢʝ 1/2 . 

ʀʟ Bk+1= Bk+(n-k,1) ʠ Bk+2= Bk+1+(n-k-1,1)= Bk+(2n-2k-1,2), ʩʣʠʿʝʜʠ 

ʜʘ ʿʝ ʧʦʚʨʰʠʥʘ ʩʚʘʢʦʛ ʦʜ ʪʨʦʫʛʣʦʚʘ BkBk+1Bk+2 (k=1,2,é,n-2), ʪʘʢʦʹʝ 1/2 . 

ʂʘʢʦ ʿʝ  ʦʚʘʿ 2n-ʫʛʘʦ ʮʝʥʪʨʘʣʥʦ ʩʠʤʝʪʨʠʯʘʥ ʩʚʠ ˁʝʛʦʚʠ ʛʨʘʥʠʯʥʠ 

ʪʨʦʫʛʣʦʚʠ ʠʤʘʿʫ ʧʦʚʨʰʠʥʫ ʿʝʜʥʘʢʫ 1/2. ʊʝʦʨʝʤʘ ʿʝ ʜʦʢʘʟʘʥʘ. 

ʂʘʢʦ ʩʫ ʧʦʚʨʰʠʥʝ ʩʚʘʢʘ ʜʚʘ ʫʟʘʩʪʦʧʥʘ ʛʨʘʥʠʯʥʘ ʪʨʦʫʛʣʘ ɸi-1ɸiɸi+1  ʠ 

ɸiɸi+1ɸi+2  ʢʦʥʚʝʢʩʥʦʛ ʮʿʝʣʦʙʨʦʿʥʦʛ 2n-ʫʛʣʘ ɸ1ɸ2ɸ3...ɸ2n  ʢʦʥʩʪʨʫʠʩʘʥʦʛ ʫ 

ʧʨʝʪʭʦʜʥʦʿ ʪʝʦʨʝʤʠ ʤʝʹʫʩʦʙʥʦ ʿʝʜʥʘʢʝ, ʩʣʠʿʝʜʠ ʜʘ ʿʝ ɸi-1ɸi+2 ||  ɸiɸi+ 1,  ʪʿ. 

ʚʘʞʠ ʩˀʝʜʝ˂ʝ ʪʚʨʹʝˁʝ  

ʊʝʦʨʝʤʘ 6. ɿʘ ʩʚʘʢʠ ʧʨʠʨʦʜʘʥ ʙʨʦʿ n ʚʝ˂ʠ ʦʜ 1 ʧʦʩʪʦʿʠ ʢʦʥʚʝʢʩʘʥ  

ʮʿʝʣʦʙʨʦʿʘʥ 2n-ʫʛʘʦ ʢʦʜ ʢʦʛʘ ʩʫ ʩʚʠ ʛʨʘʥʠʯʥʠ ʯʝʪʚʦʪʨʦʫʛʣʦʚʠ ʪʨʘʧʝʟʠ. 
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DEFINIRANJE  PSEUDOULTRAMETRIKE   

NA PROFINITNIM  STRUKTURAMA  

 
1. Uniformnost  

 

Neka je X skup. Podskup produkta XĬX moģemo prikazati relacijama 

na skupu X. Ako su U i V podskupovi produkta XĬX, tada je skup UV = {(x, y) 

ɭ XĬX | postoji z ɭ X, (x, z) ɭ U i (z, y) ɭ V} kompozicija dviju relacija. 

Ukoliko x ɭ X i U  XĬX, tada sa U(x) oznaļavamo skup { y ɭ X | (x, y) ɭ U} .  

 

Definicija 1.1. Uniformnost (ili uniformna struktura) U na skupu X je 

neprazan skup  podskupova produkta XĬX koji zadovoljava sljedeĺa svojstva: 

(1) ako podskup U ɭ XĬX sadrģi element V ɭ U, tada U ɭ U,  

(2) presjek bilo koja dva elementa skupa U sadrģi element iz U, 

(3) svaki element skupa U sadrģi diagonalu produkta XĬX, 

(4) za svaki U ɭ U, transponirana relacija U
t
 = {(x, y) ɭ XĬX | (y, x) ɭ 

U}  ɭ U, 

(5) za svaki U ɭ U, postoji V ɭ U takvo da VV  U, tj. kadgod (x, y) i 

(y, z) pripadaju V, tada (x, z) pripada U.  

Ako je uniformnost U definirana na skupu X, tada njezine elemente 

nazivamo okolinama uniformnosti, a par (X, U) (ili samo X ukoliko se U 

podrazumijeva) nazivamo uniformnim prostorom.  

Fundamentalni sistem okolina uniformnosti U je bilo koji skup B 

sastavljen od okolina uniformnosti takvih da bilo koja okolina iz U sadrģi neki 

skup iz B. Napomenimo da je relacija U simetriļna ukoliko je U
t
 = U. Svaki 

uniformni prostor sadrģi fundamentalni sistem okolina koji se u stvari sastoji od 

simetriļnih okolina. 

Uvedemo li  definiciju kojom je podskup O prostora X otvoren ako i 

samo ako za svaki element x iz O postoji odgovarajuĺa okolina V takva da je 

V(x) podskup od O, tada moģemo reĺi da uniformni prostor poprima sve osobine 

topoloġkog prostora.  

Pri tome je moguĺe na skupu X definirati jedinstvenu topologiju za koju 

skup  U(x) = { U(x) | U ɭ U }  predstavlja filter okolina toļke x, za svako x ɭ X. 

Ovakvu topologiju definiranu na skupu X pomoĺu uniformne strukture 

nazivamo topologijom induciranom pomoĺu uniformnosti U. Ukoliko se 

topologija definirana pomoĺu uniformne strukture podudara s inicijalnom 
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topologijom tada kaģemo da je uniformna struktura na topoloġkom prostoru  

kompatibilna s topologijom.  

Ako je inducirana topologija Hausdorffova, tada je uniformni prostor 

(X, U) Hausdorffov.  

Baza uniformne strukture U je podskup B od U takav da svaki element 

iz U sadrģi neki element iz B.  Ako se U sastoji od svih relacija na skupu X koje 

sadrģe elemente baze B, tada kaģemo da je U generiran pomoĺu B. Dakle, skup 

B koji sadrģi podskupove produkta XĬX je baza neke uniformne strukture ako i 

samo ako su zadovoljena svojstva (2) do (5). Napomenimo da je okolina 

uniformnosti U tranzitivna ukoliko je UU  U. Za uniformni prostor U kaģemo 

da je tranzitivan ako posjeduje bazu sastavljenu od tranzitivnih okolina.  

Neka su (X, U) i (Y, V) uniformni prostori. Za funkciju ű: X Ÿ Y 

kaģemo da je uniformno neprekidna ako je, za svaku okolinu V od V, (űĬű)
ī1

(V) 

okolina uniformnog prostora U, ili , ekvivalentno ovome, ako postoji okolina U 

ɭ U takva da je ű(U)  V. Sve uniformno neprekidne funkcije su neprekidne s 

obzirom na induciranu topologiju. 

Dakle, kao ġto neprekidne funkcije izmeĽu topoloġkih prostora 

zadrģavaju topoloġka svojstva, tako uniformne neprekidne funkcije izmeĽu 

uniformnih prostora zadrģavaju uniformna svojstva.  

 
2. Pseudoultrametrika  

 
Svaki metriļki prostor moģemo promatrati kao uniformni prostor. 

Poznato name je da metriku na skupu X definiramo kao preslikavanje d: XĬX Ÿ 

R
+
 koje zadovoljava sljedeĺe uvjete: 

(1) za svako x, y ɭ X, d(x, y) Ó 0, 

(2) za svako x, y ɭ X, d(x, y) = 0 ako i samo ako je x = y, 

(3) za sve x, y ɭ X, d(x, y) = d(y, x), 

(4) ako x, y, z ɭ X, tada je d(x, z) Ò d(x, y) + d(y, z). 

 

Pseudometriku definiramo na sliļan naļin uz zadovoljavanje uvjeta (2), 

(3) i neġto slabijeg uvjeta od (2), tj. 

(2') za svako x ɭ X, d(x, x) = 0. 

 

Ultrametriku definiramo kao metriku koja zadovoljava Ăstroģuñ verziju 

uvjeta (4) tj.  

(4') za svako  x, y, z ɭ X, d(x, z) Ò max(d(x, y), d(y, z)).  

U ovom radu ĺe nas najviġe zanimati pseudoultrametrika.  

Pseudo-ultrametrika d na skupu X prirodno definira tranzitivnu 

uniformnu strukturu U na skupu X. Pri tome bazu uniformne strukture U 

definiramo pomoĺu podskupova produkta XĬX oblika UŮ = { (x, y) ɭ X Ĭ X | 

d(x, y) < Ů} (Ů > 0).  
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Za dvije pseudoultrametrike na skupu X kaģemo da su uniformno 

ekvivalentne ako definiraju iste uniformne strukture. Ako su U i Uô uniformne 

strukture definirane pomoĺu pseudometrika d i dô , redom na skupu X i Y, tada 

je funkcija  ű: (X, U) Ÿ (Xô, Uô) uniformno neprekidna ako i samo ako za svako 

Ů > 0,  postoji  ŭ > 0 takvo da, za sve x, y ɭ X,  vrijedi da  d(x, y) < ŭ implicira  

dô(ű(x), ű(y)) < Ů . 

Napomenimo da je uniformnu strukturu moguĺe definirati pomoĺu 

jedinstvene pseudometrike, koja je nuģno metrika za sluļaj Hausdorffovih 

prostora. Stoga uniformnu strukturu koju je moguĺe definirati pomoĺu 

pseudoultrametrike moģemo okarakterizirati sa sljedeĺom bitnom osobinom 

(vidi [6, TG. IX.2, Theorem 1]). 

 

Propozicija 2.1. 

(1) Tranzitivna uniformna struktura se moģe definirati pomoĺu 

pseudoultrametrike ako i samo ako je generirana pomoĺu prebrojive baze. 

(2) Tranzitivna Hausdorffova uniformna struktura se moģe definirati 

pomoĺu ultrametrike ako i samo ako je generirana pomoĺu prebrojive baze. 

 

3. Profinite strukture 

 

L-strukturu definiramo kao par (S, L), pri ļemu je S neprazan skup, a L 

se sastoji of familije r
S
 relacija na skupu S indeksiranom pomoĺu skupa 

relacijskih simbola R i familije f 
S
 operacija na skupu S indeksiranom pomoĺu 

skupa funkcijskih simbola F na naļin da je arnost r
S
 (odnosno f 

S)
 jednaka arnosti 

relacijskog simbola r (odnosno funkcijskog simbola f). Kada ne postoji opasnost 

od bilo kakvih nejasnoĺa, koriste se skraĺene oznake: r za r
S
, f za f 

S
 i S za (S, L).  

Preslikavanje ű: S Ÿ T  je morfizam L-struktura S i T ukoliko je: 

ï ű(f(s1, . . . , sn)) = f(ű(s1), . . ., ű(sn)) za svako  f ɭ Fn i za svako s1, . . . , 

sn ɭ S,  

ï (s1, . . . , sn) ɭ r implicira (ű(s1), . . ., ű(sn)) ɭ r za svako r ɭ Rn i za 

svako s1, . . . , sn ɭ S.  

 

Relaciju ekvivalencije ~ na L-strukturi S definiramo kao relaciju 

kongruencije ako za svako f ɭ Fn (n Ó 1) i za sve (s1, . . . , sn), (t1, . . . , tn) ɭ S
n
 

takve da je si ~ ti (1 Ò i Ò n), vrijedi  f(s1, . . . , sn) ~ f(t1, . . . , tn). Stoga, ako je ű: 

S Ÿ T morfizam L-struktura, tada s ~ű t ӹ  ű(s) = ű(t) definira relaciju 

kongruencija na strukturi S. 

 

Za L-strukturu S kaģemo da je topoloġka L-struktura ukoliko je na 

skupu S definirana topologija takva da 

ï za svako f ɭ Fn (n Ó 1), preslikavanje (s1, . . . , sn) ӊ f(s1, . . . , sn) iz S
n
 

u S, je neprekidno   i 

ï za svako r ɭ Rn (n Ó 1), podskup r od S
n
 je zatvoren. 
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Ako je skup S konaļan, tada kaģemo da je L-struktura S konaļna. 

Napomenimo da se konaļne strukture vrlo ļesto promatraju kao topoloġke 

strukture na kojima je definirana diskretna topologija. 

 

Definicija 3.1. Neka je C klasa topoloġkih L-struktura. L-strukturu 

nazivamo pro-C strukturom ako je projektivni limes L-struktura unutar klase C.  

L-struktura je profinitna ukoliko je projektivni limes konaļnih L-

struktura (uz pretpostavku da je na njima definirana diskretna topologija).  

Stoga su  pro-C strukture, odnosno profinitne strukture  kompaktne i 

totalno nepovezane. Klasu L-struktura nazivamo pseudovarijetet ukoliko je 

zatvorena u odnosu na podstrukture, homomorfne slike i konaļne direktne 

produkte. U nastavku rada ĺemo jednostavno umjesto L-struktura koristiti termin 

struktura. 

Za topoloġku strukturu S kaģemo da je konaļno generirana ukoliko 

postoji konaļan podskup strukture S takav da generira podstrukturu gustu unutar 

S.  

Neka je V pseudovarijetet struktura. Za strukturu S kaģemo da razdvaja 

elemente x, y ɭ S ako postoji morfizam ű: S Ÿ T za koji je ű(x) Í ű(y). 

Struktura S je rezidualna unutar pseudovarijeteta V (ili kraĺe rezidualno V) ako 

postoji homomorfizam izmeĽu elemenata pseudovarijeteta V koji ih razdvaja, tj. 

ukoliko su bilo koja dva elementa iz S razdvojena nekom strukturom 

pseudovarijeteta V. Za sluļaj kada je V pseudovarijetet konaļnih struktura, 

jednostavno kaģemo da je S rezidualno konaļna struktura. Stoga su profinitne 

strukture kompaktne strukture koje su rezidualno konaļne, a pod pro-V 

strukturom podrazumijevamo kompaktnu strukturu koja je rezidualna unutar V. 

Ekvivalentno ovome, kaģemo da je pro-V struktura projektivni (ili inverzni) 

limes struktura pseudovarijeteta V.  

Pretpostavimo da je S rezidualna struktura unutar pseudovarijeteta V. 

Tada skup BV relacija kongruencije R na strukturi S, takvih da S/R pripada 

pseudovarijetetu V, formira fundamentalni sistem okolina za uniformnost 

poznatu kao pro-V uniformnost UV na S. Pri tome topologiju definiranu pomoĺu 

pro-V uniformnosti nazivamo pro-V topologijom. TakoĽer, moģemo kazati da 

skupovi oblika Uű = { (x, y) ɭ SĬS | ű(x) = ű(y) },  pri ļemu ű pripada klasi svih 

morfizama iz strukture S na neku od struktura pseudovarijeteta V, formiraju bazu 

pro-V uniformnosti na S. Primijetimo da je pridruģeni uniformni prostor 

Hausdorffov jer je struktura S rezidualna unutar V. Pri tome je operacija 

mnoģenja na strukturi S uniformno neprekidna. U sluļaju kada se radi o 

pseudovarijetetu svih konaļnih struktura, koristi se termin profinitna 

uniformnost.  

Pseudoultrametriku dV na pro-V (profinitnoj) strukturi S pseudovarijeteta 

V moģemo definirati kao  

dV (x, y) = 2
-rV (x, y) 

,   pri ļemu je  

rV(x, y) = min{|T| | T pripada pseudovarijetetu V i razdvaja elemente x i 

y, za sve x, y ɭ S}  
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uz dogovorene vrijednosti za min  =  i 2  = 0. Pri tome, za sve 

elemente x, y ɭ S takoĽer vrijedi: 

ï rV(x, y) = rV(y, x), 

ï rV(x, z) Ó min {  rV(x, y), rV(y, z)}.  

 

4. Rezultat  

 

Pitamo se pod kojim uvjetima se pro-V uniformnost moģe definirati 

pomoĺu pseudoultrametrike.  Sljedeĺi teorem sadrģi odgovor na postavljeno 

pitanje: 

 

Teorem 4.1. Neka je S pro-V (profinitna) struktura koja pripada 

pseudovarijetetu V. Sljedeĺi uvjeti su ekvivalentni: 

 (1) za svaku strukturu T ɭ V, postoji samo prebrojivo mnogo 

morfizama iz S na T, 

 (2) pro-V (profinitna) uniformnost na strukturi S se moģe definirati 

pomoĺu pseudoultrametrike. 

 

Dokaz.  

(1) Ӷ (2). Prema (1), pseudovarijetet V sadrģi najviġe prebrojivo mnogo 

neizomorfnih struktura, odnosno postoji samo prebrojivo mnogo (konaļnih) 

struktura. Stoga se bilo koja pro-V (profinitna) struktura S moģe konstruirati kao 

projektivni limes prebrojivog sistema (konaļnih) struktura. Buduĺi da je 

prebrojiva unija od prebrojivo mnogo skupova prebrojiva, to zakljuļujemo da 

postoji najviġe prebrojivo mnogo podskupova strukture S. Poznato nam je da, za 

podskup L strukture S, postoji konaļna struktura T ɭ V i surjektivni morfizam  ű 

: S Ÿ T takav da je L = ű
ī1
(ű(L)). Za zadani morfizam ű: S Ÿ T, definirati 

ĺemo skup Uű = { (x, y) ɭ SĬS | ű(x) = ű(y)}. Buduĺi da je T konaļna struktura, 

Uű moģemo prikazati kao konaļnu uniju 

Uű = { sᴝ ɭ T (ű
1
(s)×ű1

(s) ) }    (1). 

Tada skupovi oblika Uű (tj. okoline), pri ļemu ű pripada klasi svih 

morfizama iz pro-V (profinitne) strukture S na neku od struktura 

pseudovarijeteta V, formiraju bazu pro-V uniformnosti na S. Dakle, koristeĺi 

prikaz (1) pokazujemo da postoji prebrojivo mnogo takvih skupova, odnosno da 

pro-V uniformnost na pro-V (profinitnoj) strukturi S sadrģi prebrojivu bazu. Sada 

koristeĺi propoziciju 2.1. zakljuļujemo da pro-V uniformnost na pro-V 

(profinitnoj) strukturi S moģe biti definirana pomoĺu pseudoultrametrike.  

(2) Ӷ (1).  Pretpostavimo da pro-V uniformnost na pro-V (profinitnoj) 

strukturi S moģe biti definirana pomoĺu pseudoultrametrike. Tada, prema 

propoziciji 2.1, slijedi da pro-V uniformnost na  pro-V  strukturi S sadrģi 

prebrojivu bazu.  Neka su  ű : S Ÿ T  i  ű' : Sô Ÿ Tô morfizmi iz pro-V strukture 

S na neku strukturu pseudovarijeteta V. Tada je   Uű  Uű' ako i samo ako postoji 
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morfizam Ŭ : T Ÿ Tô takav da je ű' = ŬǓű , ġto znaļi da je svaka okolina Uű 

sadrģana u samo konaļno mnogo okolina Uű' . Uzmemo li da je B prebrojiva 

baza pro-V uniformnosti, tada, za svako B ɭ B, postoji morfizam űB takav da su 

okoline UűB sadrģane unutar B. Dakle, za svaki morfizam ű, okoline Uű 

sadrģavaju neki element B ɭ B kao i okolinu UűB. Prema tome, uniformnu 

strukturu U moģemo definirati kao  U = Bᴝ ɭ B {Uű | UűB ᴛ Uű }. Na ovakav 

naļin bazu pro-V uniformnosti moģemo formirati pomoĺu okolina Uű i pri tome 

je iskazati kao prebrojivu uniju konaļnih skupova. Buduĺi da je prebrojiva unija 

konaļnih skupova prebrojiva, zakljuļujemo da vrijedi (1).  

Ukoliko su zadovoljeni uvjeti teorema 4.1, da li to znaļi da je pomoĺu 

pseudoultrametrike dV moguĺe definirati pro-V uniformnu strukturu? 

Razmatrajuĺi ovo pitanje dolazimo do ekvivalentnih uvjeta onima iz teorema 

4.1, pa je odgovor sadrģan u sljedeĺim teoremima. 

 

Teorem 4.2. Neka je S pro-V (profinitna) struktura. Sljedeĺa dva uvjeta 

su ekvivalentna: 

(1) za svaku strukturu T ɭ V, postoji samo konaļno mnogo morfizama 

iz S na T, 

(2) pro-V (profinitna) uniformnost moģe biti definirana pomoĺu 

pseudoultrametrike dV. 

 

Dokaz. 

Neka je UV uniformnost na pro-V (profinitnoj) strukturi S definirana 

pomoĺu pseudoultrametrike dV. Pri tome je baza uniformnosti UV zadana 

podskupovima produkta SĬS blika  UŮ = { (x, y) ɭ S Ĭ S | dV (x, y) < Ů} (Ů > 0). 

Poznato je da pseudoultrametriku dV na pro-V strukturi S moģemo definirati kao 

dV (x, y) = 2
-rV (x, y) 

, pri ļemu je rV(x, y) = min{|T| | T je struktura koja pripada V i 

razdvaja elemente x i y, za sve x, y ɭ S}. Pokazati ĺemo da je uniformnost UV ᴛ 

U. U tom cilju promatrati ĺemo okoline uniformnosti Uű ɭ U i U2-|T| ɭ UV, te 

dokazati da vrijedi inkluzija  

 U2-|T| ᴛ Uű  
za svaki morfizam ű : S Ÿ T (iz pro-V strukture S na pro-V strukturu T 

ɭ V). 

Zaista, ako (x, y) ɭ U2-|T| , tada je dV(x, y) < 2
-|T|

 , a potom i rV(x, y) > |T| . 

Stoga moģemo zakljuļiti da za svaki morfizam ű iz pro-V (profinitne) strukture 

S na neku pro-V strukturu pseudovarijeteta V veliļine najviġe |T|, vrijedi ű(x) = 

ű(y). Ovo pak znaļi da (x, y) ɭ Uű ļime dokazujemo inkluziju U2-|T| ᴛ Uű, 

odnosno UV ᴛ U. Sada moģemo pristupiti dokazivanju ekvivalentnosti 

navedenih tvrdnji.  

  (1) Ӷ (2).  Neka je Ů > 0. Izaberimo neko n ɭ N takvo da je 2
īn

 < Ů . 

Pretpostavimo da su sa űi : S Ÿ Ti (i = 1, . . . , k) pobrojani svi morfizmi iz pro-
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V strukture S na neku neizomorfnu strukturu pseudovarijeteta V veliļine najviġe 

2
īn
. Uzeĺemo da je ű morfizam iz pro-V (profinitne) strukture S na produkt T1 Ĭ 

. . . Ĭ Tk  definiran kao  ű(u) = (ű1(u), . . . , űk(u)) i neka je T = ű(S). Tada 

struktura T pripada pseudovarijetetu V i morfizam ű inducira surjektivni 

morfizam iz S na T. Tvrdimo da je Uű  UŮ, gdje UŮ ɭ UV. Stvarno, iz ű(u) = 

ű(v) slijedi da je  űi(u) = űi(v) za i = 1, . . . , k. Stoga elementi u i v ne mogu biti 

razdvojeni pomoĺu surjektivnog morfizma pro-V strukture pseudovarijeteta V 

veliļine najviġe n. Dakle, mora biti rV(u, v) > n, pa shodno tome moģemo 

zakljuļiti da je dV(u, v) < 2
īn

 < Ů , ļime dokazujemo inkluziju Uű  UŮ, odnosno 

U ᴛ UV. Buduĺi da smo dokazali da vrijede obje inkluzije U2-|T| ᴛ Uű i Uű ᴛ UŮ, 

slijedi da je U = UV. Dakle, promatrana uniformnost U se podudara s pro-V 

uniformnosti, tj. vrijedi tvrdnja (2).  

(2) Ӷ (1). Neka je n ɭ ґ. Pretpostavimo da je T pro-V (profinitna) 

struktura pseudovarijeteta V veliļine n. Prema inkluziji U2-|T| ᴛ Uű, pri ļemu Uű 

ɭ U i U2-|T| ɭ UV, zakljuļujemo da je U2īn  Uű, za svaki morfizam ű : S Ÿ T.  

Buduĺi da je UV pro-V uniformnost definirana na pro-V strukturi S, to postoji 

neki morfizam Ŭ : S Ÿ R na pro-V strukturu pseudovarijeteta V takav da je UŬ  

U2 n, UŬ ɭ U, U2īn ɭ UV. Odavde moģemo zakljuļiti da je UŬ  Uű , te takoĽer da 

postoji neki morfizam ɓ : R Ÿ T takav da vrijedi  ű = ɓǓŬ . Buduĺi da postoji 

samo konaļno mnogo morfizama izmeĽu promatranih pro-V (profinitnih) 

struktura R i T,  pokazali smo da vrijedi tvrdnja (1).   

 

Ako je S konaļno generirana pro-V (profinitna) struktura, tj. pro-V 

(profinitna) struktura koja sadrģi gustu konaļno generiranu podstrukturu, tada 

postoji samo konaļno mnogo morfizama iz S na T ɭ V. Stoga, dolazimo do 

sljedeĺeg zakljuļka: 

 

Teorem 4.3. Na konaļno generiranoj pro-V (profinitnoj) strukturi, pro-V 

(profinitna) uniformnost moģe biti definirana pomoĺu  pseudoultrametrike dV.  

 

 

Primjedba 4.4. Neka je S profinitna struktura. Tada postoji samo 

prebrojivo mnogo konaļnih struktura, te stoga bilo koja profinitna struktura S 

moģe biti konstruirana kao projektivni limes prebrojivog sistema (Sn)nÓ0 

konaļnih struktura, pri ļemu je skup indeksa ureĽen obiļnom relacijom ureĽenja 

(poretka) na nenegativnim cijelim brojevima.  
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Ako sa űn oznaļimo kanonski morfizam iz S u (Sn)nÓ0 , tada postoji samo 

prebrojivo mnogo morfizama űn iz S u (Sn)nÓ0 . Prema teoremu 4.1, profinitnu 

uniformnost na strukturi S je moguĺe definirati pomoĺu pseudoultrametrike   

d(x, y) = 2
-min{  n Ó 0 | űnx Íűny}

,  

za svako x, y ɭ S.  
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SOLVING A FAMILY OF QUARTIC THUE  

INEQUALITIES USING CONTINUED FRACTIONS 

 
1. Introduction 

 

Let  be a homogeneous irreducible polynomial of degre 

 and  fixed integer. Then the Diophantine equation 

 

  (1.1) 

 

is called Thue equation. In 1909, Thue (Thue 1909) proved that equation 

(1.1) has only finitely many solutions . In 1968, Baker (Baker 1968) 

gave an upper bound for the solutions of Thue equation, based on the theory of 

linear forms in logarithms of algebraic numbers. 

Starting with Thomas (Thomas 1990) in 1990, parametrized families of 

Thue equations have been considered (Heuberger 2004 for references). 

Tzanakis (Tzanakis 1993) considered Thue equations of the above 

mentioned form, where f is a quartic form which corresponding quartic field K is 

the compositum of two real quadratic fields. He showed that solving the 

mentioned equation reduces to solving a system of Pellian equations. 

The applications of above mentioned method of Tzanakis for solving 

Thue equationsof the special type has several advantages (Tzanakis 1993, 

Dujella, Jadrijeviĺ 2002, 2004). This method has been applied to several 

parametric families of quartic Thue equations and inequalities (Bo He, 

Jadrijeviĺ, Togbe 2009, Dujella, Jadrijeviĺ, Ibrahimpaġiĺ 2011, Dujella, 

Jadrijeviĺ 2002, 2004, Ibrahimpaġiĺ 2011a, Ziegler 2006). 

In results of that type, the authors were able to solve completely the 

corresponding system(s) of Pellian equations, and from these solutions it is 

straightforward to find all solutions of the Thue equation (inequality). 

Note that the system and the original Thue equation are not equivalent. 

The authors (Dujella, Jadrijeviĺ, Ibrahimpaġiĺ 2011) do not have to solve the 

system of Pellian equations completely, as some solutions to the system do not 

lead to solutions of the Thue inequality. 

We consider the parametric family of Thue inequalities 

, 

for an positive integer c. 

We apply the above mentioned method of Tzanakis to mentioned 

inequalities, i.e. to the equations 

                                                 
*
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. 

We obtain the system(s) of Pellian equations 

  

  

and we consider separately both equations of the mentioned system. 

 

2. Diophantine approximations 

 

We use the generalizations of the classical results of Legendre and Fatou 

concerning Diophantine approximations of the form  and 

, to the approximations of the form , for a 

positive real number k, due to Worley, Dujella and Ibrahimpaġiĺ (Worley 1981, 

Dujella 2004, Dujella, Ibrahimpaġiĺ 2008). 

 

Theorem 2.1 (Worley 1981, Dujella 2004) Let  be a real number and 

let a and b be coprime nonzero integers, satisfying the inequality 

,  (2.1) 

 

where k is a positive real number. Then 

, 

  

for some  and nonnegative integers r and s such that , 

where  denotes the mth convergent of the continued fraction expansion of 

. 

Dujella and Ibrahimpaġiĺ (Dujella, Ibrahimpaġiĺ 2008) showed that this 

theorem is sharp, in the sence that the condition  cannot be replaced by 

 for any . 

Worley (Worley 1981) gave explicit version of his result for . 

Dujella and Ibrahimpaġiĺ (Dujella, Ibrahimpaġiĺ 2008) extended Worleyôs work 

and gave explicit and sharp versions of mentioned theorem for 

. They gave the pairs  which appear in the expression of 

solutions to (3.1) in the form 

. 

Recently, Ibrahimpaġiĺ (Ibrahimpaġiĺ 2011b) extended this result to 

. 

 

3. The method 

 

We consider the equation (1.2) 

  

 

of the mentioned system of Pellian equations, and we obtain the 

continued expansion of the corresponding quadratic irrationals 
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 . 

 

The simple continued fraction expansion of a quadratic irrational 

 is periodic. This expansion can be obtained using the following 

algorithm (see Chapter 7.7 in Niven, Zuckerman, Montgomery 1991). 

Multiplying the numerator and the denominator by f, if necessary, we may 

assume that . Let ,  and 

 

for . 

 

If  for , then 

 

. 

 

In order to determine the values of $m$ for which mentioned equation 

(1.2) has a solution, we use the following result (see Lemma 1 in Dujella, 

Jadrijeviĺ 2004). 

 

Lemma 3.1 Let  be a positive integer which is not a perfect square, 

and let  denotes the kth convergent of the continued fraction expansion of 

. Let the sequences  and  be defined by  and 

 

for . 

Then 

   

(3.1) 

Now we use results from Dujella and Ibrahimpaġiĺ (Dujella, 

Ibrahimpaġiĺ 2008) and we inserting all possibilities for r and s in formula (3.1). 

In this way we obtain sets  of the values of m for which the first equation 

(1.2) of the system has a solution. In the same way, we obtain the sets  of the 

values of m for which the second equation (1.3) of the system has a solution. 

Finally, comparing these sets  with sets , we obtain the finite set of the 

values of m for which mentioned system(s) (1.2) and (1.3) has a solution. 

From the comparison of a lower bound for solutions of mentioned 

system, obtained using the congruence method introduced in (Dujella, Pethº 

1998), and an upper bound obtained from the following theorem of Bennett 

(Bennett 1998) on simultaneous approximations of algebraic numbers, we 

obtained results for , where W is the some positive integer. 
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Theorem 3.1 If  and N are integers for , with 

 and for some  and , where 

 
  

then we have 

, 

 

where 

 
 

and 

 
 

For  we use a version of the reduction procedure due to Baker 

and Davenport (Baker, Davenport 1969) and the following theorem of Baker and 

W¿stholz (Baker, W¿stholz 1993). 

 

Theorem 3.2 For a linear form in 

logarithms of l algebraic numbers  with rational integer coefficients 

 we have 

 

 
 

where , and where d is the degree of the 

number field generated by . 

In the special cases (for some values of m) we can use the Thue equation 

solver in PARI/GP to solve directly corresponding Thue equations. 

 

4. Application of the method 

 

In (Dujella, Jadrijeviĺ 2004), Dujella and Jadrijeviĺ considered the 

family of quartic Thue inequalities 

. 

where  is an integer. They obtained set 

. Analysing the corresponding system 

(1.2) and (1.3) and using the properties of the convergents of the corresponding 

quadratic irrationals, authors were able to show that the system has no solutions 
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for . In (Dujella, Ibrahimpaġiĺ 2008), Dujella and 

Ibrahimpaġiĺ comparing the sets  and  showed that the system has 

solutions only for  and . 

In (Ibrahimpaġiĺ 2011a), Ibrahimpaġiĺ considered the family of quartic 

Thue inequalities 

  

where  is an integer. Comparing the sets  and  author 

showed that the system has solutions only for  and  for 

. Using above mentioned method author obtained all trivial and 

nontrivial solutions of the family. 

In (Dujella, Ibrahimpaġiĺ, Jadrijeviĺ 2011), Dujella, Ibrahimpaġiĺ and 

Jadrijeviĺ considered the family of quartic Thue inequalities 

  

where  is an integer. The system and the original Thue equation 

are not equivalent. Each solution of the Thue equation induces a solution of the 

system, but not vice--versa. As an illustration of these phenomena is the 

mentioned family of Thue inequalities. 
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*
 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʉʘʨʘʿʝʚʫ 

ɻʨʘʹʝʚʠʥʩʢʠ ʬʘʢʫʣʪʝʪ 

ʂʘʪʝʜʨʘ ʟʘ ʤʘʪʝʤʘʪʠʢʫ, ʧʨʦʛʨʘʤʠʨʘˁʝ, 

ʬʠʟʠʢʫ ʠ ʥʘʮʨʪʥʫ ʛʝʦʤʝʪʨʠʿʫ 

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʇɸʈɸɻʈɸɼʋʀʈɸʅʀ ɷɽʂʆʇʉʆʅʆɺ ʈɸɼʀʂɸʃ 

 
1. ʋʚʦʜ 

 

ʇʘʨʘʛʨʘʜʫʠʨʘʥʝ ʩʪʨʫʢʪʫʨʝ ʩʫ ʜʝʬʠʥʠʩʘʣʠ ʄ. ʂʨʘʩʥʝʨ ʠ ʄ. 

ɺʫʢʦʚʠ˂ (Krasner, Vukoviĺ 1987b). ʆʥʦ ʰʪʦ ʠʭ ʿʝ ʤʦʪʠʚʠʩʘʣʦ ʿʝʩʪʝ 

ʥʝʟʘʪʚʦʨʝʥʦʩʪ ʢʘʪʝʛʦʨʠʿʝ ʛʨʘʜʫʠʨʘʥʠʭ ʛʨʫʧʘ (ʧʨʩʪʝʥʘ, ʤʦʜʫʣʘ) ʫ ʦʜʥʦʩʫ ʥʘ 

ʜʠʨʝʢʪʥʠ ʧʨʦʠʟʚʦʜ ʫ ʩʤʠʩʣʫ ʜʘ ʭʦʤʦʛʝʥʠ ʜʠʦ ʜʠʨʝʢʪʥʦʛ ʧʨʦʠʟʚʦʜʘ ʥʝ ʤʦʨʘ 

ʙʠʪʠ ʜʠʨʝʢʪʥʠ ʧʨʦʠʟʚʦʜ ʭʦʤʦʛʝʥʠʭ ʜʠʿʝʣʦʚʘ ʬʘʢʪʦʨʘ. ʇʘʨʘʛʨʘʜʫʠʨʘʥʝ 

ʩʪʨʫʢʪʫʨʝ ʧʨʝʚʘʟʠʣʘʟʝ ʥʘʚʝʜʝʥʠ ʧʨʦʙʣʝʤ. 

 

ɼʝʬʠʥʠʮʠʿʘ 1.1. (Krasner, Vukoviĺ 1987b) ʅʝʢʘ ʿʝ R  ʧʨʩʪʝʥ. 

ʇʨʝʩʣʠʢʘʚʘˁʝ ( ),,: +­D RSgp  () ( ),DÍ= ddp dR  ʧʘʨʮʠʿʘʣʥʦ ʫʨʝʹʝʥʦʛ 

ʩʢʫʧʘ ( ),,<D  ʯʠʿʠ ʩʚʘʢʠ ʧʦʜʩʢʫʧ ʠʤʘ ʠʥʬʠʤʫʤ ʠ ʢʦʿʠ ʿʝ ʠʥʜʫʢʪʠʚʥʦ 

ʫʨʝʹʝʥ, ʫ ʩʢʫʧ ( )+,RSg  ʧʦʜʛʨʫʧʘ ʛʨʫʧʝ ( ),,+R  ʟʦʚʝʤʦ ʧʘʨʘʛʨʘʜʫʘʮʠʿʦʤ 

ʘʢʦ ʩʫ ʟʘʜʦʚʦˀʝʥʠ ʩˀʝʜʝ˂ʠ ʫʩʣʦʚʠ: 

i) () {},00 0 ==Rp  ʛʜʿʝ ʿʝ ;inf0 D=  ;' 'dddd RR ÌÝ<  

ʇʨʠʤʿʝʜʙʘ 1.2. G
DÍ

=
d

dRH  ʟʦʚʝʤʦ ʭʦʤʦʛʝʥʠʤ ʜʠʿʝʣʦʤ ʧʨʩʪʝʥʘ R  ʫ 

ʦʜʥʦʩʫ ʥʘ ,p ʘ ʝʣʝʤʝʥʪʝ ʠʟ H  ʟʦʚʝʤʦ ʭʦʤʦʛʝʥʠʤ. 

ʇʨʠʤʿʝʜʙʘ 1.3. ɸʢʦ ,HxÍ  ʦʥʜʘ ʝʣʝʤʝʥʪ () { }ddd Rxx ÍDÍ=inf  

ʟʦʚʝʤʦ ʛʨʘʜʫʩʦʤ ʝʣʝʤʝʥʪʘ .x  ʀʤʘʤʦ ʜʘ ʿʝ () 0=xd  ʘʢʢʦ ʿʝ .0=x  

ɽʣʝʤʝʥʪʝ () ,, Hxx Íd  ʟʦʚʝʤʦ ʛʣʘʚʥʠʤ ʛʨʘʜʫʩʠʤʘ ʠ ˁʠʭʦʚ ʩʢʫʧ 

ʦʙʠˀʝʞʘʚʘʤʦ ʩʘ .pD  

ii ) ;infq

qd

dq RR =ÝDÌ
Í

<  

iii) ʍʦʤʦʛʝʥʠ ʜʠʦ H  ʛʝʥʝʨʠʰʝ ʛʨʫʧʫ ( );,+R   

iv) ɸʢʦ ʿʝ HAÌ  ʧʦʜʩʢʫʧ ʟʘ ʢʦʿʠ ʿʝ ,Hyx Í+  ʟʘ ʩʚʘʢʦ ,, Ayx Í  

ʦʥʜʘ ʧʦʩʪʦʿʠ DÍd  ʪʘʢʦ ʜʘ ʿʝ ;dRAÌ  

v) ( )+,R  ʿʝ ʛʝʥʝʨʠʩʘʥʘ ʩʢʫʧʦʤ H  ʩʘ ʩʢʫʧʦʤ H -ʫʥʫʪʨʘʰˁʠʭ 

ʨʝʣʘʮʠʿʘ: 

                                                 
*
 emil.ilic.georgijevic@gmail.com 
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;,, , Hzyxzyx Í=+  

vi) ( )( ) ., zhxzhx RRR ÌDÍ$DÍ"  

 

ʇʨʩʪʝʥ ʟʦʚʝʤʦ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠʤ ʘʢʦ ʠʤʘ ʧʘʨʘʛʨʘʜʫʘʮʠʿʫ. 

ʇʨʠʤʿʝʜʙʘ 1.4. ɸʢʦ ʿʝ ʟʘ ʢʦʤʫʪʘʪʠʚʥʫ ʛʨʫʧʫ ʟʘʜʦʚʦˀʝʥʦ ʧʨʚʠʭ ʧʝʪ 

ʘʢʩʠʦʤʘ ʜʝʬʠʥʠʮʠʿʝ 1.1, ʦʥʜʘ ʟʘ ʪʫ ʛʨʫʧʫ ʢʘʞʝʤʦ ʜʘ ʿʝ ʢʦʤʫʪʘʪʠʚʥʘ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥʘ ʛʨʫʧʘ. 

ɸʢʦ ʧʝʪʠ ʫʩʣʦʚ ʟʘʤʠʿʝʥʠʤʦ ʫʩʣʦʚʦʤ: 

vô) ʅʝʢʘ ʩʫ ps DÍdd>,1  ʤʝʹʫʩʦʙʥʦ ʥʝʫʧʦʨʝʜʠʚʠ ʠ 

( )siHxx ii ,,1', >=Í  ʪʘʢʚʠ ʜʘ ʿʝ ''11 ss xxxx >> +=++  ʠ 
i

Rxx ii dÍ',  ʟʘ 

ʩʚʘʢʦ ,,,1 si >=  ʦʥʜʘ ʿʝ ( ) ,' iii xx dd <+-   

ʠʤʘʤʦ ʜʝʬʠʥʠʮʠʿʫ ʝʢʩʪʨʘʛʨʘʜʫʠʨʘʥʦʛ ʧʨʩʪʝʥʘ. 

 

ɼʝʬʠʥʠʮʠʿʘ 1.5. (Krasner, Vukoviĺ 1987b) ʇʨʝʩʣʠʢʘʚʘˁʝ 

( ) xhhx ­,  ʩʘ D³D  ʫ D ʟʦʚʝʤʦ p-ʤʥʦʞʝˁʝʤ ʘʢʦ ʩʫ ʠʩʧʫˁʝʥʠ ʫʩʣʦʚʠ: 

i) ;xhhx RRR Ì  

ii) ( ) '.'''',,', hxxhhhxxhhxx ¢Ý¢Ø¢DÍ"  

 

ʇʨʠʤʿʝʜʙʘ 1.6. ʇʨʝʤʘ ʜʝʬʠʥʠʮʠʿʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʦʛ ʧʨʩʪʝʥʘ, 

ʝʣʝʤʝʥʪʠ (),xd  ,hxRRxÍ  ʠʤʘʿʫ ʟʘʿʝʜʥʠʯʢʠ ʩʫʧʨʝʤʫʤ, ʪʿ. ʧʦʩʪʦʿʠ 

(){ }.sup hxd RRxx Í  ɸʢʦ ʜʝʬʠʥʠʰʝʤʦ 

(){ }( )( ),, sup D³DÍÍ= hxdxh hxRRxx  

ʦʥʜʘ xh ʧʨʝʜʩʪʘʚˀʘ p-ʤʥʦʞʝˁʝ ʢʦʿʝ ʟʦʚʝʤʦ ʤʠʥʠʤʘʣʥʠʤ 

ʤʥʦʞʝˁʝʤ. 

 

ʅʝʢʘ ʿʝ ( )ER ,,, Ö+  ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ ,D ʘ 

( )FM ,,+  ʢʦʤʫʪʘʪʠʚʥʘ ʧʘʨʘʛʨʘʜʫʠʨʘʥʘ ʛʨʫʧʘ (Krasner, Vukoviĺ 1987b) ʩʘ 

ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D  ʠ ʥʝʢʘ ʿʝ M  ʣʠʿʝʚʠ R -ʤʦʜʫʣ. ʆʟʥʘʯʠʤʦ ()dE  ʩʘ dR  ʠ 

()dF  ʩʘ ,dM  ,DÍd  .DdÍ  

 

ɼʝʬʠʥʠʮʠʿʘ 1.7. (Krasner, Vukoviĺ 1987b) ɿʘ R -ʤʦʜʫʣ M  ʢʘʞʝʤʦ 

ʜʘ ʿʝ ʧʘʨʘʛʨʘʜʫʠʨʘʥ ʘʢʦ ʟʘ ʩʚʘʢʦ ,DÍd  DdÍ  ʧʦʩʪʦʿʠ DtÍ  ʪʘʢʦ ʜʘ ʿʝ 

.td MMR Ìd  

 

ɼʝʬʠʥʠʮʠʿʘ 1.8. (Krasner, Vukoviĺ 1987b) ( )FE, ï ʤʥʦʞʝˁʝ 

ʛʨʘʜʫʩʘ ʿʝ ʧʨʝʩʣʠʢʘʚʘˁʝ ( ) dd dd ­,  ʩʘ D³D  ʫ D  ʪʘʢʚʦ ʜʘ: 
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1. ;td MMR Ìd  

2. ( )( ) '.'''',', ddddDdd dddddd ¢Ý¢Ø¢Í"DÍ"  

ʉʧʝʮʠʿʘʣʥʦ, ʟʘ ʦʚʦ ʤʥʦʞʝˁʝ ʢʘʞʝʤʦ ʜʘ ʿʝ ʤʠʥʠʤʘʣʥʦ ʘʢʦ ʿʝ 

().sup zdd
dMRz d

d
Í

=  

 

2. ʂʘʪʝʛʦʨʠʿʘ 
PMD  

 

ʇʦʩʤʘʪʨʘʿʤʦ ʧʘʨʘʛʨʘʜʫʠʨʘʥʝ R -ʤʦʜʫʣʝ M , ʛʜʿʝ ʿʝ R  

ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ ,D ʘ M  ʢʦʤʫʪʘʪʠʚʥʘ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥʘ ʛʨʫʧʘ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ .D ʆʚʠ ʤʦʜʫʣʠ ʟʘʿʝʜʥʦ ʩʘ ʩʢʫʧʦʤ 

( )( ){ }dd '',hom MMfMMf ÌÍ  

ʯʠʥʝ ʢʘʪʝʛʦʨʠʿʫ ʢʦʿʫ ˂ʝʤʦ ʦʙʠˀʝʞʠʪʠ ʩʘ 
PMD . 

ɸʥʘʣʦʛʥʦ, ʤʦʞʝʤʦ ʜʝʬʠʥʠʩʘʪʠ ʢʘʪʝʛʦʨʠʿʫ ʝʢʩʪʨʘʛʨʘʜʫʠʨʘʥʠʭ R -

ʤʦʜʫʣʘ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D ʠ ʦʟʥʘʯʠʤʦ ʿʝ ʩʘ .EMD  

 

ɼʝʬʠʥʠʮʠʿʘ 2.1. (Iliĺ-Georgijeviĺ a) ɿʘ ʤʦʨʬʠʟʘʤ ': MMf ­  

ʢʘʞʝʤʦ ʜʘ ʿʝ ʤʦʨʬʠʟʘʤ ʛʨʘʜʫʩʘ d ʘʢʦ ʿʝ  

( )( ) .'' '' dddd MMf ÌDÍ"  

ʉʢʫʧ ʩʚʠʭ ʤʦʨʬʠʟʘʤʘ ʛʨʘʜʫʩʘ d ʦʟʥʘʯʠʤʦ ʩʘ ( ).',hom dMM  

 

ʃʝʤʘ 2.2. (Iliĺ-Georgijeviĺ a) ʉʢʫʧ ( )d',hom MM  ʿʝ ʧʦʜʛʨʫʧʘ ʛʨʫʧʝ 

( ).',hom MM  

 

ɼʝʬʠʥʠʰʠʤʦ ʩʢʫʧ ( ) ( ) .',hom:', G
DÍ

=
d

dMMMMHOM  

 

ʊʝʦʨʝʤʘ 2.3. (Iliĺ-Georgijeviĺ a) ɸʢʦ 
PMM DÍ  ʠ ,' EMM DÍ  ʦʥʜʘ ʿʝ 

( )',MMHOM  ʢʦʤʫʪʘʪʠʚʥʘ ʧʘʨʘʛʨʘʜʫʠʨʘʥʘ ʛʨʫʧʘ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ .D 

 

3. ɷʝʢʦʧʩʦʥʦʚ ʨʘʜʠʢʘʣ 

 

ɼʝʬʠʥʠʮʠʿʘ 3.1. ɿʘ ʦʙʿʝʢʪ 
PMM DÍ  ʢʘʞʝʤʦ ʜʘ ʿʝ ʧʨʦʩʪ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥ ʘʢʦ ʩʫ ʿʝʜʠʥʠ ʧʦʜʤʦʜʫʣʠ ʤʦʜʫʣʘ M  ʪʨʠʚʠʿʘʣʥʠ. ɿʘ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʤʦʜʫʣ 
PMM DÍ  ʢʘʞʝʤʦ ʜʘ ʿʝ ʧʦʣʫʧʨʦʩʪ ʧʘʨʘʛʨʘʜʫʠʨʘʥ 

ʘʢʦ ʿʝ ʜʠʨʝʢʪʥʘ ʩʫʤʘ ʧʨʦʩʪʠʭ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠʭ ʤʦʜʫʣʘ ʠʟ .PMD  
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ʅʝʢʘ .PMM DÍ  

 

ɼʝʬʠʥʠʮʠʿʘ 3.2. ʇʘʨʘʛʨʘʜʫʠʨʘʥʠʤ ɷʝʢʦʧʩʦʥʦʚʠʤ ʨʘʜʠʢʘʣʦʤ 

ʤʦʜʫʣʘ M  ʟʦʚʝʤʦ ʧʨʝʩʿʝʢ ʩʚʠʭ ʭʦʤʦʛʝʥʠʭ ʤʘʢʩʠʤʘʣʥʠʭ ʧʦʜʤʦʜʫʣʘ 

ʤʦʜʫʣʘ M  ʠ ʦʟʥʘʯʘʚʘʤʦ ʛʘ ʩʘ ( ).MJ P
 ʋʢʦʣʠʢʦ ʤʦʜʫʣ M  ʥʝʤʘ 

ʭʦʤʦʛʝʥʠʭ ʤʘʢʩʠʤʘʣʥʠʭ ʧʦʜʤʦʜʫʣʘ, ʦʥʜʘ ˂ʝʤʦ ʧʦ ʜʝʬʠʥʠʮʠʿʠ ʫʟʠʤʘʪʠ ʜʘ 

ʿʝ ( ) .MMJ P =  

 

ʇʨʦʧʦʟʠʮʠʿʘ 3.3. ɸʢʦ ,PMM DÍ  ʦʥʜʘ ʿʝ  

( ) ( ){ } ( ){ },,ker,homker << MMHOMffMMffMJ PM

P Í=Í=
D

 

ʛʜʿʝ ʩʤʦ ʩʘ M  ʦʟʥʘʯʠʣʠ ʧʨʦʩʪʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʤʦʜʫʣ. 

ɼʦʢʘʟ. ʅʝʢʘ ( ).MJx PÍ  ʊʘʜʘ ,NxÍ  ʛʜʿʝ ʿʝ N  ʧʨʦʠʟʚʦˀʘʥ 

ʭʦʤʦʛʝʥʠ ʤʘʢʩʠʤʘʣʥʠ ʧʦʜʤʦʜʫʣ ʤʦʜʫʣʘ .M  ʅʝʢʘ ( ).,hom MMf PMD
Í  

ʂʘʢʦ ʿʝ M  ʧʨʦʩʪʠ ʤʦʜʫʣ, () ,0=xf  ʪʿ. .ker fxÍ  ɼʘʢʣʝ,  

( ) ( ){ }.,homker< MMffMJ PM

P

D

ÍÌ  

ʅʝʢʘ ʩʘʜʘ ( ).,MMHOMf Í  ʊʘʜʘ ʿʝ  

( ) .,hom DÍÍ= ddd MMff  

ʅʘ ʦʩʥʦʚʫ ʠʩʪʦʛ ʘʨʛʫʤʝʥʪʘ ʢʘʦ ʠ ʤʘʣʦʧʨʠʿʝ, ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ ʿʝ 

() ,0=xfd  ʧʘ .ker fxÍ  ɼʘʢʣʝ, 

( ) ( ){ }.,ker< MMHOMffMJ P ÍÌ  

ʆʙʨʥʫʪʝ ʠʥʢʣʫʟʠʿʝ ʩʫ ʦʯʠʛʣʝʜʥʝ. 

 

ʂʦʨʦʣʘʨ 3.4. ɸʢʦ ʿʝ M  ʢʦʥʘʯʥʦ ʛʝʥʝʨʠʩʘʥʠ R -ʤʦʜʫʣ, ʦʥʜʘ ʿʝ 

() .MMRJ P ¸  

 

ʇʨʦʧʦʟʠʮʠʿʘ 3.5. ɸʢʦ 
PMM DÍ  ʠ ,' EMM DÍ  ʠ ʘʢʦ 

( ),',MMHOMf Í  ʦʥʜʘ ʿʝ ( )( ) ( ).'MJMJf PP Ì  

ɼʦʢʘʟ. ɼʦʚʦˀʥʦ ʿʝ ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ ( )( ) ( ),'MJMJf PP Ìd  ʟʘ ʩʚʘʢʦ 

,DÍd  ʛʜʿʝ ( ),',hom dd MMf Í  ʿʝʨ ʿʝ ( ) .,hom DÍÍ= ddd MMff  ɸʢʦ 

( ),MJx PÍ  ʦʥʜʘ () ( )'MJxf PÍd  ʧʨʝʤʘ ʪʝʦʨʝʤʠ ʦ ʢʦʨʝʩʧʦʥʜʝʥʮʠʿʠ. 
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 ɼʝʬʠʥʠʮʠʿʘ 3.6. ɿʘ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D 

ʢʘʞʝʤʦ ʜʘ ʿʝ ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʅʝʪʝʨʠʥ ʧʨʩʪʝʥ (ʣʠʿʝʚʠ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ɸʨʪʠʥʦʚ ʧʨʩʪʝʥ) ʘʢʦ ʿʝ ʟʘʜʦʚʦˀʝʥ ʫʩʣʦʚ ʨʘʩʪʫ˂ʝʛ 

(ʦʧʘʜʘʿʫ˂ʝʛ) ʣʘʥʮʘ ʭʦʤʦʛʝʥʠʭ ʠʜʝʘʣʘ. 

 

ɼʝʬʠʥʠʮʠʿʘ 3.7. ɿʘ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ R  ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D 

ʢʘʞʝʤʦ ʜʘ ʿʝ ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ ʫʢʦʣʠʢʦ ʿʝ 

                             ,1 nLLR ÄÄ= ?                               

(3.1) 

ʛʜʿʝ ʩʫ iL  ʤʠʥʠʤʘʣʥʠ ʣʠʿʝʚʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣʠ ʧʨʩʪʝʥʘ .R  

 

ɼʝʬʠʥʠʮʠʿʘ 3.8. ɿʘ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ R  ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D 

ʢʘʞʝʤʦ ʜʘ ʿʝ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʦʩʪʠ ʧʨʩʪʝʥ ʘʢʦ ʚʘʞʠ (3.1) ʠ ʘʢʦ ʿʝ 

( ) ,0, ¸ji LLHOM  { }.,,1, nji >Í  

 

ʃʝʤʘ 3.9. ʅʝʢʘ ʿʝ ʤʠʥʠʤʘʣʥʦ ʤʥʦʞʝˁʝ ʘʩʦʮʠʿʘʪʠʚʥʦ ʠ ʥʝʢʘ ʩʫ iL  ʠ 

jL  ʤʠʥʠʤʘʣʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʦʛ ʧʨʩʪʝʥʘ R  ʩʘ ʩʢʫʧʦʤ 

ʛʨʘʜʫʩʘ .D ʊʘʜʘ ʿʝ ( ) 0, ¸ji LLHOM  ʘʢʢʦ ʧʦʩʪʦʿʠ DÍx  ʪʘʢʦ ʜʘ ʿʝ 

(),xij LL @  ʛʜʿʝ ()xiL  ʧʨʝʜʩʪʘʚˀʘ x-ʩʫʩʧʝʥʟʠʿʫ (Iliĺ-Georgijeviĺ a) 

ʧʨʩʪʝʥʘ .iL  

ɼʦʢʘʟ. ʇʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʿʝ (),xij LL @  ʟʘ ʥʝʢʦ x ʠʟ .D ʊʘʜʘ ʿʝ 

( ) ()( ) ,0,hom,hom ¸= x
x iiji LLLL  

ʧʘ ʿʝ ʠ ( ) .0, ¸ji LLHOM  

ʆʙʨʥʫʪʦ, ʧʨʝʪʧʦʩʪʘʚʠʤʦ ʜʘ ʿʝ ( ) .0, ¸ji LLHOM  ʊʘʜʘ ʧʦʩʪʦʿʠ 

DÍx  ʪʘʢʦ ʜʘ ʿʝ ( ) ,0,hom ¸
xji LL  ʧʘ ʧʦʩʪʦʿʠ ( ),,hom

xx ji LLf Í  .0̧xf  

ʅʝʢʘ .iLxÍ  ʂʘʢʦ ʿʝ x  ʭʦʤʦʛʝʥʠ ʝʣʝʤʝʥʪ, ʧʦʩʪʦʿʠ DÍ'd  ʪʘʢʦ ʜʘ .'dRxÍ  

ʊʘʜʘ () .'xdx Rxf Í  ʊʦ ʟʥʘʯʠ ʜʘ ʿʝ ()ii LfLf d=)(  ʛʝʥʝʨʠʩʘʥ ʩʢʫʧʦʤ 

() (),xHLf i Æ  ʛʜʿʝ ʿʝ ()xH  ʭʦʤʦʛʝʥʠ ʜʠʦ ʧʨʩʪʝʥʘ ().xR  ɼʘʢʣʝ, 

() ().xii LLf =  ʇʨʝʤʘ ʪʝʦʨʝʤʠ ʦ ʢʦʨʝʩʧʦʥʜʝʥʮʠʿʠ, ()iLf  ʿʝ ʤʠʥʠʤʘʣʥʠ 

ʠʜʝʘʣ, ʧʘ ʤʦʨʘ ʙʠʪʠ () .ji LLf =  

 

ʂʦʨʦʣʘʨ 3.10. ʅʝʢʘ ʿʝ ʤʠʥʠʤʘʣʥʦ ʤʥʦʞʝˁʝ ʘʩʦʮʠʿʘʪʠʚʥʦ. 

ʇʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ R  ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D ʿʝ ʧʨʦʩʪʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ 
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ʧʨʩʪʝʥ ʘʢʦ ʚʘʞʠ (3.1) ʠ ʘʢʦ ʿʝ ʟʘ ʥʝʢʦ ,DÍx  (),xij LL @  ʟʘ ʩʚʘʢʦ 

{ }.,,1, nji >Í  

 

ʇʨʦʧʦʟʠʮʠʿʘ 3.11. ʇʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʨʩʪʝʥ R  ʩʘ ʩʢʫʧʦʤ ʛʨʘʜʫʩʘ D 

ʿʝ ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ ʘʢʦ ʿʝ R  ʜʝʩʥʠ 

ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ. 

ɼʦʢʘʟ. ɸʢʦ ʿʝ R  ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ, ʦʥʜʘ ʿʝ 

(){}.0=RJ P
 ʇʨʝʤʘ ʜʝʢʦʤʧʦʟʠʮʠʿʠ (3.1), ʧʦʩʪʦʿʝ ʦʨʪʦʛʦʥʘʣʥʠ 

ʠʜʝʤʧʦʪʝʥʪʥʠ ʝʣʝʤʝʥʪʠ ,ie  ,,,1 ni >=  ʪʘʢʚʠ ʜʘ ʿʝ . ii eRL =  ʂʘʢʦ ʿʝ iL  

ʤʠʥʠʤʘʣʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣ, ʪʦ ʿʝ ieR  ʠʜʝʘʣ ʛʝʥʝʨʠʩʘʥ ʩʢʫʧʦʤ , HeR i Æ  

ʪʿ. ʩʢʫʧʦʤ {} .Hei Æ  ʉʣʠʿʝʜʠ ʜʘ ,Hei Í  ʿʝʨ ʿʝ . Å̧ieR  ɸʢʦ ʩʘ p 

ʦʟʥʘʯʠʤʦ ʧʘʨʘʛʨʘʜʫʘʮʠʿʫ ʧʨʩʪʝʥʘ ,R  ʦʥʜʘ ʩʝ ʿʝʜʥʦʩʪʘʚʥʦ ʤʦʞʝ ʜʦʢʘʟʘʪʠ 

ʜʘ ʿʝ ʧʨʝʩʣʠʢʘʚʘˁʝ ( ), : iie eReSg
i
­Dp  ʜʝʬʠʥʠʩʘʥʦ ʩʘ () (),iie ee

i
dpdp =  

ʧʘʨʘʛʨʘʜʫʘʮʠʿʘ ʧʨʩʪʝʥʘ . iii eRe=D  ʈʘʜʠ ʩʝ ʟʘʧʨʘʚʦ ʦ ʧʘʨʘʛʨʘʜʫʠʨʘʥʦʤ 

ʜʠʚʠʟʠʙʠʣʥʦʤ ʧʨʩʪʝʥʫ. ʆʟʥʘʯʠʤʦ ʩʘ iK  ʜʝʩʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣ .Rei  

ʆʯʠʛʣʝʜʥʦ, ,1 nKKR ÄÄ= ?  ʧʘ ʿʝ ʜʦʚʦˀʥʦ ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ iK  

ʤʠʥʠʤʘʣʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣ. ʅʝʢʘ ʿʝ {} iKK Ì¸0  ʭʦʤʦʛʝʥʠ ʜʝʩʥʠ ʠʜʝʘʣ. 

ʂʘʢʦ ʿʝ KeK i=  ʠ {},0¸K  ʪʦ ʿʝ ʠ {}.0¸Kei  ɸʢʦ ʿʝ {},0=ii Kee  ʦʥʜʘ ʿʝ 

( ) {},0
2
=Kei  ʧʘ ʿʝ (){},0=Ì RJKe P

i  ʰʪʦ ʥʘʩ ʿʝ ʜʦʚʝʣʦ ʜʦ 

ʢʦʥʪʨʘʜʠʢʮʠʿʝ. ɼʘʢʣʝ, {}.0¸ii Kee  ʉ ʜʨʫʛʝ ʩʪʨʘʥʝ, 

( )( ) , iiiiii KeeeReKee Ì  ʧʘ ʿʝ ii Kee  ʜʝʩʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣ ʧʨʩʪʝʥʘ .iD  

ɼʘˀʝ ʿʝʜʥʦʩʪʘʚʥʦ ʩʣʠʿʝʜʠ ʜʘ ʿʝ .ii KReK ==  

 

ʇʨʦʧʦʟʠʮʠʿʘ 3.12. ɸʢʦ ʿʝ R  ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ɸʨʪʠʥʦʚ 

ʧʨʩʪʝʥ, ʦʥʜʘ ʿʝ R  ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʅʝʪʝʨʠʥ ʧʨʩʪʝʥ. 

ɼʦʢʘʟ. ʂʘʢʦ ʿʝ R  ʣʠʿʝʚʠ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ɸʨʪʠʥʦʚ ʧʨʩʪʝʥ, 

ɷʝʢʦʧʩʦʥʦʚ ʨʘʜʠʢʘʣ ʩʝ ʤʦʞʝ ʧʨʠʢʘʟʘʪʠ ʢʘʦ ʧʨʝʩʿʝʢ ʢʦʥʘʯʥʦ ʤʥʦʛʦ ʣʠʿʝʚʠʭ 

ʭʦʤʦʛʝʥʠʭ ʤʘʢʩʠʤʘʣʥʠʭ ʠʜʝʘʣʘ, ʪʿ. 

() .1 n

P MMRJ ÆÆ= >  

ʊʘʜʘ ʿʝ ()RJR P/  ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ. ɿʘ ʦʧʘʜʘʿʫ˂ʠ 

ʣʘʥʘʮ 

() () () >> ÉÉÉÉ
mPPP RJRJRJ

2
 

ʧʦʩʪʦʿʠ ʧʨʠʨʦʜʘʥ ʙʨʦʿ n  ʪʘʢʘʚ ʜʘ ʿʝ () () ,
knPnP RJRJ
+

=  ʟʘ ʩʚʘʢʠ 

ʧʨʠʨʦʜʘʥ ʙʨʦʿ .nk>  ɸʢʦ ʿʝ () {},0¸
nP RJ  ʦʥʜʘ ʧʦʩʪʦʿʠ ʭʦʤʦʛʝʥʠ ʝʣʝʤʝʥʪ 
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()nP RJxÍ  ʪʘʢʘʚ ʜʘ ʿʝ () {}.0¸xRJ P
 ʅʘʨʘʚʥʦ, ʝʣʝʤʝʥʪ x  ʤʦʞʝʤʦ 

ʠʟʘʙʨʘʪʠ ʪʘʢʦ ʜʘ ʿʝ Rx ʤʠʥʠʤʘʣʥʠ ʭʦʤʦʛʝʥʠ ʠʜʝʘʣ ʩ ʦʩʦʙʠʥʦʤ 

() {}.0¸xRJ P
 ʇʨʝʤʘ ʢʦʨʦʣʘʨʫ 3.4, ʠʤʘʤʦ () () .RxRxRJxRJ PP ¸=  ɸʢʦ 

(),RJa PÍ  ʦʥʜʘ ʿʝ () RxxRJRax P ÌÌ  ʠ .RxRax¸  ɼʘʢʣʝ, ,0=ax  

ʦʜʘʢʣʝ ʩʣʠʿʝʜʠ ʜʘ ʿʝ () {},0=xRJ P
 ʰʪʦ ʥʘʩ ʿʝ ʜʦʚʝʣʦ ʜʦ ʢʦʥʪʨʘʜʠʢʮʠʿʝ. 

ʇʨʝʤʘ ʪʦʤʝ, () {}.0=
nP RJ  ɿʘ ʩʚʘʢʦ ,1,,1 -= ni >  () ()1

/
+iPiP RJRJ  ʿʝ 

()RJR P/ -ʤʦʜʫʣ. ʇʨʩʪʝʥ ()RJR P/  ʿʝ ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʧʨʩʪʝʥ, 

ʧʘ ʿʝ () ()1
/

+iPiP RJRJ  ʧʘʨʘʛʨʘʜʫʠʨʘʥʠ ʧʦʣʫʧʨʦʩʪʠ ʤʦʜʫʣ. 
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INTEGRISANE POLUGRUPE I INTEGRISANA 

RJEĠENJA APSTRAKTNOG KOĠIJEVOG PROBLEMA 

 
1. Uvod 

 

Sa X  ĺemo oznaļavati Banachov prostor sa normom Ö; ( )L X  je 

prostor ograniļenih linearnih operatora sa X  u X .  

Definicija 1.1. Familija ()( )
0t

T t
²

 iz ( )L X  je polugrupa ograniļenih 

linearnih operatora na X ako je: 

()()() ( ),i T t T s T t s= +  za sve , 0t s²  

()()0ii T I= , gdje je I operator identitete na X . 

Ako za polugrupu ()( )
0t

T t
²

 vrijedi sljedeĺi uvjet 

() ()0
lim

t
iii T t x x

®
=  za sve x XÍ , 

tada se ()( )
0t

T t
²

naziva jako neprekidnom polugrupom ili 

0C -polugrupom.  

Ako je ()( )
0t

T t
²

 jako neprekidna polugrupa, tada postoje konstante 

0w²  i 1M ² , takve da je 

() tT t Mew¢ ,  za sve  0t² . 

Definicija 1.2. Linearni operator A , definiran na skupu 

()
()

0
: lim

t

T t x x
D A x X postoji

t®

-ë û
= Íì ü
í ý

 

za koji je 

() ()
0

lim
t

T t x x d T t x
Ax

t dt

+

®

-
= = | 0t= ,       ()x D AÍ  

 naziva se infinitizemalni generator polugrupe ()( )
0t

T t
²

; ()D A  je 

domena od A . 

Ako je A  infinitizemalni generator jako neprekidne polugrupe 

()( )
0t

T t
²

, tada je domena ()D A  gust skup u X  i A  je zatvoren operator. 

                                                 
*
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Ako je A  linearan, ne nuģno ograniļen, operator u X , rezolventni skup 

()Ar operatora A  (koji moģe biti neograniļen), je skup svih kompleksnih 

brojeva l, za koje je operator I Al-  invertibilan, a to znaļi da je 

( )
1

I Al
-

- ograniļen linearni operator definiran na cijelom prostoru X . 

Familija ograniļenih linearnih operatora ( )( ) ()
1

, ,R A I A Al l l r
-

= - Í , 

naziva se rezolventom operatora A . 

Ako je A infinitizemalni generator 0C  polugrupe ()( )
0t

T t
²

, tada 

vrijedi 

( ) () ()
0

, ,tR A e T t dt All l r
¤

-= Íñ , 

tj. rezolventa operatora A  je Laplaceova transformacija polugrupe 

()( )
0t

T t
²

. 

TakoĽer, za sve ()x D AÍ  vrijedi 

() () ()
0 0

t t

T t x x T s Axds A T s xds- = =ñ ñ . 

Teorem Hille-Yosida daje potrebne i dovoljne uvjete koje treba da 

zadovoljava rezolventa operatora A , da bi bio infinitizemalni generator jako 

neprekidne polugrupe. 

Teorem 1.3. Linearni operator A  je infinitizemalni generator 0C -

polugrupe ()( )
0t

T t
²

 za koju vrijedi () tT t Mew¢ ,  za sve  0t²  ako i samo 

ako: 

()i A je zatvoren operator i ()D A  je gust u X ; 

()ii Rezolventni skup ()Ar , operatora A, sadrģi interval ( ),w¤ , i 

( )
( )

,
n

n

M
R Al

l w
¢
-

 , za  , 1,2,...nl w> =  

 

2. Pojam i osnovne osobine integrisanih polugrupa 

 

Da bismo vidjeli kako se na prirodan naļin dolazi do pojma integrisanih 

polugrupa, izvrġit ĺemo sljedeĺe razmatranje.  

Pretpostavimo da je ()T t , 0t² jako neprekidna polugrupa  na Banach-

ovom prostoru X . 

Formirajmo sada  integrisanu polugrupu  



 

Integrisane polugrupe i integrisana rjeġenja apstraktnog Koġijevog problema 

 117 

0

( ) ( )

t

S t T r dr=ñ . 

Tada familija operatora ()S t , 0t² ima sljedeĺa svojstva 

() () ( )

()

0 0 0 0

0 0

( ) ( )

( ( ) ( )) ;

r t r t

r t r

S r S t T d T s ds d T s ds

d T d S t S d

t

t

t t t t

t s s t t t
+

= = + =

= = + -

ñ ñ ñ ñ

ñ ñ ñ

 

()0 0S = . 

Relacija ()0 0S = je oļigledna. 

Nadalje, operatori ()S t su po normi neprekidni za sve 0t² .  

U daljnjem razmatranju ĺemo zaboraviti kako smo dobili familiju 

operatora ()S t  i uvjet neprekidnosti operatora po normi ĺemo zamijeniti sa 

jakom neprekidnoġĺu, tj. pretpostavit ĺemo da je ()S t  neprekidna funkcija za 

0t² za svaki .x XÍ  

Sada ĺemo kratko izloģiti svojstva integrisanih polugrupa. 

 

Definicija 2.1. Familija ograniļenih linearnih operatora ()S t , 0t² na 

Banach-ovom prostoru X  se naziva integrisana polugrupa ako i samo ako 

vrijedi 

 

 ()0 0S = ; (2.1) 

 ()S t   je jako neprekidna,  za 0t² ; (2.2) 

 

0

( ) ( ) ( ( ) - ( ))

r

S r S t S t S d= t+ t tñ . (2.3) 

 

TakoĽer vrijedi: 

()() ( ) ()( ) () ()

() () () () ()

( ) () ( ) ()( ) ()()

0 0

0 0 0 0

0 0 0

r t r r

t

t r t r t r t

r

t t t

S r S t S t S d S d S d

S d S d S d S d S d

S r S d S r S d S t S r

t t t t t t t

t t t t t t t t t t

t t t t t t

+

+ +

= + - = - =

- - == - =

+ - = + - =

ñ ñ ñ

ñ ñ ñ ñ ñ

ñ ñ ñ
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Prostor 
nC , 0n² definirat ĺemo na sljedeĺi naļin: 

 0C X=  (2.4) 

{ ; ( )nC x X S t x= Í je n -puta neprekidno diferencijabilna 

funkcija }         

Koristeĺi definiciju prostora 
nC  moģe se uvjet (2.3) preformulirati 

ovako:  

 1( )S t x CÍ  i 

( ) ( ) ( ) ( ).S r S t S r t S r¡ = + -  
(2.5) 

 

Da je (2.3) ekvivalentno sa (2.5) vidi se na sljedeĺi naļin:  

Ako vrijedi (2.3) za svako x XÍ  onda je desna strana od (2.3) 

diferencijabilna po 0r ² , jer je podintegralna funkcija  neprekidna  po t, za 

proizvoljno fiksno 0t² . Zbog toga je i lijeva strana u (2.3) diferencijabilna po 

r , za proizvoljno ali fiksno 0t² ). No to znaļi da () 1S t x CÍ , za svako fiksno 

0t²  i svako fiksno x XÍ . Sada se diferenciranjem dobija: 

()() ( ) ()S r S t x S r t x S r x¡ = + - , 

za svako , 0r t ²  i svako fiksno x XÍ , tj. vrijedi (2.5). 

Obrnuto, ako vrijedi (2.5) za svako x XÍ  i svako , 0r t ² , onda je 

( ) ()S r t x S r x+ -  neprekidna funkcija od r ( 0)r ²  za svako fiksno 0t²  i 

svako fiksno x XÍ . No to, prema jednakosti u (2.5), znaļi da je ()()S r S t x¡  

neprekidna funkcija od 0r ² , za svako fiksno 0t²  i svako fiksno x XÍ  pa 

se integracijom dobije (2.3). 

 

Lema 2.2. Neka je ()S t  integrisana polugrupa na Banach-ovom 

prostoru X . Tada:  

a) 
1( ) : n nS t C C+­ , 0n²  (2.6) 

( ) : n nS t C C¡ ­ ,  1n²  (2.7) 

1( ) : n nS t C C+¡¡ ­ , 1n²  (2.8) 

 

b) Vrijede sljedeĺe relacije: 

( ) ( ) ( ) ( ) ( ) ( )S r S t x S t S r x S t x S r x¡ ¡- = -     na 1C  (2.9) 

( ) ( ) ( ) ( )S r S t x S t S r x¡ ¡=                                          na 1C                               (2.10) 

( ) ( ) ( )S r S t x S r t x¡ ¡ ¡= +                                           na 1C                              (2.11) 
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( ) "(0) ( ) (0)S t x S S t x S x¡ ¡= +                              na 1C  (2.12) 

( ) "(0) (0) ( )S t S x S S t x¡¡=                                      na 2C                              (2.13) 

( ) "(0) ( ) ( ) (0)S t x S S t x S t S x¡¡ ¡ ¡ ¡¡= =               na 3C  (2.14) 

( ) ( ) ( ) ( )S r S t x S t r x S t x¡ = + -                           na 1C  (2.15) 

( ) ( ) ( ) ( )S r S t x S t r x S t x¡¡ ¡ ¡= + -                       na 2C  (2.16) 

( ) ( ) ( ) ( ) ( )S r S t x S t r x S t S r x¡ ¡¡ ¡¡ ¡¡ ¡= + =        na 2C  (2.17) 

 

Dokaz: Navedene relacije se lako dokazuju, pa ĺemo dokazati samo 

neke od navedenih. 

a) Dokaģimo najprije (2.6). Neka je 
nx CÍ . To znaļi da je funkcija 

()S r x neprekidno diferencijabilna n-puta. S druge strane  prema (2.5) je 

()() ( ) ()S r S t x S r t S r¡ = + -  

Prema veĺ reļenom, desnu stranu moģemo diferencirati n-puta po r , pa 

pema tome, i lijevu. A to znaļi da ()()S r S t x moģemo neprekidno 

diferencirati ( )1n+ -puta pa je () 1nS t x C+Í . Sliļno se dokazuju tvrdnje (2.7) i 

(2.8). 

b)  Da vrijedi tvrdnja (2.10) moģemo zakljuļiti na sljedeĺi naļin: 

Neka je 
1x CÍ . To znaļi da je funkcija ()S r x neprekidno 

diferencijabilna po r . Kako je  

()() ()()S r S t x S t S r x= , a  

()() ( ) ()( )
0

t

S t S r x S r S xdt t t= + -ñ  

lijeva strana navedene jednakosti je diferencijabilna po r , pa prema 

tome i desna, tako da nakon diferenciranja po r , dobijemo da je 

() () ( ) () ()()S t S r x S r t x S r x S r S t x¡ ¡= + - = . 

Da vrijedi tvrdnja (2.11) vidi se na sljedeĺi naļin: 

Diferenciranjem relaciji  

0

( ) ( ) ( ( ) - ( ))

r

S r S t S t S d= t+ t tñ  

 po t , dobit ĺemo 

() () ( ) ( )
0

r

S r S t x S t xd S t xt t t¡ ¡= + = +ñ | ( ) ()0

r S t r x S t xt

t

=

== + - . 

Ovdje je desna strana diferencijabilna (neprekidna) po r , pa je takva i 

lijeva strana tj. () 1S t x C¡ Í , odnosno () ()S r S t x¡  je diferencijabilna po r , 

pri fiksnom t . Imamo, dakle, 
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() () ( )S r S t x S t r x¡ ¡ ¡= + . 

Da vrijedi tvrdnja (2.12) moģe se zakljuļiti na sljedeĺi naļin: 

Ako je 
1x CÍ , tada je () 2S t x CÍ , pa postoji (i neprekidna je) 

()()S r S t x¡¡ . Ako dakle, u (1.2.5), tj 

()() ( ) ()S r S t x S r t x S r x¡ = + - diferenciramo po r, dobit ĺemo 

()() ( ) ()S r S t x S r t x S r x¡¡ ¡ ¡= + - . Odavde ako stavimo 0r = , imat ĺemo 

()() () ()0 0S S t x S t x S x¡¡ ¡ ¡= -  tj. () ()() ()0 0S t x S S t x S x¡ ¡¡ ¡= + , 

ġto je i trebalo dokazati. 

Da vrijedi tvrdnja (2.13) vidi se na sljedeĺi naļin: 

Neka je, sada, 
2x CÍ . To znaļi da je funkcija ()S r xdva puta 

neprekidno diferencijabilna. Prema (2.5) je () () ( ) ()S t S r x S r t x S r x¡ = + - . 

S obzirom da lijevu stranu, posljednje jednakosti,  moģemo diferencirati po r , 

onda moģemo i desnu stranu diferencirati,  ġto nas dovodi do jednakosti  

() () ( ) ()S t S r x S r t x S r x¡¡ ¡ ¡= + - . 

Uvrġtavanjem 0r =  dobijemo 

() () () ()0 0S t S x S t x S x¡¡ ¡ ¡= - . 

Odakle, prema (2.10), dobijemo  

( ) (0) (0) ( )S t S S S t¡¡ ¡¡= . 

 

Definicija 2.3.  Skup  

                    { }; ( ) 0, 0N x X S t x t= Í = ² 

se naziva prostor degeneracije integrisane polugrupe ()S t . ()S t  

nazivamo nedegeneriranom, ako je {}0N= . Ako prostor N  sadrģi i neke 

druge elemente osim 0 , tada  ()S t  nazivamo degeneriranom integrisanom 

polugrupom. 

 

3. Generator nedegenerirane integrisane polugrupe 

 

Ako je (), 0T t t²  jako neprekidna polugrupa na X  sa generatorom 

A , tada je ()x D AÍ  i Ax y= ako i samo ako je 

() ()
0

t

T t x x T s yds- =ñ . 
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Ovu karakterizaciju generatora polugrupe ĺemo iskoristiti za definiciju 

generatora integrisane polugrupe. 

 

Definicija 3.1. Generator ():A D A X XÌ ­ , nedegenerirane 

integrisane polugrupe ()S t , 0t²  se definira na sljedeĺi naļin: 

 ()x D AÍ  i Ax y=  ako i samo ako 
1x CÍ  i 

 () ()S t x x S t y¡ - =  za 0t² . (3.1) 

Ekvivalentno tome moģemo tvrditi: ()x D AÍ  i Ax y= ako i samo ako 

je  

 
() ()

0

t

S t x tx S r ydr- =ñ  za 0t² . (3.2) 

Primijetimo da ova definicija ne zahtijeva da je integrisana polugrupa 

eksponencijalno ograniļena. 

Lema 3.2. ()2 1C D A CÌ Ì  i ()0Ax S x¡¡=  za, 
2x CÍ . Ļak i viġe 

2 1AC CÌ . 

Dokaz: Neka je ()x D AÍ . To znaļi da je 
1x CÍ  i da postoji y XÍ  

za kojeg vrijedi  

 () () ( 0)S t x x S t y t¡ - = ². (3.3) 

Ako je y  drugi element za kojeg vrijedi            

 () () ( 0)S t x x S t y t¡ - = ², (3.4) 

onda bismo iz (3.3) i (3.4) imali  

() () ( ), 0 ,S t y S t y t= " ²  

tj. () ( )( ) 0, 0 .S t y y t- = " ² 

Kako je ()S t  nedegenerisana integrisana polugrupa, to odavde slijedi 

0y y- =, tj. y y= . 

Po definiciji generatora je () 1D A CÌ . Dokaģimo da je ()2C D AÌ . 

Dokazat ĺemo najprije da za 
1x CÍ  vrijedi ()0S x x¡ = . Prema (2.9), imamo za 

sve x XÍ  

( ) ( ) ( ) ( ) ( ) ( )S r S t x S t S r x S t x S r x¡ ¡- = -  

pa, za 0r = , poġto je ()0 0S = , dobivamo 

 ()() ()0S S t x S t x¡ = . (3.5) 

Kako je 
2 1x C CÍ Ì  to, prema (2.10), za 0r = , imamo 
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()() () ()0 0S S t x S t S x¡ ¡= . 

Ovo i (3.5) daju 

() () () ( )0 , 0S t S x S t x t¡ = " ² 

i dalje () () ( )0 0 , 0S t S x x t¡è ø- = " ²ê ú   

Kako je ()S t  nedegenerirana, integrisana polugrupa,  to dobijemo 

()0 0S x x¡ - = 

Znaļi, za 
1x CÍ , je  

 ()0S x x¡ = . (3.6) 

Pretpostavimo da je 
2x CÍ i stavimo  

() () () ()0H t x S t x x S t S x¡ ¡¡= - -  

Dalje imamo 

() () () ()
( )

() ()()
( )

()

2.13 2.12

0 0

0 0.

H t x S t x x S t S x S t x x S S t x

S x x x x

¡ ¡¡ ¡ ¡¡= - - = - - =

¡= - = - =

 

Znaļi () 0H t =  tj. () () ()0S t x x S t S x¡ ¡¡= + , ġto znaļi da vrijedi 

(3.3), gdje je ()0y S x¡¡= . 

Dakle, ako je 
2x CÍ , onda je ()x D AÍ  i  ()0Ax S x¡¡= , tj. 

()2C D AÌ  i  ()0Ax S x¡¡= ,   
2x CÍ . 

Na kraju, iz 

() () () ()0S t x x S t Ax x S t S x¡ ¡¡= + = +  

() () () ()0S t Ax S t S S t x x¡¡ ¡= = -. 

 Desna strana je neprekidno diferencijabilna, jer je 
2x CÍ , pa je 

tako i lijeva strana. Dakle 
1Ax CÍ . 

 

Lema 1.3.3. A je zatvoren linearni operator. 

Dokaz: Slijedi neposredno iz (3.2). 

 

Lema 1.3.4. () ()1 2:S t C C D A­ Ì  i  

() ()() ()0AS t x S S t x S t x x¡¡ ¡= = -. Nadalje, () ()AS t x S t Ax= , 

za ()x D AÍ . 

Dokaz: Ova tvrdnja slijedi iz leme 3.2, jednakosti (2.12), lema 2.3. i 

(3.1) 
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4. Homogeni Koġijev problem 

 

Neka je X  Banachov prostor, a A  zatvoren linearni operator na X  

koji generira nedegeneriranu integrisanu polugrupu ()S t . Za fiksan element 

x XÍ , promatrat ĺemo tzv. Koġijev problem 

 
() ()

()0

d
u t Au t

dt

u x

û
= î

ü
î= ý

 (4.1) 

 Posljednji uvjet naziva se poļetni uvjet. Ako je 
3x CÍ tada se 

naġ problem moģe lako rijeġiti. Naime, ako uzmemo 
3x CÍ , tada je ()x D AÍ  

i vrijedi  

() ()S t x x S t Ax¡ - = . 

Poġto ()S t  i Axkomutiraju, to imamo 

() ()S t x x AS t x¡ - = . 

Poġto je 
3x CÍ , lijeva strana se moģe diferencirati, tako da imamo 

()
( ) () ( ) ()

0 0
lim lim
h h

S t h x S t x S t h x S t x
S t x A

h h­ ­

¡ ¡+ - + -
¡¡ = = . 

Dakle, 

( ) ()
()

S t h x S t x
A S t x

h

+ -
¡¡­  

S druge strane  

( ) ()
(), 0

S t h x S t x
S t x kada h

h

+ -
¡­ ­  

Iz ovog i iz zatvorenosti operatora A , slijedi: 

() ()S t x D A¡ Í  i () ()AS t x S t¡ ¡¡= . 

Ako stavimo () ()u t S t x¡= , imamo () ()
d

u t Au t
dt

= . Osim toga,  

prema (2.12), kada u (2.3) stavimo 0t= , je () ()0 0u S x x¡= =. Dakle, u 

sluļaju 
3x CÍ ,je funkcija () ()u t S t x¡=  rjeġenje Koġijevog problema (4.1) 

Sada, iz (4.1), gdje je () ()u t S t x¡= , integracijom u granicamaod 0  do 

t  dobivamo 

 

() ()
0

t

u t A u t dt x= +ñ . (4.2) 
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Dakle, rjeġenje ()u t , jednaļine (4.1), zadovoljava i (4.2). Obratno ne 

mora vrijediti. Jednadģba (4.2) moģe imati rjeġenja koja ne zadovoljavaju (4.1) 

ġto znaļi da je uvjet (4.2) slabiji od uvjeta (4.1). 

Moģemo se iĺi i dalje. Ako stavimo () ()
0

t

v t u dt t=ñ ,  jednadģba (4.2) 

ĺe primiti oblik 

(), 0 0
dv

Av x v
dt
= + =. 

Novom integracijom od 0 do t  dobit ĺemo 

 

() ()
0

, 0 0

t

v A v d tx vt t= + =ñ . (4.3) 

Prethodna razmatranja pokazuju da se iz rjeġenja jednadģbe (4.1), nakon 

dvije uzastopne integracije, dobivaju  rjeġenje jednadģbe (4.3). Isto tako se iz 

svakog rjeġenja jednadģbe (4.2) dobija rjeġenje jednadģbe (4.3). No (4.3) moģe 

imati i rjeġenja koja se ne dobivaju na ovaj naļin. Razmotrimo sada jednadģbu 

(4.3) i potraģimo sva njena rjeġenja. Rjeġavanje problema (4.3) se moģe  smatrati 

rjeġavanjem problema (4.1) u nekom generaliziranom smislu. 

Zapravo, vrijedi sljedeĺi teorem: 

 

Teorem 4.1. Za svako  x XÍ , () ()v t S t x=  je jedinstveno neprekidno 

rjeġenje problema (4.3). 

Ļak i viġe, () ()v t C t x¢ , gdje ()C t  ne ovisi od x . 

Napomena: Funkcija ()C t je u stvari ()S t . 

Ostatak ovog poglavlja ĺemo posvetiti dokazivanju obrata ovog 

teorema. 

 

Teorem 4.2. Linearni operator A  na X  je generator nedegenerisane 

integrisane polugrupe ako i samo ako vrijede sljedeĺa dva uvjeta : 

(i)   0v¹  je jedino neprekidno rjeġenje problema (4.3), za 0x= . 

      (ii) Za bilo koje x XÍ  jednaļina (4.3) ima neprekidno rjeġenje v  

takvo da je () ()v t C t x¢ ,  za neko ( ) 0C t > koje ne ovisi o x .                                                                             

Dokaz: Dio Ýovog teorema je teorem 4.1. 

Pretpostavimo, sada, da su zadovoljeni uvjeti (i) i (ii). Neka je 

()v t neprekidno rjeġenje problema (4.3). Uoļimo prvo da je to rjeġenje 

jedinstveno za dano x XÍ . Naime, ako je i ()1v t neprekidno rjeġenje problema 

(4.3), tada imamo  
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() ()
0

t

v t A v d txt t= +ñ , 

() ()1 1

0

t

v t A v d txt t= +ñ , 

i () ()10 0 0v v= =. Odavde slijedi  

() () () ()( )1 1

0

t

v t v t A v v dt t t- = -ñ  

i () ()10 0 0v v- =. Ovo znaļi da je funkcija () ()1v t v t-  neprekidno 

rjeġenje problema (4.3),  pri ļemu je 0x= . Prema uvjetu (i) je 

() ()1 0v t v t- ¹, tj. () ()1v t v t= . 

Stavimo, sada, po definiciji 

( ) ( )S t x v t= , za  0t²  

gdje je v  jedinstveno rjeġenje koje zadovoljava uvjete (i) i (ii). 

Prvo ĺemo provjeriti da je ()S t , 0t² , integrisana polugrupa, a zatim i 

da je A  njen generator. 

Operatori ()S t  su linearni zbog toga ġto rjeġenje od (4.3) mora biti 

jedinstveno i ograniļeni zbog procjene () ()v t C t x¢  koja vrijedi prema 

uvjetu ()ii  

Provjerimo sada (2.1), (2.2), (2.3). Jednakost (2.1) slijedi iz (4.3), a (2.2) 

iz neprekidnosti funkcije ()v t . U svrhu provjere (2.3) fiksirat ĺemo 0r ²  i 

staviti 

1( ) ( ) ( )v t S r S t x=  ,  2

0

( ) ( ( ) ( ))

t

v t S r S xdt t t= + -ñ . 

Iz (4.3)  slijedi da 1v i 2v  zadovoljavaju jednaļinu 

0

( ) ( ) ( )

t

j jv t A v s ds tS r x= +ñ . 

Prema definiciji funkcije ()S t x, ona je rjeġenje jednaļine (4.3),  tj. 

vrijedi  

() ()
0

t

S t x A S xd txt t= +ñ , 

a odavde, djelujuĺi sa ()S r  pri fiksnom r , dobijamo 
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()() ()() ()
0

t

S r S t x A S r S d tS r xt t= +ñ , 

tj. () () () ()1 1

0

, 0 0

t

v t A v d tS r x vt t= + =ñ .  

Dalje, drģeĺi r fiksnim, dobijamo 

() ( ) () ( ) ()
.

2

0 0 0

t t tdef

v t S r x S x d S r xd S dt t t t t t t= + - = + -è øê úñ ñ ñ  

() ()
0

t r t

r

S xd S xdt t t t
+

= -ñ ñ . 

Dakle,  () () () ()2

0 0 0

t r r t

v t S xd S xd S xdt t t t t t
+

= - -ñ ñ ñ , 

i dalje,  

() () () ()2

0 0 0

t r r t

Av t A S xd A S xd A S xdt t t t t t
+

= - -ñ ñ ñ  

S obzirom da ()S t x zadovoljava jednakost (4.3), odavde, dobijemo 

() ( )( ) () ()2Av t S t r t r x S r x rx S t x tx= + - + - - - -è ø è ø è øê ú ê ú ê ú. 

Dakle, 

() ( ) () ()2Av t S t r S r x S t x= + - - . 

Odavde, nakon integracije od 0 do t , dobivamo 

() ( ) () ()2

0 0

t t

A v d S r x S x d tS r xt t t t t= + - -è øê úñ ñ , 

tj. () () ()2 2

0

t

A v d v tS r xt t t= -ñ . 

Prema tome ()2v t  zadovoljava (4.3). 

Jedinstvenost rjeġenja problema (4.3), tada povlaļi 1 2v v= ,  tj. (4.3). 

Sada ĺemo dokazati da je A  generator od S . Da bismo dokazali da je 

A  sadrģan u generatoru od S , uzmimo ()x D AÍ i provjerimo (3.2) , tj.  

0

( ) ( )

t

S t x tx S s Axds- =ñ . 

Lako se moģe vidjeti da obje strane jednadģbe zadovoljavaju 
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2

0

1
( ) ( ) .

2

t

w t A w s ds t Ax= +ñ  

Uvjet (i) povlaļi da oni moraju biti jednaki. 

Da bi dokazali da je A  proġirenje generatora od S , uzmimo ,x y XÍ  

za koje je 

0

( ) ( )

t

S t x tx S r ydr- =ñ , za 0t² . 

Prema (4.3),  

( ) ( )S t x tx D A- Í  i ( ( ) ) ( )A S t x tx S t y ty- = -. 

Kako je operatorA  zatvoren,  iz leme 3.2, imamo  
2

0 0

( ) ( ( ) ) ( )
2

t t
t

x S r xdr S r x rx dr D A= - - Íñ ñ  

2 2 2

0

( ) ( )
2 2 2

t
t t t

A x S t x tx S r ydr y y
å õ

= - - + =æ ö
ç ÷

ñ . 

Odavde je ( )x D AÍ  i Ax y= . 

 

Korolar 4.3.  Neka je A  gusto definiran operator na X . A  generira 

nedegenerisanu integrisanu polugrupu na X  ako i samo ako jednaļina 

 
( ) ( )

d
v t Av t x

dt
= +,  0t² , (0) 0v =  (4.4) 

ima jedinstveno neprekidno rjeġenje v ,  za svako ( )x D AÍ  i, za svaki 

ograniļen interval [ ]0,a , postoji konstanta 0C²  takva da je ()v t C x¢ . 

Dokaz: ÝStavit ĺemo () ()v t S t x=  i koristiti lemu 3.4. 

Û  Provjerimo uvjete (i) i (ii) teorema 4.2. Poļnimo sa (ii). Neka 

je x XÍ i 

niz ( )nx D AÍ  odaberimo tako da nx x­  kada n­¤. Tada postoji 

jedinstveno neprekidno rjeġenje nv  za koje vrijedi 

( ) ( )n n n

d
v t Av t x

dt
= + ,    za   0t² ,  

i ()n nv t C x¢ . Dalje,  () ()n m n mv t v t C x x- ¢ - , tako 

da ( ) ( )nv t v t­  kada n­¤, gdje je v  neprekidna funkcija. Integrirajuĺi 

posljednju jednakosti, dobijamo 

() ()
0

t

n n nv t A v s ds tx= +ñ . 



 

Sanja Tipuriĺ-Spuģeviĺ 

 128 

Odavde 

0

( ) ( )

t

nA v s ds v t tx­ -ñ , kada n­¤. 

Poġto je operator A  zatvoren, imamo  

0

( ) ( )

t

A v s ds v t tx= -ñ , 

i ()v t C x¢ , za t  iz ograniļenog intervala. 

Jedinstvenost rjeġenja slijedi neposredno iz ļinjenice da je rjeġenje (4.4), 

jedinstveno u sluļaju 0x= . No, ova ļinjenica se moģe dokazati ovako: Neka je 

()v t rjeġenje problema 

() () (), 0 0v t Av t v¡ = =. 

Tada, integracijom dobivamo 

() () ()
0

, 0 0

t

v t A v d vt t= =ñ  

Ponovnom integracijom, stavljajuĺi () ()
0

t

w t v dt t=ñ , dobivamo 

() () ()
0

, 0 0

t

w t A w d wt t= =ñ  

No, od ranije znamo da odavde slijedi () 0w t ¹ , pa je i 

() ()( )' 0v t w t= ¹. 
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ʂʘʪʝʜʨʘ ʟʘ ʤʘʪʝʤʘʪʠʢʫ 

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʇʈʀʄɽʅɸ ɼɺʆʇɸʈɸʄɽʊɸʈʉʂʀʍ  

ʈɸʉʇʆɼɽʃɸ ʋ ʀʅʊɽʈɺɸʃʅʆɱ ɸʍʇ ʄɽʊʆɼʀ 

 
ʋʚʦʜ 

 

ɸʥʘʣʠʪʠʯʢʠ ʭʠʿʝʨʘʨʭʠʿʩʢʠ ʧʨʦʮʝʩ (Analytic Hierarchy Process ï 

ɸʍʇ) ʿʝ ʤʝʪʦʜ ʚʠʰʝʢʨʠʪʝʨʠʿʫʤʩʢʦʛ ʦʜʣʫʯʠʚʘˁʘ ʢʦʿʠ ʿʝ ʨʘʟʚʠʦ ʊʦʤʘʩ ʉʘʪʠ 

(Thomas L. Saaty) ʩʝʜʘʤʜʝʩʝʪʠʭ ʛʦʜʠʥʘ ʜʚʘʜʝʩʝʪʦʛ ʚʝʢʘ. ɻʣʘʚʥʠ ʮʠˀ 

ʤʝʪʦʜʝ ʿʝ ʦʜʨʝʹʠʚʘˁʝ ʛʣʦʙʘʣʥʠʭ ʪʝʞʠʥʘ ʫ ʦʜʥʦʩʫ ʥʘ ʢʦʿʝ ʩʝ ʚʨʰʠ 

ʨʘʥʛʠʨʘˁʝ ʘʣʪʝʨʥʘʪʠʚʘ. ʆʩʥʦʚʥʠ ʤʝʪʦʜʦʣʦʰʢʠ ʢʦʨʘʮʠ ʫ ʧʨʠʤʝʥʠ ɸʍʇ 

ʤʝʪʦʜʝ ʩʫ: 

ï ʩʪʨʫʢʪʫʠʨʘˁʝ ʧʨʦʙʣʝʤʘ, 

ï ʧʨʠʢʫʧˀʘˁʝ ʧʦʜʘʪʘʢʘ, 

ï ʦʜʨʝʹʠʚʘˁʝ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ, 

ï ʥʘʣʘʞʝˁʝ ʨʝʰʝˁʘ ʧʨʦʙʣʝʤʘ. 

 

ʉʪʨʫʢʪʫʠʨʘˁʝ ʧʨʦʙʣʝʤʘ ʧʨʝʜʩʪʘʚˀʘ ʜʝʢʦʤʧʦʟʠʮʠʿʫ ʧʨʦʙʣʝʤʘ, 

ʠʜʝʥʪʠʬʠʢʘʮʠʿʫ ʝʣʝʤʝʥʘʪʘ ʠ ˁʠʭʦʚʦ ʫʛʨʘʹʠʚʘˁʝ ʫ ʩʝʨʠʿʫ ʭʠʿʝʨʘʨʭʠʿʘ. ʅʘ 

ʚʨʭʫ ʭʠʿʝʨʘʨʭʠʿʩʢʝ ʩʪʨʫʢʪʫʨʝ ʫʚʝʢ ʩʝ ʥʘʣʘʟʠ ʛʣʦʙʘʣʥʠ ʮʠˀ, ʟʘʪʠʤ ʩʣʝʜʝ 

ʘʪʨʠʙʫʪʠ-ʢʨʠʪʝʨʠʿʫʤʠ, ʘ ʥʘ ʧʦʩʣʝʜˁʝʤ ʥʠʚʦʫ ʥʘʣʘʟʝ ʩʝ ʧʦʥʫʹʝʥʝ 

ʘʣʪʝʨʥʘʪʠʚʝ ʢʦʿʝ ʩʝ ʨʘʥʛʠʨʘʿʫ ʥʘ ʦʩʥʦʚʫ ʠʜʝʥʪʠʬʠʢʦʚʘʥʠʭ ʘʪʨʠʙʫʪʘ. ʅʘ 

ʩʣʠʮʠ 1 ʧʨʠʢʘʟʘʥʘ ʿʝ ʭʠʿʝʨʘʨʭʠʿʩʢʘ ʩʪʨʫʢʪʫʨʘ ʩʘ ʪʨʠ ʭʠʿʝʨʘʨʭʠʿʩʢʘ ʥʠʚʦʘ. 

 

ʉʣʠʢʘ 1: ɸʍʇ ʘʨʭʠʪʝʢʪʫʨʘ ʩʘ ʪʨʠ ʥʠʚʦʘ 

                                                 
*
 lazovic@fon.bg.ac.rs 
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ʇʨʚʠ ʥʠʚʦ ʿʝ ʛʣʦʙʘʣʥʠ ʮʠˀ, ʥʘʨʝʜʥʠ ʥʠʚʦ ʯʠʥʝ ʧʝʪ ʢʨʠʪʝʨʠʿʫʤʘ-

ʘʪʨʠʙʫʪʘ (C1, ..., C5), ʜʦʢ ʩʫ ʥʘ ʧʦʩʣʝʜˁʝʤ ʥʠʚʦʫ ʧʦʥʫʹʝʥʝ ʘʣʪʝʨʥʘʪʠʚʝ 

(A1, A2, A3). 

ʅʘʢʦʥ ʧʨʠʢʫʧˀʘˁʘ ʧʦʜʘʪʘʢʘ (ʫ ʦʙʟʠʨ ʜʦʣʘʟʝ ʢʘʢʦ ʢʚʘʥʪʠʪʘʪʠʚʥʠ, 

ʪʘʢʦ ʠ ʢʚʘʣʠʪʘʪʠʚʥʠ ʧʦʜʘʮʠ) ʩʣʝʜʠ ʢˀʫʯʥʘ ʬʘʟʘ ʤʝʪʦʜʝ ï ʦʜʨʝʹʠʚʘˁʝ 

ʣʦʢʘʣʥʠʭ (ʨʝʣʘʪʠʚʥʠʭ) ʪʝʞʠʥʘ  ʥʘ ʦʩʥʦʚʫ ʤʘʪʨʠʮʘ ʧʦʨʝʹʝˁʘ ʧʦ 

ʧʘʨʦʚʠʤʘ. ʄʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ ʧʘʨʦʚʠʤʘ ʩʘʜʨʞʝ ʝʢʩʧʝʨʪʩʢʝ ʦʮʝʥʝ ʠ 

ʬʦʨʤʠʨʘʿʫ ʩʝ ʥʘ ʩʚʘʢʦʤ ʥʠʚʦʫ ʫ ʦʜʥʦʩʫ ʥʘ ʥʘʜʨʝʹʝʥʠ ʥʠʚʦ. ʅʘ ʧʨʠʤʝʨ, ʟʘ 

ʭʠʿʝʨʘʨʭʠʿʩʢʫ ʩʪʨʫʢʪʫʨʫ ʥʘ ʩʣʠʮʠ 1, ʬʦʨʤʠʨʘ ʩʝ ʿʝʜʥʘ ʤʘʪʨʠʮʘ ʧʦʨʝʹˁʘ 

ʨʝʜʘ 5x5 ʟʘ ʜʨʫʛʠ ʥʠʚʦ (ʫ ʦʜʥʦʩʫ ʥʘ ʛʣʦʙʘʣʥʠ ʮʠˀ) ʠ ʧʝʪ ʤʘʪʨʠʮʘ ʧʦʨʝʹʝˁʘ 

ʨʝʜʘ 3x3 ʟʘ ʪʨʝ˂ʠ ʥʠʚʦ (ʫ ʦʜʥʦʩʫ ʥʘ ʢʨʠʪʝʨʠʿʫʤʝ C1, ... , C5).  

ʈʝʰeˁʝ ʧʨʦʙʣʝʤʘ ï  ʚʝʢʪʦʨ ʛʣʦʙʘʣʥʠʭ ʪʝʞʠʥʘ, ʜʦʙʠʿʘ ʩʝ ʥʘ ʦʩʥʦʚʫ 

ʧʨʝʪʭʦʜʥʦ ʦʜʨʝʹʝʥʠʭ ʚʝʢʪʦʨʘ ʣʦʢʘʣʥʠʭ ʪʝʞʠʥʘ (Saaty 1980, Saaty, Vargas 

1987). 

ʋ ʢʦʥʚʝʥʮʠʦʥʘʣʥʦʿ ɸʍʇ ʤʝʪʦʜʠ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ ʧʘʨʦʚʠʤʘ ʩʫ 

ʦʙʣʠʢʘ 

      (1) 

 

ʠ ʬʦʨʤʠʨʘʿʫ ʩʝ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ. ɼʦʥʦʩʠʣʘʮ ʦʜʣʫʢʘ ʟʘʜʘʿʝ 

ʝʣʝʤʝʥʪʝ  ʫ ʛʦʨˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ɸ ʪʘʢʦ ʜʘ ʩʚʘʢʠ ʦʜ ʪʠʭ ʝʣʝʤʝʥʘʪʘ 

ʧʨʝʜʩʪʘʚˀʘ ʢʦʣʠʯʥʠʢ ʨʝʣʘʪʠʚʥʠʭ (ʣʦʢʘʣʥʠʭ) ʪʝʞʠʥʘ  ʠ : 

  

ɿʘ ʝʣʝʤʝʥʪʝ ʫ ʜʦˁʝʤ ʪʨʦʫʛʣʫ ʫʟʠʤʘʿʫ ʩʝ ʨʝʮʠʧʨʦʯʥʝ ʚʨʝʜʥʦʩʪʠ 

ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʝʣʝʤʝʥʘʪʘ ʢʦʿʠ ʧʨʠʧʘʜʘʿʫ ʛʦʨˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ɸ: 

  

ɺʝʢʪʦʨ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ  ʜʦʙʠʿʘ ʩʝ ʢʘʦ 

ʜʝʩʥʠ ʩʦʧʩʪʚʝʥʠ ï ʇʝʨʦʥʦʚ ʚʝʢʪʦʨ ʤʘʪʨʠʮʝ ɸ (Saaty 1980). ʊʦ ʿʝ ʩʦʧʩʪʚʝʥʠ 

ʚʝʢʪʦʨ ʢʦʿʠ ʦʜʛʦʚʘʨʘ ʤʘʢʩʠʤʘʣʥʦʿ ʩʦʧʩʪʚʝʥʦʿ ʚʨʝʜʥʦʩʪʠ ʤʘʪʨʠʮʝ ɸ: 

. 

ɸʢʦ ʜʦʥʦʩʠʣʘʮ ʦʜʣʫʢʘ ʨʘʩʧʦʣʘʞʝ ʩʚʠʤ ʨʝʣʝʚʘʥʪʥʠʤ 

ʠʥʬʦʨʤʘʮʠʿʘʤʘ ʚʝʟʘʥʠʤ ʟʘ ʧʨʦʙʣʝʤ ʢʦʿʠ ʧʨʦʫʯʘʚʘ, ʦʥ ʤʦʞʝ ʪʘʯʥʦ 

ʫʧʦʨʝʜʠʪʠ ʚʘʞʥʦʩʪ ʜʚʘ ʢʨʠʪʝʨʠʿʫʤʘ ʠʣʠ ʜʚʝ ʘʣʪʝʨʥʘʪʠʚʝ ʫ ʦʜʥʦʩʫ ʥʘ 

ʥʘʜʨʝʹʝʥʠ ʢʨʠʪʝʨʠʿʫʤ ʠ ʥʘ ʪʘʿ ʥʘʯʠʥ ʬʦʨʤʠʨʘʪʠ ʤʘʪʨʠʮʫ ʦʙʣʠʢʘ (1). 

ʄʝʹʫʪʠʤ, ʟʙʦʛ ʢʦʤʧʣʝʢʩʥʦʩʪʠ ʧʨʦʙʣʝʤʘ, ʪʦ ʿʝ ʯʝʩʪʦ ʥʝʠʟʚʦʜˀʠʚʦ ʠ 

ʜʦʥʦʩʠʣʘʮ ʦʜʣʫʢʘ ʿʝ ʧʨʠʥʫʹʝʥ ʜʘ ʜʘʿʝ ʠʥʪʫʠʪʠʚʥʝ ʦʮʝʥʝ ʢʦʣʠʯʥʠʢʘ  

. ʊʦ ʨʝʟʫʣʪʠʨʘ ʥʝʢʦʥʟʠʩʪʝʥʪʥʦʰ˂ʫ ʤʘʪʨʠʮʝ ɸ. ʇʦʢʫʰʘʿʠ ʜʘ ʩʝ ʧʨʝʚʘʟʠʹʫ 

ʧʨʦʙʣʝʤʠ ʦʚʘʢʚʝ ʧʨʠʨʦʜʝ  ʜʦʚʝʣʠ ʩʫ ʜʦ ʥʦʚʠʭ ʚʘʨʠʿʘʥʪʠ ɸʍʇ ʤʝʪʦʜʝ, ʫ 

ʧʨʚʦʤ ʨʝʜʫ ʜʦ ʠʥʪʝʨʚʘʣʥʝ ɸʍʇ ʤʝʪʦʜʝ (Saaty, Vargas 1994). 



 

ʇʨʠʤʝʥʘ ʜʚʦʧʘʨʘʤʝʪʘʨʩʢʠʭ ʨʘʩʧʦʜʝʣʘ ʫ ʠʥʪʝʨʚʘʣʥʦʿ ɸʍʇ ʤʝʪʦʜʠ 
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ʀʥʪʝʨʚʘʣʥʘ ɸʍʇ ʤʝʪʦʜʘ (ʀɸʍʇ) ʙʘʟʠʨʘ ʩʝ ʥʘ ʤʘʪʨʠʮʘʤʘ ʧʦʨʝʹʝˁʘ 

ʦʙʣʠʢʘ 

  

 

ʛʜʝ ʿʝ  ʜʦˁʘ, ʘ  ʛʦʨˁʘ ʛʨʘʥʠʮʘ ʢʦʣʠʯʥʠʢʘ . ʀʤʘʿʫ˂ʠ ʫ 

ʚʠʜʫ ʨʝʮʠʧʨʦʯʥʫ ʩʪʨʫʢʪʫʨʫ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ, ʧʨʝʪʧʦʩʪʘʚˀʘ ʩʝ ʜʘ ʚʘʞʠ  

 ʟʘ ʩʚʘʢʦ  . ʆʚʘʢʚʝ ʤʘʪʨʠʮʝ ʥʘʟʠʚʘʿʫ ʩʝ ʠʥʪʝʨʚʘʣʥʝ 

ʨʝʮʠʧʨʦʯʥʝ ʤʘʪʨʠʮʝ.  

ʋ ʦʚʦʤ ʨʘʜʫ ʩʝ ʧʨʝʜʣʘʞʝ ʥʦʚ ʧʦʩʪʫʧʘʢ ʢʦʥʩʪʨʫʢʮʠʿʝ ʤʘʪʨʠʮʝ 

ʧʦʨʝʹʝˁʘ ʫ ʚʘʨʠʿʘʥʪʠ ʠʥʪʝʨʚʘʣʥʝ ɸʍʇ ʤʝʪʦʜʝ ʫ ʢʦʿʦʿ ʩʝ ʩʚʘʢʠ ʦʜ 

ʝʣʝʤʝʥʘʪʘ ʤʘʪʨʠʮʝ ɸ ʥʘ ʧʦʟʠʮʠʿʠ  ʧʦʩʤʘʪʨʘ ʢʘʦ ʨʝʘʣʠʟʘʮʠʿʘ ʩʣʫʯʘʿʥʝ 

ʧʨʦʤʝʥˀʠʚʝ  ʢʦʿʘ ʩʝ ʢʘʨʘʢʪʝʨʠʰʝ ʜʚʦʧʘʨʘʤʝʪʘʨʩʢʦʤ ʛʫʩʪʠʥʦʤ 

ʨʘʩʧʦʜʝʣʝ . ʂʦʥʩʪʨʫʢʮʠʿʘ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʦʜʚʠʿʘ ʩʝ ʫ ʜʚʝ 

ʬʘʟʝ. 

ʋ ʧʨʚʦʿ ʬʘʟʠ ʜʦʥʦʩʠʣʘʮ ʦʜʣʫʢʘ ʟʘʜʘʿʝ ʠʥʪʝʨʚʘʣʝ  ʫ ʛʦʨˁʝʤ 

ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ɸ ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʚʝʨʦʚʘʪʥʦ˂ʝ  ʪʘʢʦ ʜʘ ʿʝ 

, ʦʜʥʦʩʥʦ  

 

               (2) 

 

ʇʦʨʝʜ ʪʦʛʘ, ʜʦʥʦʩʠʣʘʮ ʦʜʣʫʢʘ ʫʢʘʟʫʿʝ ʥʘ ʙʨʦʿ ,  

ʢʦʿʠ ʧʨʝʜʩʪʘʚˀʘ ʦʯʝʢʠʚʘʥʫ ʚʨʝʜʥʦʩʪ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ : 

                    (3) 

 

Aʢʦ ʤʘʪʝʤʘʪʠʯʢʦ ʦʯʝʢʠʚʘˁʝ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ  ʥʝ ʧʦʩʪʦʿʠ, 

ʟʘʤʝˁʫʿʝ ʩʝ ʥʝʢʦʤ ʜʨʫʛʦʤ ʢʘʨʘʢʪʝʨʠʩʪʠʢʦʤ ʩʨʝʜˁʝ ʚʨʝʜʥʦʩʪʠ, ʥʧʨ. 

ʤʦʜʫʩʦʤ ʠʣʠ ʤʝʜʠʿʘʥʦʤ. ʈʝʰʘʚʘˁʝʤ ʩʠʩʪʝʤʘ (2), (3) ʜʦʙʠʿʘʿʫ ʩʝ ʢʦʥʢʨʝʪʥʝ 

ʚʨʝʜʥʦʩʪʠ ʧʘʨʘʤʝʪʘʨʘ  ʠ  ʠ ʥʘ ʪʘʿ ʥʘʯʠʥ ʫʪʚʨʹʫʿʝ ʪʘʯʥʘ ʨʘʩʧʦʜʝʣʘ 

ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ . ʊʠʤʝ ʩʝ ʟʘʚʨʰʘʚʘ ʧʨʚʘ ʬʘʟʘ ʬʦʨʤʠʨʘˁʘ ʤʘʪʨʠʮʝ 

ɸ. 

ʋ ʜʨʫʛʦʿ ʬʘʟʠ ʬʦʨʤʠʨʘʿʫ ʩʝ ʠʥʪʝʨʚʘʣʠ ʢʦʿʠ ʧʨʠʧʘʜʘʿʫ ʜʦˁʝʤ 

ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ, ʩʘʛʣʘʩʥʦ ʨʘʩʧʦʜʝʣʠ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ 

.  

ʂʦʜ ʠʟʙʦʨʘ ʨʘʩʧʦʜʝʣʝ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ  ʧʦʞʝˀʥʦ ʿʝ ʜʘ 

ʩʣʫʯʘʿʥʘ ʧʨʦʤʝʥˀʠʚʘ  ʠʤʘ ʠʩʪʠ ʪʠʧ ʨʘʩʧʦʜʝʣʝ ʢʘʦ ʠ  (ʫ ʧʨʦʪʠʚʥʦʤ ʙʠ 

ʫʟʘʿʘʤʥʘ ʧʨʦʤʝʥʘ ʨʝʜʦʩʣʝʜʘ ʢʨʠʪʝʨʠʿʫʤʘ  ʠ  ʨʝʟʫʣʪʠʨʘʣʘ ʯʠˁʝʥʠʮʦʤ 

ʜʘ ʿʝʜʥʘ ʪʝ ʠʩʪʘ ʩʣʫʯʘʿʥʘ ʧʨʦʤʝʥˀʠʚʘ ʠʤʘ ʜʚʘ ʨʘʟʣʠʯʠʪʘ ʪʠʧʘ ʨʘʩʧʦʜʝʣʝ). 
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ɱʝʜʥʘ ʦʜ ʨʝʪʢʠʭ ʨʘʩʧʦʜʝʣʘ ʢʦʿʘ ʠʤʘ ʪʘʢʚʦ ʩʚʦʿʩʪʚʦ ʿʝ ʂʦʰʠʿʝʚʘ 

ʜʚʦʧʘʨʘʤʝʪʘʨʩʢʘ ʨʘʩʧʦʜʝʣʘ  ʩʘ ʛʫʩʪʠʥʦʤ ʨʘʩʧʦʜʝʣʝ 

 . 

 

ʊʠʧʠʯʘʥ ʦʙʣʠʢ ʛʫʩʪʠʥʝ ʨʘʩʧʦʜʝʣʝ ʧʨʠʢʘʟʘʥ ʿʝ ʥʘ ʩʣʠʮʠ 2. 

 

y

x
 

ʉʣʠʢʘ 2: ɻʫʩʪʠʥʘ ʂʦʰʠʿʝʚʝ ʨʘʩʧʦʜʝʣʝ C(a,b) 

 

ʇʘʨʘʤʝʪʘʨ  ʨʝʧʨʝʟʝʥʪʫʿʝ ʩʨʝʜˁʫ ʚʨʝʜʥʦʩʪ (ʫ ʦʚʦʤ ʩʣʫʯʘʿʫ ʤʦʜʫʩ 

ʠʣʠ ʤʝʜʠʿʘʥʫ ï ʤʘʪʝʤʘʪʠʯʢʦ ʦʯʝʢʠʚʘˁʝ ʥʝ ʧʦʩʪʦʿʠ), ʜʦʢ ʿʝ ʧʘʨʘʤʝʪʘʨ  

ʤʝʨʘ ʦʜʩʪʫʧʘˁʘ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ ʦʜ ˁʝʥʝ ʩʨʝʜˁʝ ʚʨʝʜʥʦʩʪʠ. 

ɸʢʦ ʿʝ  , ʧʦʢʘʟʫʿʝ ʩʝ (Lipovetsky, Tishler 1999) ʜʘ 

, ʛʜʝ ʿʝ 

,    . 

ɼʘʢʣʝ, ʫ ʦʚʦʤ ʩʣʫʯʘʿʫ ʨʝʮʠʧʨʦʯʥʘ ʩʣʫʯʘʿʥʘ ʧʨʦʤʝʥˀʠʚʘ ʠʤʘ ʪʘʢʦʹʝ 

ʂʦʰʠʿʝʚʫ ʜʚʦʧʘʨʘʤʝʪʘʨʩʢʫ ʨʘʩʧʦʜʝʣʫ. 

 

ʂʦʥʩʪʨʫʢʮʠʿʘ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ 

 

ʆʧʠʩʘʥʠ ʧʦʩʪʫʧʘʢ ʢʦʥʩʪʨʫʢʮʠʿʝ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ ʧʘʨʦʚʠʤʘ 

ʨʝʘʣʠʟʦʚʘ˂ʝʤʦ ʥʘ ʧʨʠʤʝʨʫ ʜʚʦʧʘʨʘʤʝʪʘʨʩʢʝ ʂʦʰʠʿʝʚʝ ʨʘʩʧʦʜʝʣʝ. 

ɿʘ ʩʚʘʢʦ  ʠ  ʟʘʜʘʿʝʤʦ ʠʥʪʝʨʚʘʣ 

 ʢʘʦ ʠʥʪʝʨʚʘʣ ʤʦʛʫ˂ʠʭ ʨʝʘʣʠʟʘʮʠʿʘ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ 

  ʯʠʿʘ ʿʝ ʛʫʩʪʠʥʘ ʨʘʩʧʦʜʝʣʝ 

  . 

ʉʚʘʢʦʤ ʦʜ ʟʘʜʘʪʠʭ ʠʥʪʝʨʚʘʣʘ  ʧʨʠʜʨʫʞʫʿʝʤʦ ʚʝʨʦʚʘʪʥʦ˂ʫ 

 ʪʘʢʦ ʜʘ ʿʝ 

 

            (3) 
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ɺʝʨʦʚʘʪʥʦ˂ʝ  ʦʜʨʘʞʘʚʘʿʫ ʩʪʝʧʝʥ ʩʠʛʫʨʥʦʩʪʠ ʢʦʿʦʤ ʜʦʥʦʩʠʣʘʮ 

ʦʜʣʫʢʝ ʫʢʘʟʫʿʝ ʥʘ ʠʥʪʝʨʚʘʣ  ʢʘʦ ʤʦʛʫ˂ʫ ʨʝʘʣʠʟʘʮʠʿʫ ʢʦʣʠʯʥʠʢʘ 

 ʀʤʘʿʫ˂ʠ ʫ ʚʠʜʫ ʧʨʠʨʦʜʫ ʧʨʦʙʣʝʤʘ ʢʦʿʠ ʩʝ ʨʝʰʘʚʘ, ʧʨʝʪʧʦʩʪʘʚʢʝ  

        (4) 

ʩʤʘʪʨʘʿʫ ʩʝ ʣʦʛʠʯʥʠʤ ʠ ʫʥʘʧʨʝʜ ʠʩʧʫˁʝʥʠʤ. 

ʉ ʦʙʟʠʨʦʤ ʜʘ ʿʝ ʂʦʰʠʿʝʚʘ ʨʘʩʧʦʜʝʣʘ ʩʠʤʝʪʨʠʯʥʘ ʟʘ ʧʨʚʠ ʧʘʨʘʤʝʪʘʨ 

ʨʘʩʧʦʜʝʣʝ  ʫʟʠʤʘʤʦ  

ɿʘ ʩʚʘʢʦ ʠʟʨʘʯʫʥʘʪʦ , ʧʘʨʘʤʝʪʘʨ ʨʘʩʧʦʜʝʣʝ  ʦʜʨʝʹʫʿʝʤʦ ʠʟ 

ʨʝʣʘʮʠʿʝ (3). ʅʘʢʦʥ ʨʘʯʫʥʘˁʘ ʠʥʪʝʛʨʘʣʘ ʜʦʙʠʿʘ ʩʝ 

 , 

ʦʜʥʦʩʥʦ                                                    

                    (5) 

ʛʜʝ ʿʝ .    

 

ʀʟ (5) ʜʦʙʠʿʘʤʦ  

  (6) 

Oʚʠʤ ʩʝ ʟʘʚʨʰʘʚʘ ʧʨʚʘ ʬʘʟʘ ʢʦʥʩʪʨʫʢʮʠʿʝ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ 

ʧʘʨʦʚʠʤʘ ʫ ʢʦʿʦʿ ʩʫ ʫʪʚʨʹʝʥʝ ʪʘʯʥʝ ʨʘʩʧʦʜʝʣʝ ʩʣʫʯʘʿʥʠʭ ʧʨʦʤʝʥˀʠʚʠʭ ʢʦʿʝ 

ʦʜʛʦʚʘʨʘʿʫ ʜʘʪʠʤ ʠʥʪʝʨʚʘʣʠʤʘ ʛʦʨˁʝʛ ʪʨʦʫʛʣʘ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ. 

ɼʨʫʛʘ ʬʘʟʘ ʢʦʥʩʪʨʫʢʮʠʿʝ ʤʘʪʨʠʮʝ ɸ ʦʜʥʦʩʠ ʩʝ ʥʘ ʬʦʨʤʠʨʘˁʝ 

ʝʣʝʤʝʥʘʪʘ ʫ ʜʦˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ, ʟʘ ʢʦʿʝ ˂ʝʤʦ ʧʨʝʪʧʦʩʪʘʚʠʪʠ ʜʘ ʩʫ 

ʦʙʣʠʢʘ  
 ʟʘ . ʂʘʦ ʰʪʦ ʿʝ ʚʝ˂ ʨʝʯʝʥʦ, ʨʘʩʧʦʜʝʣʘ 

ʩʚʘʢʝ ʦʜ ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʩʣʫʯʘʿʥʠʭ ʧʨʦʤʝʥˀʠʚʠʭ  ʿʝ ʂʦʰʠʿʝʚʘ 

ʨʘʩʧʦʜʝʣʘ   ʛʜʝ ʿʝ  

,    . 

 

ɿʙʦʛ ʪʦʛʘ ʿʝ ʧʨʠʨʦʜʥʦ ʜʘ ʩʝ ʟʘ ʩʨʝʜʠʥʫ ʠʥʪʝʨʚʘʣʘ  ʫʟʤʝ 

ʩʨʝʜˁʘ ʚʨʝʜʥʦʩʪ ʩʣʫʯʘʿʥʝ ʧʨʦʤʝʥˀʠʚʝ  ʦʜʥʦʩʥʦ ʧʘʨʘʤʝʪʘʨ  ʅʘ ʪʘʿ 

ʥʘʯʠʥ ʤʦʞʝʤʦ ʩʤʘʪʨʘʪʠ ʜʘ ʩʫ ʠʥʪʝʨʚʘʣʠ ʫ ʜʦˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ʦʙʣʠʢʘ 

 ʟʘ ʥʝʢʦ . ʂʘʢʦ ʠʥʪʝʨʚʘʣ  ʠʤʘ 

ʠʩʪʫ ʚʝʨʦʚʘʪʥʦ˂ʫ ʢʘʦ ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʠʥʪʝʨʚʘʣ , ʧʘʨʘʤʝʪʨʝ  

ʦʜʨʝʹʫʿʝʤʦ ʠʟ ʫʩʣʦʚʘ ʜʘ ʿʝ , ʦʜʥʦʩʥʦ ʢʘʦ 

ʨʝʰʝˁʝ ʿʝʜʥʘʯʠʥʝ 

  

 

ʅʘʢʦʥ ʨʘʯʫʥʘˁʘ ʠʥʪʝʛʨʘʣʘ, ʩʣʠʯʥʦ ʢʘʦ ʠ ʫ ʧʨʚʦʿ ʬʘʟʠ, ʜʦʙʠʿʘ ʩʝ 
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, .  (7) 

 

ʀʥʪʝʨʚʘʣʠ ʜʦˁʝʛ ʪʨʦʫʛʣʘ ʤʘʪʨʠʮʝ A ʙʠ˂ʝ ʢʦʨʝʢʪʥʦ ʬʦʨʤʠʨʘʥʠ 

ʩʘʤʦ ʘʢʦ ʿʝ , ʛʜʝ ʩʝ  ʨʘʯʫʥʘʿʫ ʠʟ ʨʝʣʘʮʠʿʝ (7). ʋ ʧʨʠʣʦʛ ʪʦʤʝ 

ʠʜʝ ʩʣʝʜʝ˂ʘ ʦʮʝʥʘ: 

 
 

. 

 

ʌʦʨʤʠʨʘˁʝʤ ʠʥʪʝʨʚʘʣʘ 

  ʟʘʚʨʰʘʚʘ ʩʝ ʠ ʜʨʫʛʘ ʬʘʟʘ 

ʬʦʨʤʠʨʘˁʘ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ ʧʘʨʦʚʠʤʘ. ʇʨʠʤʝʪʠʤʦ ʜʘ ʿʝ  , 

ʪʘʢʦ ʜʘ ʜʦʙʠʿʝʥʘ ʤʘʪʨʠʮʘ ʧʦʨʝʹʝˁʘ ʥʠʿʝ ʠʥʪʝʨʚʘʣʥʦ ʨʝʮʠʧʨʦʯʥʘ. 

 

ʅʫʤʝʨʠʯʢʠ ʧʨʠʤʝʨ 

 

ʂʦʥʩʪʨʫʢʮʠʿʫ ʤʘʪʨʠʮʝ ʧʦʨʝʹʝˁʘ ʧʦ ʧʘʨʦʚʠʤʘ ʠ ʦʜʨʝʹʠʚʘˁʝ 

ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ ʠʣʫʩʪʨʦʚʘ˂ʝʤʦ ʥʘ ʧʨʠʤʝʨʫ ʢʦʿʠ ʧʨʝʜʩʪʘʚˀʘ 

ʤʦʜʠʬʠʢʘʮʠʿʫ ʧʨʠʤʝʨʘ (Li 2009). ʋ (Li 2009) ʟʘʜʘʿʝ ʩʝ ʤʘʪʨʠʮʘ ʧʦʨʝʹʝˁʘ 

 ʢʦʿʘ ʿʝ ʠʥʪʝʨʚʘʣʥʦ ʨʝʮʠʧʨʦʯʥʘ, 

 

 

  

 

ʄʦʜʠʬʠʢʘʮʠʿʘ ʩʝ ʦʜʥʦʩʠ ʥʘ ʝʣʝʤʝʥʪʝ ʫ ʜʦˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ 

ʧʦʨʝʹʝˁʘ, ʜʦʢ ʩʫ ʝʣʝʤʝʥʪʠ ʫ ʛʦʨˁʝʤ ʪʨʦʫʛʣʫ ʤʘʪʨʠʮʝ ʠʩʪʠ ʢʘʦ ʠ ʝʣʝʤʝʥʪʠ 

ʤʘʪʨʠʮʝ . ɿʘʜʘʚʘˁʝʤ ʚʝʨʦʚʘʪʥʦ˂ʘ p12=0.91, p13=0.92, p14=0.95, p15=0.93, 

p23=0.89, p24=0.87, p25=0.88, p34=0.90, p35=0.95, p45=0.94 ʠ ʧʨʠʤʝʥʦʤ 

ʧʨʦʮʝʜʫʨʝ ʦʧʠʩʘʥʝ ʫ ʧʨʝʪʭʦʜʥʦʤ ʦʜʝˀʢʫ, ʜʦʙʠʿʝʥʘ ʿʝ ʤʘʪʨʠʮʘ ʧʦʨʝʹʝˁʘ 
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ʈʝʣʘʪʠʚʥʝ ʪʝʞʠʥʝ ʦʜʨʝʹʝʥʝ ʩʫ ʥʘ ʦʩʥʦʚʫ ʫʟʦʨʢʘ ʦʜ n=500 ʤʘʪʨʠʮʘ 

ʦʙʣʠʢʘ (1) ʢʦʿʝ ʩʫ 

ʜʦʙʠʿʝʥʝ ʠʟ ʠʥʪʝʨʚʘʣʥʝ ʤʘʪʨʠʮʝ  ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ. ʅʘ ʩʚʘʢʦʤ ʦʜ 

ʠʥʪʝʨʚʘʣʘ  ʦʜʘʙʨʘʥʘ ʿʝ ʿʝʜʥʘ ʪʘʯʢʘ ʥʘ ʩʣʫʯʘʿʘʥ ʥʘʯʠʥ ʫ 

ʩʢʣʘʜʫ ʩʘ ʦʜʛʦʚʘʨʘʿʫ˂ʦʤ ʂʦʰʠʿʝʚʦʤ ʨʘʩʧʦʜʝʣʦʤ. ʂʦʨʠʰ˂ʝˁʝʤ MATLAB 

ʧʨʦʮʝʜʫʨʝ eig ! ȟ ̈́ ʩʚʘʢʫ ʪʘʢʦ ʬʦʨʤʠʨʘʥʫ ʤʘʪʨʠʮʫ ʦʜʨʝʹʝʥ ʿʝ ʇʝʨʦʥʦʚ 

ʚʝʢʪoʨ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ ʠ ʥʘ ʪʘʿ ʥʘʯʠʥ ʜʦʙʠʿʝʥ ʩʢʫʧ ʇʝʨʦʥʦʚʠʭ ʚʝʢʪʦʨʘ 

ʦʙʣʠʢʘ 

 , 500. 

ʀʤʘʿʫ˂ʠ ʫ ʚʠʜʫ ʥʘʯʠʥ ʬʦʨʤʠʨʘˁʘ ʫʟʦʨʢʘ, ʦʚʘʢʘʚ ʩʢʫʧ ʇʝʨʦʥʦʚʠʭ 

ʚʝʢʪʦʨʘ ʤʦʞʝʤʦ ʩʤʘʪʨʘʪʠ ʨʝʧʨʝʟʝʥʪʘʪʠʚʥʠʤ. ɿʘ ʩʚʘʢʦ  

ʢʦʤʧʦʥʝʥʪa  ʚʝʢʪʦʨʘ ,  ʘʧʨʦʢʩʠʤʠʨʘ ʨʝʣʘʪʠʚʥʫ ʪʝʞʠʥʫ  

ʚʝʢʪʦʨʘ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ . ʆʪʫʜʘ ʩʝ ʫʟʠʤʘ  

 

  

ʅʘ ʪʘʿ ʥʘʯʠʥ ʩʝ ʢʦʤʧʦʥʝʥʪʘ ʜʦʙʠʿʘ ʢʘʦ ʘʨʠʪʤʝʪʠʯʢʘ ʩʨʝʜʠʥʘ 

ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʢʦʤʧʦʥʝʥʪʠ ʇʝʨʦʥʦʚʠʭ ʚʝʢʪʦʨʘ ʫ ʫʟʦʨʢʫ. 

ʋ ʪʘʙʝʣʠ 1 ʜʘʪʝ ʩʫ ʢʦʤʧʦʥʝʥʪʝ ʚʝʢʪʦʨʘ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ  ʠ 

 ʨʝʜʦʤ ʟʘ ʤʘʪʨʠʮʝ   ʠ . ɺʝʢʪʦʨ  ʿʝ ʠʥʪʝʨʚʘʣʥʦʛ ʪʠʧʘ, ʘ ʜʦʙʠʿʝʥ 

ʿʝ ʧʨʠʤʝʥʦʤ ʤʝʪʦʜʝ ʠʥʪʝʨʚʘʣʥʦʛ ʩʦʧʩʪʚʝʥʦʛ ʚʝʢʪʦʨʘ (Li, 2009). ɺʝʢʪʦʨ  

ʜʦʙʠʿʝʥ ʿʝ ʧʨʠʤʝʥʦʤ ʧʨʝʪʭʦʜʥʦ ʦʧʠʩʘʥʝ ʧʨʦʮʝʜʫʨʝ. 

 

 

 

ʊʘʙʝʣʘ 1: ɺʝʢʪʦʨʠ ʨʝʣʘʪʠʚʥʠʭ ʪʝʞʠʥʘ ʤʘʪʨʠʮʘ  ʠ  
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ɼʦʙʠʿʝʥʠ ʨʝʟʫʣʪʘʪʠ ʫʢʘʟʫʿʫ ʥʘ ʩʘʛʣʘʩʥʦʩʪ ʢʦʤʧʦʥʝʥʪʠ ʚʝʢʪʦʨʘ 

ʩʘ ʦʜʛʦʚʘʨʘʿʫ˂ʠʤ ʢʦʤʧʦʥʝʥʪʘʤʘ ʚʝʢʪʦʨʘ  ʫ ʧʦʛʣʝʜʫ ʨʝʰʝˁʘ 

ʦʩʥʦʚʥʦʛ ʟʘʜʘʪʢʘ ʢʦʿʠ ʩʪʦʿʠ ʧʨʝʜ ʜʦʥʦʩʠʦʮʝʤ ʦʜʣʫʢʘ ï ʨʘʥʛʠʨʘˁʝ 

ʢʨʠʪʝʨʠʿʫʤʘ ʠʣʠ ʘʣʪʝʨʥʘʪʠʚʘ ʫ ʩʢʣʘʜʫ ʩʘ ʜʦʙʠʿʝʥʠʤ ʚʝʢʪʦʨʦʤ ʨʝʣʘʪʠʚʥʠʭ 

ʪʝʞʠʥʘ. ʊʨʝʙʘ ʠʩʪʘ˂ʠ ʜʘ ʤʝʪʦʜʘ ʠʥʪʝʨʚʘʣʥʦʛ ʩʦʧʩʪʚʝʥʦʛ ʚʝʢʪʦʨʘ, ʢʘʦ ʠ 

ʚʝ˂ʠʥʘ ɸʍʇ ʤʝʪʦʜʘ ʠʥʪʝʨʚʘʣʥʦʛ ʪʠʧʘ, ʢʦʨʠʩʪʠ ʪʝʭʥʠʢʝ ʣʠʥʝʘʨʥʦʛ 

ʧʨʦʛʨʘʤʠʨʘˁʘ. ʄʝʪʦʜʘ ʧʨʝʟʝʥʪʦʚʘʥʘ ʫ ʦʚʦʤ ʨʘʜʫ ʟʘʩʥʠʚʘ ʩʝ ʥʘ ʩʣʫʯʘʿʥʦʤ 

ʫʟʦʨʢʫ ʯʠʿʘ ʨʝʘʣʠʟʘʮʠʿʘ ʟʘʭʪʝʚʘ ʢʦʨʠʰ˂ʝˁʝ ʩʠʤʫʣʘʪʦʨʘ ʜʚʦʜʠʤʝʥʟʠʦʥʘʣʥʝ 

ʂʦhʠʿʝʚʝ ʨʘʩʧʦʜʝʣʝ. ʋ ʪʫ ʩʚʨʭʫ ʘʫʪʦʨʠ ʩʫ ʨʘʟʚʠʣʠ ʿʝʜʥʦʩʪʘʚʥʫ MATLA B 

ʘʧʣʠʢʘʮʠʿʫ ʢʦʿʫ ʧʦ ʧʦʪʨʝʙʠ ʤʦʛʫ ʩʪʘʚʠʪʠ ʥʘ ʨʘʩʧʦʣʘʛʘˁʝ.    
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MATEMATIĻKE I DIGITALNE KOMPETENCIJE ZA 

RAĻUNARSKU VIZIJU I MULTIAGENTNU KOMUNIKACIJU  

 
1. Uvod u matematiļke i digitalne kompetencije 

 

Kompetentnost je rezultanta svih vidova znanja, veġtina, iskustava, 

orijentacija, stavova i kontakata na pojedinaļnom, timskom, organizacionom ili 

globalnom nivou posla. Kljuļne kompetencije neophodne za uspeġno i 

proaktivno delovanje u druġtvenim tokovima, definisane kao opġte (generiļke) 

ili transverzalne, odnose se na bolje upravljanje vlastitim ģivotom i celoģivotnim 

uļenjem, razvojem resursa za ģivot i uļenje, pristupom i moguĺnoġļu uticaja na 

druġtvene tokove, meĽuljudske odnose, interakcije i komunikaciju, motivaciju, 

situacione dogaĽaje i prostorno vremensku dinamiku u odgovarajuĺim 

kontekstima. Pored opġtih u tradicionalne standardizovne dimenzije 

kompetentnosti spadaju, specifiļne, specijalizovane, metodoloġke, liļne i 

druġtvene  a taj skup se proġiruje sa dve aktuelne dimenzije-matematiļka i 

digitalna kompetentnost.  

Matematiļka kompetentnost na pojedinaļnom ili  indidvidualnom nivou 

podrazumeva sposobnost razvoja i primene logiļkog miġljenja, rezonovanja, 

argumentovanja i zakljuļivanja radi  reġavanju niza problema u svakodnevnim 

situacijama i matematiļkom modelovanju realnih problema i njihovih reġenja. 

Matematiļke kompetencije podrazumevaju: -matematiļko znanje opġtih, 

specifiļnih i specijalizovanih koncepata, (numeriļkih, geometrijskih, 

algebarskih, analitiļkih, probabilistiļkih, statistiļkih,) osobina (konstante, 

parametri, varijable,..), tvrĽenja (aksiome, leme, teoreme, zakoni, teorije) i 

metodologije sa velikim akcionim  radijusom u njegovoj efikasnoj primeni, 

inteligentnoj upotrebi i mudrom koriġĺenju; -ġirok opseg veġtina za matematiļko 

modelovanje i konceptualno povezivanje, -singularne detaljne veġtine za 

primenu tehnologije, prikazivanje i komunikaciju u multidisciplinarnim i 

multikulturalnim timovima, u realnim i virtuelnim kontekstima; -sposobnosti za 

sistemski pristup ili sagledavanje moguĺnosti i ograniļenja u krreativnom 

pristupu matematiļkim problemima sa svih aspekata. 

Digitalne kompetencije se zasnivaju na inteligentnom nivou 

matematiļkog znanja, primenjenom nivou razumevanja sistemskih pojmova, 

nivou steļenog znanja informaciono-komunikacionih teorija, raļunarskih 

paradigmi i tehnologija te reġavanju problema nivoa naprednog programiranja. 

Ukljuļuju i delotvornu upotrebu sistemskih i programskih resursa u reġavanju 
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problema primenom algoritamskog programiranja i upotrebom aplikativnih  

programa u  reġavanju praktiļnih zadataka. Posebne singularne veġtine se 

odnose na komunikacije i interaktivno mreģno pretraģivanje i informaciono 

istraģivanje, alatke za kodifikaciju znanja pomoĺu kojih je znanje opisano, 

mapirano, ugraĽeno u pravila i recepte a primeri su mape znanja, tabele 

odluļivanja, stabla odluļivanja, frejmovi, agenti znanja, produkciona pravila.. 

Matematiļke i digitalne kompetencije su komplementarne u 

kontinuumum ljudskog znanja. U ovom radu su kao posebno interesantne 

singularne matematiļke i digitalne kompetencije vezane za polje raļunarske 

vizije i koncept Kansei informacija. Reļ je o relativno novom istraģivaļkom 

polju orijentisanom  na informacionu obradu i razumevanje ljudske inteligencije 

u obradi subjektivne informacije ili dvosmislene oseĺajnosti i naļinima na koje 

se te informacije mogu procesirati od strane raļunara. 

DIMENZIJE MATEMATIĻKIHKOMPETENCIJA

OPĠTE 
MATEMATIĻKE 

KOMPETENCIJE

POVEZIVANJE

SPECIFIĻNE 
MATEMATIĻKE 

KOMPETENCIJE
(VEZANE UZ 

SADRĢAJE-koncepte i 

procese-

PRIMENA 

TEHNOLOGIJE

REĠAVANJE PROBLEMA

I MATEMATIĻKO MODELOVANJE

PRIKAZIVANJE 

I KOMUNIKACIJA

LOGIĻKO MIĠLJENJE, 

ARGUMENTOVANJE 

I ZAKLJUĻIVANJE

DIMENZIJE DIGITALNIH KOMPETENCIJA

OPĠTE
DIGITALNE 

KOMPETENCIJE

Upotreba aplikativnih  programa u

reġavanju problema - praktiļnih zadataka

SPECIFIĻNE 

DIGITALNE
KOMPETENCIJE

(VEZANE za 
Mreģe i INTETRAKCIJE)

Delotvorna upotreba 

sistemskih i 

programskih resursa

Razumevanje sistemskih

pojmova informaciono-

komunikacionih teorija, 

paradigmi i tehnologija

PRETARAĢIVANJE 

I KOMUNIKACIJA

Algoritamsko 

reġavanje 

problema 

primenom 

programiranja

 
Slika 1. Uporedni pogled na matematiļke i digitalne kompetencije 

 

2. Raļunarska vizija i kensei informacija 

 

Danas je raļunar implementiran tamo gde se do pre nekoliko decenija 

nije mogla ni zamisliti njegova primena. Jedan pravac  razvojnih primena 

pripada raļunarskoj viziji koja ima potencijal za prenoġenje mnoġtva informacija 

iz razliļitih modaliteta opaģanja za razvijanje perceptivnih korisniļkih interfejsa. 

Pristup za interaktivne korisniļke interfejse voĽene ovom vizijom okreĺu se 

tehnologijama za praĺenje pokreta glave, lica i prepoznavanje izraza lica, 

praĺenje pokreta nosa i prepoznavanje gestova. U tu svrhu je razvijen koncept 

Kansei informacija koji je usko povezan sa konceptom liļnosti i oseĺajnosti, jer 

sama reļ  Kansei (potiļe iz japanskog jezika) oznaļava osetljivost sa instancama 

Ăoseĺati, prisetiti se, ģeleti i misliti o lepoti u stvarimañ. Ta osetljivost i 

oseĺajnost  lepote u stvarima, izraģena uglavnom atributima za emotivnna stanja 

(na primer: lepo, romantiļno, fantastiļno, udobno) povezuje se sa vizuelnim 

informacijama ļiji su atributi boja, oblik, forma (konceptualna, prirodna, 

geometrijska), tekstura i ġema.  
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Boja je atribut koji se koristi za mnoge  matematiļke objekte (brojevi,  

funkcije, oblici i prostor, merenje, podaci), u prikazivanju (reļima, slikama, 

maketama, crteģima, dijagramima, grafovima, tabelama, brojevima, simbolima) 

i izgraĽivanju novog matematiļkog znanja modelovanjem situacija, sistema i 

procesa, reġavanjem problema ukljuļujuĺi prepoznavanje i razumevanje 

merljivih obeleģja objekata, te upotrebu i interpretacijui mernih jedinica, mernih 

sistema i procesa merenja sa konzistentnim i pouzdanim koriġtenjem mernih 

ureĽaja, tehnika, alata i formula za opisivanje merenja. Istovremeno boja igra 

bitnu ulogu u naļinima digitalnog prikazivanja podataka, razumevanju 

jednostavnih algoritama i naļela programiranja, dizajniranju  arhitekture i 

principa funkcioniranja raļunara, uļenju interakcija sa raļunarom i kreiranju i 

implementaciji aplikativnih programa. (Interakcija je poruka koja se razmenjuje 

izmeĽu  objekata da bi se omoguĺilo neko ponaġanje)                 

Oblik je koncept oznaļen sa izgledom u dvodimenzionalnoj ravni i 

napravljen je linijama koje pokazuju ili Ăsiluetuñ ili Ăokvirñ. ñ. Oblik ima 

dimenzije duģine i ġirine ali ne i dimenziju dubine. 

Forma je konaļni, kompozitni oblik (ujedinjena celina) posmatranog 

objekta koji ukljuļuje izgled i drģanje, (telo i figura). Drugim reļima, forma 

znaļi oblik sa obimom trodimezionalne mase, ili okvir stvari koja se moģe 

vizuelno uhvatiti. Zato se moģe se reĺi da je forma Ăorganizacija vizuelne 

informacije sa konceptualnim (taļke, linije, ravni, obim, veliļina) prirodnim 

(nemaju definisan standard za oblik, veliļinu, boju, poziciju) i geometrijskim 

(veġtaļka apstraktna predstava koja formu prevodi u jedostavnost ) sastavnim 

elementimañ.Prema Rudolf Arhaizmu, geometrijska forma je prirodna metafora 

ili prefinjena forma kreirana ideoloġkim mislima ljudi koja se moģe promeniti u 

krug, trougao, kvadrat itd., od  kojih svaki moģe da se izraļuna matematiļki i 

metriļki sa lenjirom i kompasom. Dakle, vizuelna informacija ima tri forme-

konceptualnu, prirodnu i geometrijsku pri ļemu je geometrijska forma prirodna 

metafora ili Ăprefinjena forma kreirana ideoloġkim mislima ljudiñ. 

Forma je vaģan koncept dizajna vizuelnih i multimedijalnih 

informacionih struktura koji pored konceptualnih (taļka, linija, ravan, obim) i 

vizuelnih (oblik, veliļina, boja, tekstura) elemenata  sadrģi   relacione  (pozicija, 

smer, prostorni proksimitet, gravitacija) elemente i konstrukcione (vertekst, 

ivica, lice,..) elemente. 

Za mapiranje vizuelne informacije sa osetljivoġļu i oseĺajnoġĺu koristi 

se Kansei-reļnik ļiji je jedan deo za vizuelne oblike predstavljen u tabeli na slici 

2. 
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Slika 2. Deo Kansei ï reļnika prema obliku [6] 

 

TakoĽe, razvijeni su i drugi delovi Kansei-reļnika za boje, forme, 

teksture i ġeme. Skala Kansei-reļnika analizira odnose izmedju svih reļi  Kansei 

reļnika i odnosa izmeĽu  svakog oblika i njegovog odgovarajuĺeg Kansei 

reļnika. 

 

3. Agentna komunikacija 

 

Prema kanonskoj definiciji ĂAgent je svaki entitet u svetu koji 

komunicira u odreĽeno kontekstuñ i karakteriġu ga sledeĺi koncepti: akcija, 

okruģenje, percepcija, senzori i efektori. Dve osnovne klase agenata ļine ljudski 

i softverski. 

Osnovne osobine softverskih agenata su: 

1. Proaktivnost - pored reagovanja na promene u okruģenju, oni 

nastavljaju sa individualnim procesima i preduzimaju inicijativu u predoļenim 

aktivnostima koje nisu direktno izazvane promenama u okruģenju 

2. Reaktivnost - na promene u njihovom okruģenju, npr. on reaguje na 

informacije primljene od korisnika ili fiziļkih senzora u odreĽenom vremenu 

3. Druġtvena sposobnost - sposobnost komunikacije sa drugim agentima 

(ili ljudima) je fundamentalna u softverskom agentu 

4. Autonomnost - u sprovoĽenju akcija iz njihovog unutraġnjeg stanja i 

funkcionisanje bez intervencija ljudi i uz kontrolu nad sopstvenim ancijama 

U zavisnosti od vrste zadatka ili uloge koju izvrġava u MAS postoji viġe 

tipova softverskih agenata:  

-  Konverzacijski softverski agent je interaktivni program koji putem 

veoma pristupaļnog interfejsa izvodi specifiļne zadatke pod 

voĽstvom korisnika. 

-  Inteligentni softverski agent je program koji stremi ciljevima pri tome 

koristeĺi inteligenciju ili heuristiļku tehniku. 

-  Mobilni softverski agent je autonoman program koji se kreĺe izmeĽu 

host raļunara u toku postizanja cilja. 
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-  Robot je inteligentni i fleksibilan program koji ima sposobnost 

dinamiļke podele samoga sebe gde pod-agenti izvrġavaju pod-

zadatke.  

-  Hibridni robot-agent je robot koji moģe da komunicira sa jednim ili 

viġe softverskih agenta ili softverski agent koji moģe da komunicira sa 

jednim ili viġe robota. 

Agentu su neophodne i informacije i sadrģaj poruke kako bi korektno 

pristupio poruci, ri ļemu moģe da deluje kao: 

-  singl-agent (Jedan agent izvrġava sve zadatke na putu do cilja) 

-  deo armade (Veliki broj agenata koji zajedniļki reġavaju zadatke) 

-  deo ansambla (Relativno mali tim agenata gde je svaki agent 

specijalizovan za taļno odreĽeni zadatak) 

Multiagentna komunikacija je direktna i posredna u zavisnosti od tipa 

arhitekture koja moģe biti dogovorna i reaktivna. 

 

 
A) Dogovorna arhitektura agenata         B) Reaktivna arhitektura agenata 

 

Slika 3. Uporedni pregled dogovorne i reaktivne arhitekture agenata 

 

Dogovorni agenti primenjuju mehanizme logiļkog rasuĽivanja 

zasnovane na manipulaciji simbolima i  mehanizmima zakljuļivanja da bi se 

donele eksplicitne odluke o neophodnim akcijama za postizanje ģeljenih ciljeva. 

Upotreba ovog modela za opisivanje dogovornih agenata i naļina na koji oni 

planiraju svoje akcije je dosta rasprostranjena. 

Reaktivni agent implementira prosta refleksna pravila koja deluju na 

osnovu podataka koje prima agent na senzorima. On nema memoriju zasnovanu 

na proġlim iskustvima ili  situacijama i izvrġenje akcija je iskljuļivo zasnovano 

na tekuĺoj situaciji okruģenja agenta.  Iako sam agent ima samo ograniļen skup 

pravila koja upravljaju njegovim ponaġanjem, on moģe komunicirati u razliļitim 

situacionim kontekstima. 

U primeni tehnologije agenata za probleme iz domena stvarnog sveta 

ļesto se koriste reġenja obe arhitekture ġto se postiģe slojevitom hibridnom 

arhitekturom u kojoj   

- odluke zasnovane na trajnim strategijama donosi dogovorna struktura a 

- reakcije na poruke izvodi  reaktivna arhitektura 
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Interakcija sa platformom agenta; Logiļka komunikacija 

SA; Fiziļki protok poruka; AMS - (Agent Management Service) 

Menadģment servisa agenta; DF - (Directory Facilitator) Upravljaļka podrġka; 

MTS-(Message Transport Service) Servis prenosa poruka 

 

Slika 4. Hibridna arhitektura softverskih agenata 

 

Tehnologija agenata ima svoje korene u studiji o distribuiranoj veġtaļkoj 

inteligenciji, a njena prava aplikacija je u mobilnim kompjuterima, elektronskoj 

poġti i mreģnom pretraģivanju podataka. 

 

   
a)                                                                         b) 

 

Slika 5. a) Primer glavne interakcije 

agenata      

b) Primer protokola za interakciju 

ñzahtevò 

 

 

4. MAS-multiagentni sistem 

 

Grupa agenata koji meĽusobno interaguju razmenjujuĺi poruke koje su 

definisane u specifiļnom Jeziku Agentne Komunikacije (ACL) ļine Multi -

Agentni Sistemi (MAS) 
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Koncept MAS je zasnovan na: 

-  Reġavanju problema koje agenti izvode zajedniļki; 

-  Primeni znanja  za donoġenje odluka koje je distribuirano  kroz tim 

agenata; 

-  Upravljaju operacijama sistema gde korisnici komuniciraju govorom 

(prirodnim jezikom)  i kinesteitiļkim kodovima (gestikulacijama 

rukama); 

-  Izraģavanju korisniļkih informacionih zahteva sa vokabularom iz 
domenu zadatka; pri ļemu informacioni dijalozi nisu voĽeni ni od 

strane sistema, ni od strane korisnika, a korisniļki informacioni 

zahtevi mogu biti ili eksplicitni ili implicitni. 

Dva osnovna komunikaciona koncepta MAS su: zatvoreni MAS (gusto 

integrisano aplikacijsko okruģenje kod kojeg je deo aplikacije paralelan sa mini-

programima koji teģe pod-ciljevima) i otvoreni MAS (neodreĽeno, integrisano 

aplikacijsko okruģenje gde nezavisno izraĽeni programi mogu sudelovati u 

interakcijama).   

U dizajniranju MAS metodologija moģe biti odreĽena kao analiza 

principa, metoda, naļela i postulata upotrebljenih u domenu neke discipline koja 

ima dve bitne karakterisike: opisuje promenu stanja elemenata izabranog 

pristupa i fokusira se na funkciju proizvoda i njihovu dokumentaciju.  Radi toga 

metodologija dizajniranja MAS moģe biti objektno-orijentisana ili agentno-

orijentisana  sa osnovnim metodoloġkim komponentama i njihovim sadrģajima 

datim u tabeli na slici 6. 

 

 KOMPONENTA 

METODOLOGIJE 

SADRĢAJ 

1 Dizajn nivoa domena 

 

-  identifikacija tipa agenta 

-  identifikacija moguĺe interakcije 

-  definisanje protokola koordinacije 

2 Dizajn nivoa agenata 

 

-  mapiranje akcija identifikovanih pri agentnoj 

komunikaciji 

-  definisanje strukture podataka pri konverzaciji 

-  definisanje dodatnih struktura podataka 

3 Dizajn komponenti 

 

-  definisanje specifiļnih komponenti  

4 Dizajn sistema 

 

-  selekcija tipova agenata koji su potrebni  

-  determinisanje broja zahteva 

 

Slika 6. Komponente metododlogije dizajniranja MAS 

 

Jezik za modeliranje agenata ï AgML sadrģi: dijagram interakcije 

agenata; dijagram hijerarhije komunikacije; dijagram klase komunikacije i 

layout dijagram (razmeġtaja) agenata. 
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A)Primer dijagrama interakcije agenta          B) Dijagram hijerarhije agenata 

 

Slika 7. Dijagram interakcije agenata (A) i dijagram hijerarhije 

agenata(B) 

 

Dijagram interakcije agenta se koristi za opisivanje kategorije agenata u 

posebnim domenima. Dosta su sliļni i koriste se na sliļan naļin kao i mnogi 

dijagrami objekata. Definiġe postojanje kategorije agenata i njihov odnos u 

logiļkom viĽenju sistema. 

Dijagram hijerarhije agenata definiġe odnose izmeĽu razliļitih 

konverzacija unutar sistema i prikazuje odnose izmeĽu komunikatora. 

Dijagram klase komunikacije predstavlja stanje ureĽaja pri konverzaciji 

dva ili viġe agenata u sistemu. 

 
 

Konverzacija Slanja podataka - Uloga primaoca i Uloga poġiljaoca 

 

Slika 8. Dijagram klase komunikacije  primaoca i poġiljaoca 
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Dijagram razmeġtaja (layout)-agenata u MAS se koristi za definisanje 

taļnog broja, lokacija i tipa agenata u sistemu.  Definiġe taļan broj, lokacije i tip 

agenta u realnom sistemu. U njegovoj strukturi kao efektivno projektovanoj 

razlikujemo sledeĺe tipove: Agente sakupljanja podataka; Agente kontrole 

podataka: Agente kontrolore i Agente procesiranja podataka. Pored toga mogu 

postojati Agent diskursa,  Agent koordinacije, Agent supervizije, Eksterni agent 

za realni system. 

Na slici 10. dat je objektni model realnog sistema koji se zove lanac 

mreģe snabdevanja ļiju strukturu ļine Konzument, kao inicijalni objekat  i ļetiri 

mreģna objekta (preduzeĺe1, 2, 3, i 4) koji komuniciraju preko MAS 

 

 

 
 

Slika 9. Model realnog sistema za interorganizacionu komunikacija 

agenata 

 

 
 

Slika 10. Model MAS za intraorganizacionu agentnu komunikaciju u 

realnom sistemu 

 

Na slici 10. predstavljen je  model MAS za prethodno opisani realni 

sistem u kome su karakteristiļni tipovi agenata: Agent diskursa koji obezbeĽuje 

interfejs ka eksternim partnerima u mreģi snabdevanja, sa  funkcijama 

upravljanja komunikacijom i sigurnoġĺu; Agent koordinacije. koji ostvaruje 

saradnju dva sistema koordinacijom inicijalizacije i monitoringa procesa sa 

distribuiranjem njihovih rezultata, a njegove funkcije su upravljanje 

pouzdanoġĺu, upozorenjima i profilima; Agent supervizije je odgovoran za 

kreiranje proizvodnje informacija iz sakupljanjenih i prezentovanih podataka, tj. 
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njegove funkcije su sakupljanje informacija i analiza podataka; Eksterni agent - 

pokriva heterogene izvore podataka iz realnog sistema i dozvoljava standardni 

pristup ovim izvorima pomoĺu funkcija regeneracije podataka i transformacije 

podataka. 

 

5. Multimodalni   interfejsi u multiagentnoj komunikaciji  

  

U svom osnovnom znaļenju interfejs predstavlja vezu izmeĽu sistema 

koji komuniciraju. Prema softverskoj terminologiji interfejs se moģe definisati 

na razne naļine. Napr.:Interfejs  je kolekcija operacija koje opisuju "servis" koje 

pruģa klasa ili komponenta nekog sistema. Interfejs  predstavlja liniju 

razgraniļenja izmeĽu specifikacije i implementacije neke apstrakcije.Interfejs se 

koristi da prikaģe i dokumentuje granice izmeĽu podsistema nekog sistema  

Deklarisanjem interfejsa  definiġe se ģeljeno ponaġanje neke apstrakcije, 

nezavisno od naļina njene implementacije. U interakciji ļovek-raļunar koriste 

se razliļite vrste interfejsa koji korisniku omoguĺavaju razliļite vrste interakcija 

sa objektima iz realnog i virtuelnog sveta: 

-  2D sinoptiļki interfejsi - korisnik moģe da aktivira udaljene uredjaje 

birajuĺi odredjenu ikonu  

-  3D virtuelni svetski sistemi - simuliraju navigaciju i interakciju sa 

stvarnim svetom. 

-  GUI klasiļni grafiļki interfejs - zasnovan na prozorima  

U uģem smislu, ļovek-kompjuter interfejs se odnosi na grafiļku, 

tekstualnu ili audio komunikaciju ļovek- kompjuter koji su primeri klasiļnih 

interfejsa. MeĽutim postoji i niz specijalnih interfejsa koji omoguĺavaju i druge 

oblike komunikacije ļovek raļunar (taktilni interfejsi, audio interfejsi, Touch 

Screen Interfejsi, Haptiļki interfejsi ).  

Prepoznavanje radnje koju obavlja ljudska figura u jednom frejmu 

predstavlja problem  u emitovanju video snimka, zbog niske rezolucije figure u 

frejmovima. Za predstavljanje pokreta koristi se grupa histograma koja je 

zasnovana na optiļkom protoku. Dok se za prepoznavanje akcije (radnje) koristi 

maġina podrġke vektora. Eksperimentalni rezultati su pokazali da ova metoda 

obeĺava jer integriġe okvir multi-modalne analize u video snimke sporta (u 

naġem sluļaju tenisa).  

Izraz lica je jedno od najmoĺnijih, prirodnih i trenutnih sredstava kojima 

ljudska biĺa izraģavaju svoje emocije i namere. Tehnologija prepoznavanja lica 

moģe se koristiti u mnogo aplikacija kao ġto su autentifikacija identiteta, 

kontrola pristupa i sistemi nadzora. Sistem prepoznavanja lica treba da bude u 

moguĺnosti da reġava razliļite promene slika lica. Poslednjih godina,  trud 

istraģivaļa koji tragaju da obezbede prirodnija sredstva okrenuta ļoveku za 

interakciju sa kompjuterima dobijaju sve veĺe interesovanje. Naroļito vaģan 

smer je ka perceptivnim korisniļkim interfejsima, gde kompjuter dobija 

perceptivne sposobnosti koji dozvoljavaju prikupljanje implicitnih i eksplicitnih 

informacija o korisniku i okruģenju. Interfejs zasnovan na kontrolisanju 
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kompjuterskog miġa putem 2D i 3D gestova lica od velike je pomoĺi ljudima sa 

invaliditetom (naroļito za tetraplegiļare). Tako sistem nazvan LiceMiġ koji 

koristi Ăderivativnu paradigmuñ, omoguĺava da uzajamno sa kompjuterom 

deluju radi svog svakodnevnog ģivota putem pokazivaļa miġa.  

U dostignuĺima i implematacijama savremenog razvoju raļunarstva, 

poveĺava se potreba za alatima Ăinformacionog povraĺajañ ljudskih oseĺaja i 

ukusa. Kao ġto je reļeno, Kansei informacija predstavlja polje  koje cilja na 

obradu i razumevanje kako ljudska inteligencija obraĽuje subjektivne 

informacije ili dvosmislenu oseĺajnost i kako te informacije mogu da se izvrġe 

raļunari. 

 

Model za prepoznavanje radnje u emitovanju video snimka tenisa 

koriġĺenjem optiļkog protoka i SVM 

 

Kao tehniku povraĺaja koristi se gradijentni vektor toka GVF (Gradient 

Vector machine) -zmiju za detekciju objekata. Ova metoda poļinje kalkulacijom 

polja sila, nazvanom GVF sile, nad domenom slika. GVF sile koriste se za 

vodjenje zmije, modelvane kao fiziļki objekat koji ima otpor na razvlaļenje i 

savijanje, prema granicama objekta. GVF sile se izraļunavaju primenom opġte 

difuzijske jednaļine na obe komponente gradacije mape ivica slike. Poligonalna 

prezentacija nije pogodna forma za izraļunavanje sliļnosti izmedju dva oblika, 

potrebna je alternativna prezentacija kao ġto je TSR- tangentna preznetacija 

prostora. Sliļnost izmedju oblika meri se koriġĺenjem indeksiranih vrednosti. 

 Stvaranje KANSEI- reļnika skale prema obliku  

100       75        50       25         0 

 

 

Slika 11. Primer Kansei-reļnika skale [6] 

 

Kansei reļnik skale prema obliku napravljen je sa Kansei skalom 

podataka izmerenom na 250 subjekata putem analize faktora. Svrha analize 

faktora je uraļunati promenljive sa uobiļajenim osnovnim dimenzijama koje se 

sastoje od elemenata promenljivih analizirajuĺi korelacije viġestrukih 

promenljivih. U ovom istraģivanju, metoda je koriġĺena jer minimizira gubitak 

informacija mnogo reļi, ograniļava se na minorne faktore, i daje rezultat u 

osnovnim faktorima Kansei reļnika analizirajuĺi odnose izmeĽu svih reļi 

Kansei reļnika i odnosa izmeĽu svakog oblika i njegovog odgovarajuĺeg Kansei 

reļnika. Rezultati istraģivanja su pokazali da su osobine svakog oblika usko 

povezane sa oseĺajnoġĺu ljudi.  

Pokreti i radnje koje igraļi izvode u teniskom meļu moģe da otkrije 

proces igre i taktiku igraļa, ġto je od znaļaja za sportske profesionalce i analizu 

igre. Prema stopi pojavljivanja terena u jednom frejmu, video snimak se moģe 

podeliti na pogled iz bliza i pogled iz daljine. Kod pogleda iz daljine veoma je 

teġko odrediti odvojene pokrete razliļitih delova tela.  



 

Milorad K. Banjanin 

 152 

U eksperimentu se ispitivao pojam udoban u Kansei reļniku za zadatak 

povraĺaja objekta  

Povraĺaj objekta koji je ĂUdobanñ, vrġi se po formuli [8] : 

( ) ( ), ,TSR TSRF V
Min a S F I Min D S F I

-
é ù³ = ³è øê ú ê ú 

 

gde je  

-  STSR ï sliļnost koja koristi TSR izmeĽu F i I 

-  D(F,V) ï razdaljina izmeĽu F i V 

-  F ï slika geometrijskog oblika 

-  V ï slika objekta 

-  TSR (Tangent Space Representation)-Tangentna prezentacija 

prostora za mjeru sliļnosti oblika: Alternativna prezentacija, 

Digitalna kriva linija C je predstavljena u tangentnom prostoru 

grafikom funkcije koraka 

-  GVF (Gradient Vector Flow) ï Gradijent vektora protoka 

 

 
 

Slika 12. Arhitektura eksperimenta sistema povraĺaja objekata [8] 

 

U analizi pokreta igraļa iz daleka koristi se metoda koja zapoļinje 

praĺenjem i stabilizovanjem figure igraļa u svakom frejmu. Ona koristi 

sofisticiranu strategiju praĺenja SVR filter ļestica, ġto predstavlja poboljġani 

filter ļestica. ĂGaussianñ metoda se koristi za ispravljanje polu-talasa, pa se 

zatim polje optiļkog toka deli na komade na osnovu odnosa pokretaļkih delova 

tela i oblasti figure. S-OFH ili novi opisivaļi pokreta, predloģeni su za 

kompaktno predstavljanje prostorne ġeme buļnog optiļkog protoka. 

Tok pristupa prepoznavanja obuhvata: praĺenje igraļa i stabilizacija 

figure; izraļunavanje optiļkog protoka, ispravljanje, izglaĽivanje i 

predstavljanje pokreta.  
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Zmija za detekciju kontura oblika poļinje kalkulacijom polja sila, GVF 

sile, nad domenom slika. Izraļunavaju se primenom opġte jednaļine za difuziju 

na obe komponente gradacije mape ivica slike, a u produģenom Ăobimu 

snimanjañ moģe da naĽe objekte koji su dosta daleko od prvobitne pozicije zmije 

 
Slika 13. je formirana kao vizuelna informacija po boji, obliku, teksturi i 

ġemi. Stopa zadovoljstva korisnika zavisi od drugih faktora. [2] 

 

Dijagram protoka 

 

Za analizu pokreta i prepoznavanje pokreta igraļa izdaleka u 

emitovanim video snimcima koristi se metoda izraļunavanja koordinata 

centroida oblasti figure ļiji  je dijagram protoka dat na slici 14. i sastoji se iz 

algoritma -praĺenja pokreta igraļa i stabilizacije figure i metode izraļunavanja 

optiļkog protoka, ispravljanja, izglaĽivanja i predstavljanja pokreta. 

 

 
 

Slika 14. Algoritam praĺenja pokreta i stabilizacije figure u dijagramu 

optiļkog protoka [4] 

 

Algoritam stabilizacije zapoļinje stabilizacijom igraļa i izraļunavanjem 

centralizovane ljudske figure, ġto se postiģe praĺenjem oblasti igraļa koji se 

analizira i konstruisanjem prozora u svakom frejmu centriranom na oblast 

igraļa. SVR (Sophisticated Tracking Strategy), sofisticirana strategija praĺenja 

ļestica, poboljġava uļinak klasiļnog filtera ļestica sa malim skupom uzoraka i 

dovoljno je pouzdan za ometanje u emitovanom snimku. Prozor za praĺenje oko 

oblasti igraļa se uveĺava do odreĽene skale u jedinici piksela kako bi se 

izraļunale koordinate centroida oblasti igraļa, a one se izraļunavaju prema 

formulama :  
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R je oblast zauzeta objektom u ravni slike, f(x, y) je sivi nivo na lokaciji. 

Kada se video sekvenca jednom stabilizuje, pokret u video emitovanju 

izazvan ponaġanjem kamere moģe se smatrati otklonjenim.  

Izraļunavanje opisivaļa pokreta je izazov,  naroļito kada se radi o 

grubim i ometanim podacima kao ġto su emitovani video snimci. Tako se polja 

optiļkog toka tretiraju kao prostorna ġema mera sa ġumom, koja se prikupljaju 

koriġĺenjem opisivaļa pokreta. Jednostavno sredstvo lokalizacije pokreta za 

prepoznavanje je da se odvojeno fokusira paģnja na razliļite oblasti oko 

ljudskog torzoa. Jedan od naļina da se ovo uradi je da se polje optiļkog toka 

podeli na razliļite pod-oblasti, koje nazivamo komadi.  Ometanje u pozadini 

ljudske centriļne figure vrġi znaļajan uticaj na izraļunavanje optiļkog protoka 

unutar ljudske oblasti. 

 

 
Slika 15. Model odvojenog fokusiranja komada sa adaptivnim 

izdvajanjem pozadine [11] 

 

Nakon detekcije piksela pozadine, rasterska tehnika oblasti se obavlja 

kao post-obrada da poveģe pozadinske piksele u oblasti, eliminiġe ġum i ispravi 

granice[8]. Da bi se eliminisalo ometanje u polju optiļkog toka vrġi se 

polutalasno normalizovanje i ĂGaussianñ normalizovanje za dobijanje konaļnog 

kanala. Pokret ljudsko-centriļne figure nastaje zbog relativnog pokretanja 

razliļitih delova tela koji se vide u razliļitim oblastima figure. Celo polje 

optiļkog toka se deli u tri komada. Visina komada jednaka je visini figure, a 

ġirina se moģe podesiti prema prostornoj strukturi objekta. Metode zasnovane na 

histogramu se puno koriste za prostorno prepoznavanje. Motivisana centralnom 

procenom gustine za distribuciju boje, izvodi se grupa histograma optiļkog toka 

zasnovanih na komadu (S-OFH, [8]) .  



 

Matematiļke i digitalne kompetencije za raļunarsku viziju i  multiagentnu komunikaciju 

 155 

Za svaku poziciju q unutar polja optiļkog toka OFF, uzevġi u obzir 

oblast mreģe R(q) centriranu u q, verovatnoĺa skupa u=1,...,m  u histogramu 

OFF se tada izraļunava kao [11]: 

()

( ) ()u

q OFF p R q

h C k p q b p ud
Í Í

= - -è øê úä ä
 

Gde je  

ŭ -Kronekerova delta funkcija, 

C - konstanta normalizacije koja osigurava 1
1

m

uu
h

=
=ä ,  

k - konveksni i monotoni opadajuĺi centralni profil koji pripisuje manju 

teģinu lokacijama koje su dalje od centra q.  

 Prema [9] SVM (Support Vector Machine) uspeġno se primenjuje na 

ġirok opseg prepoznavanja ġema i probleme klasifikacije. U poreĽenju sa 

veġtaļkim nervnim mreģama SVM je brģi, bolji za interpretaciju i odredjivanje, 

stiļe popularnost zbog svoje sposobnosti da taļno klasifikuje neviĽene podatke 

za razliku od metode najbliģih susednih klasifikatora [8]. 

 

Umesto zakljuļka 

 

Praktiļno primenjeni koncept kensei informacija doprineo je i razvoju 

multimodalnih interfejsa u interakciji ljudskog i raļunarskih koji: 

- omoguĺavaju korisnicima da saraĽuju preko kombinacije modaliteta, 

na primer, govor, gestovi, pisanje, ekrani osetljivi na dodir, ekrani-tastature, 

pokazivaļi i senzori koji reaguju na dodir; 

- nude bolji potencijal za znaļajnu fleksibilnost, u koriġĺenju od strane 

mnogo veĺe i razliļitije populacije nego ikada ranije; 

- obezbeĽuju podrġku za superiornije ispravljanje greġke, u poreĽenju sa 

unimodalnim interfejsima na bazi prepoznavanja, pod uslovima izbegavanja 

greġke i oporavka od greġke, ali tradicionalni ļovek-kompjuter interfejs ne 

podrģava zajedniļko donoġenje odluka. 

Posebne moguĺnosti interfejsa su u interaktivnom praĺenju pojedih ģivih 

objekata ukljuļujuĺi  i odreĽene delove njihovog tela kao ġto je praĺenje pokreta 

oka,  praĺenje pokreta glave, kontrola smera i ugla gledanja (piljenja), .. Za ova 

praĺenja koristi se paradigmu pokazivaļa (Ăono ġto pogledam to ģelimñ) za 

razliku od derivativne paradigme (Ătamo gde pogledam, tamo ģelim da idemñ). 

U radu je reinterpretiran eksperimentalni pristup prepoznavnja pojedinih 

radnji za analizu pokreta teniskih igraļa u emitovanom video snimku realnog 

teniskog meļa ili dogaĽaja. Kansei reļnik je osnova za Ăpovraĺaj slika prema 

nameri  korisnikañ i koristi se za ocenjivanje zadovoljstva korisnika prema 

obliku i formi figure. Ovaj princip omoguĺava dalji razvoj  inteligentniog 

povraĺaja digitalnih slika, znanja i informacija i osnovu za dizajniranje 

ontologije oseĺajnosti.  
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ɿʦʨʠʮʘ ʉʪʘʥʠʤʠʨʦʚʠ˂
*
 

ʄʠʨʦʩʣʘʚ ʄʘʨʠ˂
 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ɹʝʦʛʨʘʜʫ 

ʄʘʪʝʤʘʪʠʯʢʠ ʬʘʢʫʣʪʝʪ  

 

ʆʨʠʛʠʥʘʣʥʠ ʥʘʫʯʥʠ ʨʘʜ 

 

ʍʀɹʈʀɼʅʀ  ɻɽʅɽʊʉʂʀ ɸʃɻʆʈʀʊɸʄ ɿɸ ʈɽʐɸɺɸɳɽ  

ʍɸɹ ʃʆʂɸʎʀɱʉʂʆɻ ʇʈʆɹʃɽʄɸ ʅɽʆɻʈɸʅʀʏɽʅʀʍ 

ʂɸʇɸʎʀʊɽʊɸ ʉɸ ɱɽɼʅʆʉʊʈʋʂʀʄ ɸʃʆʂɸʎʀɱɸʄɸ
 

 
1. ʋʚʦʜ 

 

ʍʘʙ ʣʦʢʘʮʠʿʩʢʠ ʧʨʦʙʣʝʤʠ ʩʫ ʫ ʧʦʩʣʝʜˁʝ ʜʚʝ ʜʝʮʝʥʠʿʝ ʜʦʞʠʚʝʣʠ 

ʧʨʘʚʫ ʝʢʩʧʘʥʟʠʿʫ, ʥʘʿʚʠʰʝ ʟʘʭʚʘˀʫʿʫ˂ʠ ʩʚʦʿʦʿ ʰʠʨʦʢʦʿ ʧʨʠʤʝʥʠ ʫ ʧʨʘʢʩʠ. 

ʄʨʝʞʝ ʭʘʙʦʚʘ (ʝʥʛ. hub networks) ʩʫ ʟʘʩʪʫʧˀʝʥʝ ʫ ʤʦʜʝʨʥʠʤ ʪʨʘʥʩʧʦʨʪʥʠʤ 

ʠ ʪʝʣʝʢʦʤʫʥʠʢʘʮʠʿʩʢʠʤ ʩʠʩʪʝʤʠʤʘ, ʨʘʯʫʥʘʨʩʢʠʤ ʠ ʠʥʪʝʨʥʝʪ ʤʨʝʞʘʤʘ. 

ʍʘʙʦʚʠ (ʝʥʛ. hubs) ʧʨʝʜʩʪʘʚˀʘʿʫ ʮʝʥʪʨʝ ʢʦʥʩʦʣʠʜʘʮʠʿʝ ʠ ʢʦʣʝʢʮʠʿʝ ʧʨʦʪʦʢʘ 

ʫ ʤʨʝʞʠ ʠʟʤʝʹʫ ʜʚʝ ʣʦʢʘʮʠʿʝ. ʉʚʘʢʠ ʯʚʦʨ ʿʝ ʧʨʠʜʨʫʞʝʥ ʿʝʜʥʦʤ ʠʣʠ ʚʝ˂ʝʤ 

ʙʨʦʿʫ ʭʘʙʦʚʘ, ʪʘʢʦ ʜʘ ʩʝ ʧʨʦʪʦʢ ʦʜ ʿʝʜʥʦʛ ʜʦ ʜʨʫʛʦʛ ʯʚʦʨʘ ʨʝʘʣʠʟʫʿʝ (ʘʣʠ ʥʝ 

ʫʚʝʢ ʦʙʘʚʝʟʥʦ) ʧʨʝʢʦ ʩʢʫʧʘ ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʭʘʙʦʚʘ, ʢʦʿʠ ʤʦʞʝ ʙʠʪʠ ʠ 

ʿʝʜʥʦʯʣʘʥ. 

ʋʤʝʩʪʦ ʜʠʨʝʢʪʥʦʛ ʩʥʘʙʜʝʚʘˁʘ ʩʚʘʢʦʛ ʢʦʨʠʩʥʠʢʘ ʦʜ ˁʝʤʫ 

ʧʨʠʜʨʫʞʝʥʦʛ ʩʥʘʙʜʝʚʘʯʘ, ʫ ʭʘʙ ʤʨʝʞʘʤʘ ʿʝ ʜʦʟʚʦˀʝʥ ʪʨʘʥʩʧʦʨʪ ʩʥʘʙʜʝʚʘʯ 

ï ʢʦʨʠʩʥʠʢ ʧʨʝʢʦ ʠʟʘʙʨʘʥʦʛ ʩʢʫʧʘ ʭʘʙʦʚʘ. ʂʦʨʠʰ˂ʝˁʝʤ ʭʘʙʦʚʘ ʢʘʦ ʪʘʯʘʢʘ 

ʧʨʝʫʩʤʝʨʘʚʘˁʘ ʧʨʦʪʦʢʘ ʠ ʧʦʚʝ˂ʘʚʘˁʝʤ ʪʨʘʥʩʧʦʨʪʘ ʠʟʤʝʹʫ ʭʘʙʦʚʘ, 

ʢʘʧʘʮʠʪʝʪ ʤʨʝʞʝ ʩʝ ʤʦʞʝ ʠʩʢʦʨʠʩʪʠʪʠ ʜʦʩʪʘ ʝʬʠʢʘʩʥʠʿʝ. ʉ ʦʙʟʠʨʦʤ ʜʘ ʿʝ 

ʮʝʥʘ ʪʨʘʥʩʧʦʨʪʘ ʠʟʤʝʹʫ ʭʘʙʦʚʘ ʧʦ ʿʝʜʠʥʠʮʠ ʢʦʣʠʯʠʥʝ ʥʠʞʘ, ʫʢʫʧʥʠ 

ʪʨʦʰʢʦʚʠ ʪʨʘʥʩʧʦʨʪʘ ʫ ʤʨʝʞʠ ʩʝ ʥʘ ʦʚʘʿ ʥʘʯʠʥ ʩʤʘˁʫʿʫ. 

ʍʘʙ ʣʦʢʘʮʠʿʩʢʠ ʧʨʦʙʣʝʤʠ ʩʝ ʠʥʪʝʥʟʠʚʥʦ ʢʦʨʠʩʪʝ ʟʘ ʜʠʟʘʿʥʠʨʘˁʝ 

ʪʨʘʥʩʧʦʨʪʥʠʭ ʤʨʝʞʘ: ʞʝʣʝʟʥʠʯʢʠʭ ʠ ʜʨʫʤʩʢʠʭ ʩʠʩʪʝʤʘ, ʧʦʰʪʘʥʩʢʠʭ 

ʤʨʝʞʘ, ʩʠʩʪʝʤʘ ʙʨʟʝ ʠʩʧʦʨʫʢʝ, ʧʨʝʚʦʞʝˁʘ ʧʫʪʥʠʢʘ ʠ ʨʦʙʝ ʫ ʘʚʠʦ-

ʩʘʦʙʨʘ˂ʘʿʫ, ʘʣʠ ʠ ʫ ʙʫʜʫ˂ʝʤ ʚʘʩʠʦʥʩʢʦʤ ʩʘʦʙʨʘ˂ʘʿʫ. ʇʨʦʪʦʢ ʠʟʤʝʹʫ 

ʯʚʦʨʦʚʘ ʫ ʤʨʝʞʠ ʩʝ ʦʙʠʯʥʦ ʜʝʬʠʥʠʰʝ ʢʘʦ ʙʨʦʿ ʧʫʪʥʠʢʘ ʠʣʠ ʢʦʣʠʯʠʥʘ ʨʦʙʝ 

ʢʦʿʫ ʪʨʝʙʘ ʪʨʘʥʩʧʦʨʪʦʚʘʪʠ ʦʜ ʩʥʘʙʜʝʚʘʯʘ (ʧʦʯʝʪʥʠ ʯʚʦʨ) ʜʦ ʢʦʨʠʩʥʠʢʘ 

(ʢʨʘʿˁʠ ʯʚʦʨ). ʍʘʙʦʚʠ ʫ ʦʚʠʤ ʩʠʩʪʝʤʠʤʘ ʩʫ, ʥʘ ʧʨʠʤʝʨ, ʪʨʘʥʩʧʦʨʪʥʠ 

ʪʝʨʤʠʥʘʣʠ, ʮʝʥʪʨʠ ʩʝʣʝʢʮʠʿʝ, ʩʘʢʫʧˀʘˁʘ ʠʣʠ ʧʨʝʫʩʤʝʨʘʚʘˁʘ ʨʦʙʝ ʠ 

ʧʫʪʥʠʢʘ ʠ ʩʣ. 

ʊʝʣʝʢʦʤʫʥʠʢʘʮʠʿʩʢʠ ʩʠʩʪʝʤʠ ʩʝ ʪʘʢʦʹʝ ʤʦʛʫ ʢʦʥʬʠʛʫʨʠʩʘʪʠ ʢʘʦ 

ʤʨʝʞʝ ʭʘʙʦʚʘ. ʀʥʬʦʨʤʘʮʠʿʝ ʫ ʨʘʯʫʥʘʨʩʢʠʤ, ʪʝʣʝʬʦʥʩʢʠʤ, ʩʘʪʝʣʠʪʩʢʠʤ ʠ 

ʜʨʫʛʠʤ ʢʦʤʫʥʠʢʘʮʠʿʩʢʠʤ ʩʠʩʪʝʤʠʤʘ (ʢʘʦ ʰʪʦ ʿʝ ʠʥʪʝʨʥʝʪ, ʥʘ ʧʨʠʤʝʨ) 

ʧʨʝʥʦʩʝ ʩʝ ʧʨʝʢʦ ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʣʠʥʢʦʚʘ (ʪʝʣʝʬʦʥʩʢʠʤ ʠʣʠ ʦʧʪʠʯʢʠʤ 

ʢʘʙʣʦʚʠʤʘ, ʩʘʪʝʣʠʪʩʢʠʤ ʢʘʥʘʣʠʤʘ), ʰʪʦ ʿʝ ʯʝʩʪʦ ʚʨʣʦ ʩʢʫʧʦ. ʋ ʮʠˀʫ 

ʩʤʘˁʠʚʘˁʘ ʮʝʥʝ ʧʨʦʪʦʢʘ ʧʦʜʘʪʘʢʘ ʫ ʦʚʠʤ ʤʨʝʞʘʤʘ, ʪʘʢʦʹʝ ʩʝ ʢʦʨʠʩʪʝ ʭʘʙ 
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ʯʚʦʨʦʚʠ (ʧʨʝʢʠʜʘʯʠ, ʢʦʥʮʝʥʪʨʘʪʦʨʠ, ʧʦʨʪʦʚʠ). ʇʨʝʛʣʝʜ ʭʘʙ ʣʦʢʘʮʠʿʩʢʠʭ 

ʧʨʦʙʣʝʤʘ ʠ ʤʝʪʦʜʘ ʟʘ ˁʠʭʦʚʦ ʨʝʰʘʚʘˁʝ ʤʦʞʝ ʩʝ ʥʘ˂ʠ ʫ ʨʘʜʦʚʠʤʘ: ʂʝʤʙʝʣ 

2002: 373ï407 ʠ ɸʣʫʤʫʨ 2008: 1ï21). 

ʇʨʝʜʤʝʪ ʠʩʪʨʘʞʠʚʘˁʘ ʧʨʠʢʘʟʘʥʦʛ ʫ ʦʚʦʤ ʨʘʜʫ ʿʝ ʭʘʙ ʣʦʢʘʮʠʿʩʢʠ 

ʧʨʦʙʣʝʤ ʥʝʦʛʨʘʥʠʯʝʥʠʭ ʢʘʧʘʮʠʪʝʪʘ ʩʘ ʿʝʜʥʦʩʪʨʫʢʠʤ ʘʣʦʢʘʮʠʿʘʤʘ ʧʦʟʠʮʠʿʝ 

ʭʘʙʦʚʘ (Uncapacitated Single Allocation Hub Location Problem ï USAHLP). 

ʎʠˀ ʦʚʦʛ ʅʇ-ʪʝʰʢʦʛ ʧʨʦʙʣʝʤʘ ʢʦʤʙʠʥʘʪʦʨʥʝ ʦʧʪʠʤʠʟʘʮʠʿʝ ʿʝ ʩʣʝʜʝ˂ʠ: 

ʫʩʧʦʩʪʘʚʠʪʠ ʩʢʫʧ ʭʘʙʦʚʘ ʠ ʘʣʦʮʠʨʘʪʠ ʢʦʨʠʩʥʠʢʝ ʠ ʩʥʘʙʜʝʚʘʯʝ ʝʣʝʤʝʥʪʠʤʘ 

ʩʢʫʧʘ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ, ʪʘʢʦ ʜʘ ʩʫʤʘ ʪʨʘʥʩʧʦʨʪʥʠʭ ʪʨʦʰʢʦʚʘ ʫ 

ʤʨʝʞʠ ʠ ʬʠʢʩʥʠʭ ʪʨʦʰʢʦʚʘ ʣʦʮʠʨʘˁʘ ʭʘʙʦʚʘ ʙʫʜʝ ʤʠʥʠʤʘʣʥʘ. 

 

2. ʄʘʪʝʤʘʪʠʯʢʘ ʬʦʨʤʫʣʘʮʠʿʘ 

 

ʅʝʢʘ ʿʝ I={1,...,n} ʩʢʫʧ ʢʦʿʠ ʩʘʜʨʞʠ n ʨʘʟʣʠʯʠʪʠʭ ʯʚʦʨʦʚʘ ʤʨʝʞʝ, 

ʛʜʝ ʩʚʘʢʠ ʯʚʦʨ ʧʨʝʜʩʪʘʚˀʘ ʢʦʨʠʩʥʠʢʘ, ʩʥʘʙʜʝʚʘʯʘ ʠʣʠ ʧʦʪʝʥʮʠʿʘʣʥʫ 

ʣʦʢʘʮʠʿʫ ʭʘʙʘ. ʊʨʘʥʩʧʦʨʪʥʠ ʪʨʦʰʢʦʚʠ (ʧʦ ʿʝʜʠʥʠʮʠ ʢʦʣʠʯʠʥʝ ʨʦʙʝ) ʦʜ 

ʩʥʘʙʜʝʚʘʯʘ i ʜʦ ʢʦʨʠʩʥʠʢʘ  j  ʿʝ Cij . ʂʦʣʠʯʠʥʘ ʨʦʙʝ ʢʦʿʫ ʪʨʝʙʘ 

ʪʨʘʥʩʧʦʨʪʦʚʘʪʠ ʦʜ ʯʚʦʨʘ ï ʩʥʘʙʜʝʚʘʯʘ i ʜʦ ʯʚʦʨʘ ï ʢʦʨʠʩʥʠʢʘ j ʦʟʥʘʯʝʥʘ ʿʝ 

ʩʘ Wij . ʋ ʦʧʰʪʝʤ ʩʣʫʯʘʿʫ, Wij Í Wʿj  ʠ Wii Í 0.    

ʇʨʦʤʝʥˀʠʚʘ ʦʜʣʫʢʝ Zik ʿʝ ʜʝʬʠʥʠʩʘʥʘ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ:  

 

Zik =1, ʘʢʦ ʿʝ ʢʦʨʠʩʥʠʢ/ʩʥʘʙʜʝʚʘʯ i ʧʨʠʜʨʫʞʝʥ ʫʩʧʦʩʪʘʚˀʝʥʦʤ ʭʘʙʫ 

k,  

Zik=0, ʠʥʘʯʝ. 

ʇʨʠ ʪʦʤʝ ʿʝ Zkk =1 ʘʢʦ ʿʝ ʭʘʙ ʣʦʮʠʨʘʥ ʫ ʯʚʦʨʫ k, ʠʥʘʯʝ ʿʝ Zkk =0. 

ʅʝʥʝʛʘʪʠʚʥʝ ʧʨʦʤʝʥˀʠʚʝ Ykl
i
 ʦʟʥʘʯʘʚʘʿʫ ʢʦʣʠʯʠʥʫ ʨʦʙʝ ʢʦʿʘ ʧʦʣʘʟʠ 

ʠʟ ʯʚʦʨʘ ʩʥʘʙʜʝʚʘʯʘ i ʠ ʜʠʩʪʨʠʙʫʠʨʘ ʩʝ ʧʨʝʢʦ ʭʘʙʦʚʘ k ʠ l. 

ʊʨʘʥʩʧʦʨʪ ʦʜ ʯʚʦʨʘ ï ʩʥʘʙʜʝʚʘʯʘ ʜʦ ʯʚʦʨʘ-ʢʦʨʠʩʥʠʢʘ ʩʘʩʪʦʿʠ ʩʝ ʦʜ 

ʪʨʠ ʜʝʣʘ: ʧʨʠʢʫʧˀʘˁʝ ʦʜ ʯʚʦʨʘ ï ʩʥʘʙʜʝʚʘʯʘ ʜʦ ʧʨʚʦʛ ʭʘʙʘ, ʧʨʝʥʦʩ ʠʟʤʝʹʫ 

ʭʘʙʦʚʘ ʠ ʥʘ ʢʨʘʿʫ, ʨʘʩʧʦʜʝʣʘ (ʠʣʠ ʜʠʩʪʨʠʙʫʮʠʿʘ) ʦʜ ʧʦʩʣʝʜˁʝʛ ʭʘʙʘ ʜʦ 

ʯʚʦʨʘ ï ʢʦʨʠʩʥʠʢʘ. ʇʘʨʘʤʝʪʨʠ c ʠd ʧʨʝʜʩʪʘʚˀʘʿʫ ʿʝʜʠʥʠʯʥʝ ʪʨʦʰʢʦʚʝ 

ʧʨʠʢʫʧˀʘˁʘ ʠ ʨʘʩʧʦʜʝʣʝ, ʜʦʢ a-1  ʧʨʝʜʩʪʘʚˀʘ ʧʦʧʫʩʪ ʫ ʮʝʥʠ ʟʘ 

ʪʨʘʥʩʧʦʨʪ ʠʟʤʝʹʫ ʭʘʙʦʚʘ. ʌʠʢʩʥʘ ʮʝʥʘ ʫʩʧʦʩʪʘʚˀʘˁʘ ʭʘʙʘ k (ʪʿ. 

ʧʦʩʪʘʚˀʘˁʘ Zkk =1) ʩʝ ʦʟʥʘʯʘʚʘ ʩʘ fk .  

ʈʘʜʠ ʣʘʢʰʝʛ ʟʘʧʠʩʘ ʧʨʦʙʣʝʤʘ, ʫʚʦʜʝ ʩʝ ʩʣʝʜʝ˂ʝ ʦʟʥʘʢʝ: 

 ʿʝ ʫʢʫʧʥʘ ʢʦʣʠʯʠʥʘ ʨʦʙʝ ʢʦʿʘ ʧʦʣʘʟʠ ʠʟ ʯʚʦʨʘ i, ʠ 

 ʿʝ ʫʢʫʧʥʘ ʢʦʣʠʯʠʥʘ ʨʦʙʝ ʢʦʿʘ ʜʦʣʘʟʠ ʠʟ ʯʚʦʨʘ j. 



ʍʠʙʨʠʜʥʠ  ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʟʘ ʨʝʰʘʚʘˁʝ ʭʘʙ ʣʦʢʘʮʠʿʩʢʦʛ  

ʧʨʦʙʣʝʤʘ ʥʝʦʛʨʘʥʠʯʝʥʠʭ ʢʘʧʘʮʠʪʝʪʘ ʩʘ ʿʝʜʥʦʩʪʨʫʢʠʤ ʘʣʦʢʘʮʠʿʘʤʘ 
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ʇʨʦʙʣʝʤ ʩʝ ʩʘʜʘ ʤʦʞʝ ʬʦʨʤʫʣʠʩʘʪʠ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ: 

 

 

(1)  

 

ʧʨʠ ʫʩʣʦʚʠʤʘ: 

 

                                                            ʟʘ ʩʚʘʢʦ i=1,é,n 
(2)  

 

                                                                  ʟʘ ʩʚʘʢʦ i,k=1,é,n (3)  

  

            ʟʘ ʩʚʘʢʦ i,k=1,é,n (4)  

 

                                                                    ʟʘ ʩʚʘʢʦ i,k,l=1,é,n (5)  

  

                                                                ʟʘ ʩʚʘʢʦ i,k=1,é,n (6)  

 

ʎʠˀ USAHLP ʿʝ ʤʠʥʠʤʠʟʘʮʠʿʘ ʫʢʫʧʥʠʭ ʪʨʦʰʢʦʚʘ ʪʨʘʥʩʧʦʨʪʘ ʫ 

ʤʨʝʞʠ ʠ ʬʠʢʩʥʠʭ ʪʨʦʰʢʦʚʘ ʫʩʧʦʩʪʘʚˀʘˁʘ ʭʘʙʦʚʘ (1). ʐʝʤʘ ʿʝʜʥʦʩʪʨʫʢʝ 

ʘʣʦʢʘʮʠʿʝ ʿʝ ʧʨʝʜʩʪʘʚˀʝʥʘ ʫʩʣʦʚʦʤ (2), ʪʿ. ʩʚʘʢʠ ʢʦʨʠʩʥʠʢ/ʩʥʘʙʜʝʚʘʯ ʿʝ 

ʧʨʠʜʨʫʞʝʥ ʪʘʯʥʦ ʿʝʜʥʦʤ ʭʘʙʫ. ʆʛʨʘʥʠʯʝˁʝ (3) ʦʙʝʟʙʝʹʫʿʝ ʜʘ ʩʝ ʪʨʘʥʩʧʦʨʪ 

ʦʜʚʠʿʘ ʩʘʤʦ ʧʨʝʢʦ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ. ɱʝʜʥʘʯʠʥʘ ʢʦʥʟʝʨʚʘʮʠʿʝ ʧʨʦʪʦʢʘ 

ʫ ʤʨʝʞʠ ʧʨʝʜʩʪʘʚˁʝʥʘ ʿʝ ʫʩʣʦʚʦʤ (4). ʅʝʥʝʛʘʪʠʚʥʦʩʪ ʧʨʦʤʝʥˀʠʚʠʭ ʟʘʜʘʪʘ 

ʿʝ ʩʘ (5). ɹʠʥʘʨʥʘ ʧʨʠʨʦʜʘ ʧʨʦʤʝʥˀʠʚʠʭ Xik ʧʨʝʜʩʪʘʚˀʝʥʘ ʿʝ ʫʩʣʦʚʦʤ (6). 

  

3.  ʇʨʝʪʭʦʜʥʝ ʤʝʪʦʜʝ ʟʘ ʨʝʰʘʚʘˁʝ USAHLP 

 

ʇʨʦʙʣʝʤ ʿʝ ʧʨʚʠ ʬʦʨʤʫʣʠʩʘʦ ʆôʂʝʣʠ ʫ ʨʘʜʫ (ʆôʂʝʣʠ 1992: 293ï

306), ʢʘʦ ʧʨʦʙʣʝʤ ʢʚʘʜʨʘʪʥʦʛ ʧʨʦʛʨʘʤʠʨʘˁʘ ʮʝʣʦʙʨʦʿʥʦʛ ʧʨʦʛʨʘʤʠʨʘˁʘ. 

ʆôʂʝʣʠ je ʜʦʢʘʟʘʦ ʜʘ ʿʝ ʧʨʦʙʣʝʤ ʅʇ-ʪʝʞʘʢ ʠ ʧʨʝʜʣʦʞʠʦ ʜʚʝ ʝʥʫʤʝʨʘʪʠʚʥʝ 

ʭʝʫʨʠʩʪʠʯʢʝ ʤʝʪʦʜʝ ʟʘ ˁʝʛʦʚʦ ʨʝʰʘʚʘˁʝ. ʅʝʢʦʣʠʢʦ ʭʝʫʨʠʩʪʠʢʘ ʟʘ 

ʨʝʰʘʚʘˁʝ USAHLP ʧʨʝʜʣʦʞʝʥʦ ʿʝ ʫ ʣʠʪʝʨʘʪʫʨʠ: ʭʝʫʨʠʩʪʠʢʘ ʢʣʘʩʪʝʨʦʚʘˁʘ 

ʠ ʟʘʤʝʥʝ (ʂʣʠʥʮʝʚʠʯ 1991: 25ï37), ʧʦʭʣʝʧʥʘ ʭʝʫʨʠʩʪʠʢʘ (ʝʥʛ .greedy 

heuristic) ʠ ʪʘʙʫ ʧʨʝʪʨʘʞʠʚʘˁʝ (ʂʣʠʥʮʝʚʠʯ 1992: 283ï302), ʤʦʜʠʬʠʢʦʚʘʥʦ 

ʪʘʙʫ ʧʨʝʪʨʘʞʠʚʘˁʝ (ʉʢʦʨʠʥ-ʂʘʧʦʚ 1994: 502ï509). 

ɸʙʜʠʥʫʨ-ʍʝʣʤ ʠ ɺʘʪʘʨʢʝʤʘʥ ʩʫ ʫ ʨʘʜʫ (ɸʙʜʠʥʫʨ-ʍʝʣʤ 1998ʙ: 31ï

50) ʜʘʣʠ ʥʦʚʫ ʢʚʘʜʨʘʪʥʫ ʮʝʣʦʙʨʦʿʥʫ ʬʦʨʤʫʣʘʮʠʿʫ USAHLP ʠ ʧʨʝʜʣʦʞʠʣʠ 

ʝʛʟʘʢʪʥʫ ʤʝʪʦʜʫ ʛʨʘʥʘˁʘ ʠ ʦʛʨʘʥʠʯʘʚʘˁʘ (ʝʥʛ. Branch and Bound ï BnB). 

ʂʘʢʦ ʤʝʪʦʜʘ ʟʘʭʪʝʚʘ ʜʦʩʪʘ ʚʨʝʤʝʥʘ ʟʘ ʜʦʙʠʿʘˁʝ ʦʧʪʠʤʘʣʥʦʛ ʨʝʰʝˁʘ, 

ʘʫʪʦʨʠ ʩʫ ʠʤʧʣʝʤʝʥʪʠʨʘʣʠ ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʢʦʿʠ ʝʬʠʢʘʩʥʦ ʜʦʣʘʟʠ ʜʦ 

ʨʝʰʝˁʘ.  

ʋ ʨʘʜʫ ʘʫʪʦʨʘ ɸʙʜʠʥʫʨ-ʍʝʣʤ (1998ʘ: 489ï499) ʩʝ ʟʘ ʨʝʰʘʚʘˁʝ 

USAHLP ʧʨʝʜʣʘʞʝ ʭʠʙʨʠʜ ʛʝʥʝʪʩʢʦʛ ʘʣʛʦʨʠʪʤʘ ʠ ʪʘʙʫ ʧʨʝʪʨʘʛʝ ʠ 



 

ɿʦʨʠʮʘ ʉʪʘʥʠʤʠʨʦʚʠ˂, ʄʠʨʦʩʣʘʚ ʄʘʨʠ˂ 
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ʘʥʘʣʠʟʠʨʘʿʫ ʜʦʙʠʿʝʥʠ ʨʝʟʫʣʪʘʪʠ ʢʘʜʘ ʿʝ ʥʝʢʦʣʠʢʦ ʚʘʨʠʿʘʥʪʠ ʦʚʦʛ ʭʠʙʨʠʜʘ 

ʢʦʨʠʰ˂ʝʥʦ ʧʨʠ ʨʝʰʘʚʘˁʫ CAB ʠʥʩʪʘʥʮʠ ʧʨʦʙʣʝʤʘ. ɸʫʪʦʨ ʫ ʨʘʜʫ ʥʠʿʝ ʜʘʦ 

ʧʦʜʘʪʢʝ ʦ ʨʝʟʫʣʪʘʪʠʤʘ ʧʨʠʤʝʥʝ ʭʠʙʨʠʜʥʦʛ ʘʣʛʦʨʠʪʤʘ ʧʨʠ ʨʝʰʘʚʘˁʫ ɸP 

ʠʥʩʪʘʥʮʠ ʧʨʦʙʣʝʤʘ.  

 

ʊʦʧʮʫʦʛʣʫ ʠ ʩʘʨʘʜʥʠʮʠ (2005: 967ï984) ʧʨʝʜʣʘʞʫ ʧʨʠʤʝʥʫ 

ʛʝʥʝʪʩʢʦʛ ʘʣʛʦʨʠʪʤʘ ʟʘ ʨʝʰʘʚʘˁʝ USAHLP ʥʘ ʥʘʧʨʝʜʥʠʿʠ ʥʘʯʠʥ ï ʢʦʨʠʩʪʠ 

ʩʝ ʝʬʠʢʘʩʥʠʿʝ ʢʦʜʠʨʘˁʝ ʿʝʜʠʥʢʠ, ʙʦˀʝ ʠʥʠʮʠʿʘʣʥʦ ʧʦʩʪʘʚˀʘˁʝ ʙʨʦʿʘ 

ʭʘʙʦʚʘ ʫ ʿʝʜʠʥʢʠ ï ʨʝʰʝˁʫ, ʥʘʧʨʝʜʘʥ ʦʧʝʨʘʪʦʨ ʫʢʨʰʪʘˁʘ, ʢʦʿʠ ʿʝ 

ʧʨʠʣʘʛʦʹʝʥ ʜʦʤʝʥʫ ʧʨʦʙʣʝʤʘ ʠʪʜ. ʄʝʹʫʪʠʤ, ʠ ʥʘʜʘˀʝ ʩʝ, ʢʘʦ ʠ ʢʦʜ 

ɸʙʜʠʥʫʨ-ʍʝʣʤ (1998ʘ: 489ï499), ʢʦʨʠʩʪʠ ʧʨʦʧʦʨʮʠʦʥʘʣʥʘ, ʪʿ. ʨʫʣʝʪ 

ʩʝʣʝʢʮʠʿʘ. ɸʫʪʦʨʠ ʫ ʦʚʦʤ ʨʘʜʫ ʜʘʿʫ ʨʝʟʫʣʪʘʪʝ ʜʦʙʠʿʝʥʝ ʧʨʠ ʨʝʰʘʚʘˁʫ 

ʠʥʩʪʘʥʮʠ CAB ʠ  ɸP  ʭʘʙ ʧʨʦʙʣʝʤʘ. 

ʋ ʩʚʦʤ ʨʘʜʫ ʏʝʥ (2007: 211ï220), ʨʘʟʚʠʿʘ ʭʝʫʨʠʩʪʠʢʫ SATUHLP ʟʘ 

ʨʝʰʘʚʘˁʝ USAHLP. ʆʚʘ ʭʝʫʨʠʩʪʠʢʘ ʿʝ ʭʠʙʨʠʜ ʩʠʤʫʣʠʨʘʥʦʛ ʢʘˀʝˁʘ (ʝʥʛ. 

simulated annealing ï SA) ʠ ʪʘʙʫ ʧʨʝʪʨʘʞʠʚʘˁʘ ʠ ʩʘʩʪʦʿʠ ʩʝ ʠʟ ʪʨʠ ʬʘʟʝ. ʋ 

ʧʨʚʦʿ ʬʘʟʠ ʩʝ ʦʜʨʝʹʫʿʝ ʙʨʦʿ ʭʘʙʦʚʘ ʢʦʿʝ ʪʨʝʙʘ ʫʩʧʦʩʪʘʚʠʪʠ, ʫ ʜʨʫʛʦʿ ʬʘʟʠ ʩʝ 

ʩʝʣʝʢʪʫʿʫ ʣʦʢʘʮʠʿʝ ʟʘ ʫʧʦʩʪʘʚˀʘˁʝ ʭʘʙʦʚʘ, ʠ ʥʘ ʢʨʘʿʫ, ʫ ʪʨʝ˂ʦʿ ʬʘʟʠ ʚʨʰʠ 

ʩʝ ʘʣʦʢʘʮʠʿʘ ʯʚʦʨʦʚʘ ʢʦʨʠʩʥʠʢʘ/ʩʥʘʙʜʝʚʘʯʘ ʣʦʮʠʨʘʥʠʤ ʭʘʙʦʚʠʤʘ. 

ʍʝʫʨʠʩʪʠʢʘ SATUHLP ʿʝ ʪʝʩʪʠʨʘʥʘ ʥʘ ʠʥʩʪʘʥʮʘʤʘ CAB ʠ ɸP ʧʨʦʙʣʝʤʘ ʠ 

ʜʦʙʠʿʝʥʠ ʨʝʟʫʣʪʘʪʠ ʩʫ ʧʨʝʟʝʥʪʦʚʘʥʠ ʠ ʧʦʨʝʹʝʥʠ ʩʘ ʨʝʟʫʣʪʘʪʠʤʘ (ʊʦʧʮʦʫʛʣʫ 

2005: 967ï984). 

ʉʢʦʨʠʿʠ ʨʘʜʦʚʠ ʫ ʢʦʿʠʤʘ ʩʝ ʧʨʦʫʯʘʚʘ USAHLP ʩʫ: ʉʠʣʚʘ 2009 

(3152ï3165) ʠ ʌʠʣʠʧʦʚʠ˂ 2009 (149ï158). ʋ ʨʘʜʫ: ʉʠʣʚʘ 2009 (3152ï3165), 

ʘʫʪʦʨʠ ʧʨʝʜʣʘʞʫ ʪʨʠ ʚʘʨʠʿʘʥʪʝ ʚʠʰʝʩʪʘʨʪʥʝ ʭʝʫʨʠʩʪʠʢʝ ʪʘʙʫ 

ʧʨʝʪʨʘʞʠʚʘˁʘ, ʢʘʦ ʠ ʜʚʦʬʘʟʥʫ ʠʥʪʝʛʨʠʩʘʥʫ ʭʝʫʨʠʩʪʠʢʫ ʪʘʙʫ ʧʨʝʪʨʘʞʠʚʘˁʘ 

ʟʘ ʨʝʰʘʚʘˁʝ ʦʚʦʛ ʧʨʦʙʣʝʤʘ. ʌʠʣʠʧʦʚʠ˂ ʠ ʩʘʨ. (ʌʠʣʠʧʦʚʠ˂ 2009: 149ï158) 

ʦʧʠʩʫʿʫ ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʢʘʦ ʤʝʪʦʜ ʟʘ ʨʝʰʘʚʘˁʝ USAHLP, ʢʘʦ ʠ 

ʝʥʫʤʝʨʘʪʠʚʥʫ ʪʝʭʥʠʢʫ ʟʘ ʨʝʰʘʚʘˁʝ ʧʦʜʧʨʦʙʣʝʤʘ USAHLP ʩʘ ʬʠʢʩʠʨʘʥʠʤ 

ʩʢʫʧʦʤ ʭʘʙʦʚʘ.  
 

4.  ʇʨʝʜʣʦʞʝʥʠ ʭʠʙʨʠʜʥʠ ʘʣʛʦʨʠʪʘʤ ʟʘ ʨʝʰʘʚʘˁʝ USAHLP 

 

ʇʦʿʘʤ ʛʝʥʝʪʩʢʦʛ ʘʣʛʦʨʠʪʤʘ ʧʨʚʠ ʿʝ ʫʚʝʦ ʍʦʣʘʥʜ ʫ ʩʚʦʿʦʿ ʢˁʠʟʠ ʠʟ  

1975, ʢʦʿʘ ʩʝ ʙʘʚʠ ʪʝʦʨʠʿʦʤ ʘʜʘʧʪʠʚʥʠʭ ʩʠʩʪʝʤʘ. ʆʩʥʦʚʥʘ ʠʜʝʿʘ ʿʝ 

ʩʠʤʫʣʠʨʘˁʝ ʧʨʦʮʝʩʘ ʧʨʠʨʦʜʥʝ ʝʚʦʣʫʮʠʿʝ ʿʝʜʥʝ ʧʦʧʫʣʘʮʠʿʝ ʿʝʜʠʥʢʠ ʧʦʜ 

ʜʝʿʩʪʚʦʤ ʛʝʥʝʪʩʢʠʭ ʦʧʝʨʘʪʦʨʘ.  ɼʘʥʘʩ ʩʝ ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʤʠ ʢʦʨʠʩʪʝ ʟʘ 

ʨʝʰʘʚʘˁʝ ʰʠʨʦʢʝ ʢʣʘʩʝ ʧʨʦʙʣʝʤʘ ʢʦʤʙʠʥʘʪʦʨʥʝ ʦʧʪʠʤʠʟʘʮʠʿʝ 

ɻʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʩʝ ʧʨʠʤʝˁʫʿʝ ʥʘ ʢʦʥʘʯʥʦʤ ʩʢʫʧʫ ʿʝʜʠʥʢʠ ʢʦʿʠ 

ʩʝ ʥʘʟʠʚʘ ʧʦʧʫʣʘʮʠʿʘ. ʉʚʘʢʘ ʿʝʜʠʥʢʘ ʫ ʧʦʧʫʣʘʮʠʿʠ ʿʝ ʧʨʝʜʩʪʘʚˀʝʥʘ ʥʠʟʦʤ 

ʢʘʨʘʢʪʝʨʘ (ʛʝʥʝʪʩʢʠʤ ʢʦʜʦʤ) ʠ ʦʜʛʦʚʘʨʘ ʥʝʢʦʤ ʨʝʰʝˁʫ ʫ ʧʨʝʪʨʘʞʠʚʘʯʢʦʤ 

ʧʨʦʩʪʦʨʫ. ʎʠˀ ʘʣʛʦʨʠʪʤʘ ʿʝ ʜʘ ʩʝ ʠʟ ʛʝʥʝʨʘʮʠʿʝ ʫ ʛʝʥʝʨʘʮʠʿʫ ʧʦʙʦˀʰʘʚʘ 

ʢʚʘʣʠʪʝʪ ʩʚʘʢʝ ʿʝʜʠʥʢʝ ʫ ʧʦʧʫʣʘʮʠʿʠ, ʢʘʦ ʠ ʩʨʝʜˁʠ ʢʚʘʣʠʪʝʪ ʮʝʣʝ 



ʍʠʙʨʠʜʥʠ  ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʟʘ ʨʝʰʘʚʘˁʝ ʭʘʙ ʣʦʢʘʮʠʿʩʢʦʛ  

ʧʨʦʙʣʝʤʘ ʥʝʦʛʨʘʥʠʯʝʥʠʭ ʢʘʧʘʮʠʪʝʪʘ ʩʘ ʿʝʜʥʦʩʪʨʫʢʠʤ ʘʣʦʢʘʮʠʿʘʤʘ 
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ʧʦʧʫʣʘʮʠʿʝ ʫʟʘʩʪʦʧʥʦʤ ʧʨʠʤʝʥʦʤ ʛʝʥʝʪʩʢʠʭ ʦʧʝʨʘʪʦʨʘ: ʩʝʣʝʢʮʠʿʝ, 

ʫʢʨʰʪʘˁʘ ʠ ʤʫʪʘʮʠʿʝ. 

ɺʘʞʥʘ ʦʩʦʙʠʥʘʛʝʥʝʪʩʢʠʭ ʘʣʛʦʨʠʪʘʤʘ ʿʝ ʠ ʤʦʛʫ˂ʥʦʩʪ ˁʠʭʦʚʝ 

ʭʠʙʨʠʜʠʟʘʮʠʿʝ ʩʘ ʥʝʢʠʤ ʜʨʫʛʠʤ, ʭʝʫʨʠʩʪʠʯʢʠʤ ʠʣʠ ʝʛʟʘʢʪʥʠʤ, ʧʨʠʩʪʫʧʦʤ 

ʟʘ ʨʝʰʘʚʘˁʝ ʟʘʜʘʪʦʛ ʧʨʦʙʣʝʤʘ. ʊʘʿ ʥʦʚʠ, ʭʠʙʨʠʜʥʠ, ʤʝʪʦʜ ʩʝ ʢʨʝʠʨʘ ʪʘʢʦ 

ʜʘ ʩʘʜʨʞʠ ʜʦʙʨʝ ʦʩʦʙʠʥʝ ʠ ʿʝʜʥʝ ʠ ʜʨʫʛʝ ʤʝʪʦʜʝ. ʍʝʫʨʠʩʪʠʢʝ (ʿʝʜʥʘ ʠʣʠ 

ʚʠʰʝ) ʩʝ ʯʝʩʪʦ ʢʦʨʠʩʪʝ ʥʝ ʩʘʤʦ ʟʘ ʧʦʙʦˀʰʘʚʘˁʝ ʧʦʯʝʪʥʝ ʧʦʧʫʣʘʮʠʿʝ, ʚʝ˂ ʠ 

ʩʚʘʢʝ  ʥʘʨʝʜʥʝ ʛʝʥʝʨʘʮʠʿʝ. ʄʦʛʫ ʩʝ ʧʨʠʤʝˁʠʚʘʪʠ ʥʘ ʮʝʣʫ ʧʦʧʫʣʘʮʠʿʫ, ʿʝʜʘʥ 

ˁʝʥ ʜʝʦ ʠʣʠ ʥʘ ʧʦʿʝʜʠʥʘʯʥʫ (ʯʝʩʪʦ ʥʘʿʙʦˀʫ) ʿʝʜʠʥʢʫ. ʋ ʦʚʦʤ ʨʘʜʫ, 

ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʩʝ ʢʦʤʙʠʥʫʿʝ ʩʘ ʭʝʫʨʠʩʪʠʢʘʤʘ ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ 

ʢʦʿʝ ʩʝ ʧʨʠʤʝˁʫʿʫ ʥʘ ʜʝʦ ʧʦʧʫʣʘʮʠʿʝ ʿʝʜʠʥʢʠ ʫ ʩʚʘʢʦʿ ʛʝʥʝʨʘʮʠʿʠ 

ʘʣʛʦʨʠʪʤʘ. ɼʝʪʘˀʠ ʧʨʝʜʣʦʞʝʥʝ ʭʠʙʨʠʜʥʝ ʤʝʪʦʜʝ ʩʫ ʦʧʠʩʘʥʠ ʫ ʥʘʨʝʜʥʠʤ 

ʧʦʜʩʝʢʮʠʿʘʤʘ. 

 

4.1. ʈʝʧʨʝʟʝʥʪʘʮʠʿʘ ʿʝʜʠʥʢʠ ʠ ʬʫʥʢʮʠʿʘ ʮʠˀʘ 
 

ɻʝʥʝʪʩʢʠ ʢʦʜ ʩʚʘʢʝ ʿʝʜʠʥʢʝ ʩʝ ʩʘʩʪʦʿʠ ʠʟ ʜʚʘ ʩʝʛʤʝʥʪʘ. ʇʨʚʠ 

ʩʝʛʤʝʥʪ ʜʫʞʠʥʝ n ʩʘʜʨʞʠ 1 ʠʣʠ 0 ʫ ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʪʦʛʘ ʜʘ ʣʠ ʿʝ ʫ 

ʦʜʛʦʚʘʨʘʿʫ˂ʝʤ ʯʚʦʨʫ ʫʩʧʦʩʪʘʚˀʝʥ ʭʘʙ, ʠʣʠ ʥʝ.  ɼʨʫʛʠ ʩʝʛʤʝʥʪ, ʯʠʿʠ ʩʫ 

ʝʣʝʤʝʥʪʠ ʙʨʦʿʝʚʠ ʠʟ ʩʢʫʧʘ {0, 1, ..., n-1} ʢʦʿʠ ʩʘʜʨʞʠ ʠʥʬʦʨʤʘʮʠʿʫ ʦ ʭʘʙʫ 

ʢʦʿʠ ʿʝ ʧʨʠʜʨʫʞʝʥ ʜʘʪʦʤ ʯʚʦʨʫ. ɸʢʦ ʿʝ ʢʦʨʠʩʥʠʢ/ʩʥʘʙʜʝʚʘʯ ʧʨʠʜʨʫʞʝʥ 

ʥʘʿʙʣʠʞʝʤ ʭʘʙʫ, ʥʘ ʦʜʛʦʚʘʨʘʿʫ˂ʫ ʧʦʟʠʮʠʿʫ ʩʝ ʫʧʠʩʫʿʝ ʥʫʣʘ; ʘʢʦ ʿʝ 

ʧʨʠʜʨʫʞʝʥ ʭʘʙʫ, ʢʦʿʠ ʿʝ ʜʘˀʠ ʦʜ ʥʘʿʙʣʠʞʝʛ ʘʣʠ ʙʣʠʞʠ ʦʜ ʦʩʪʘʣʠʭ, ʩʤʝʰʪʘ 

ʩʝ ʿʝʜʠʥʠʮʘ ʠʪʜ. ʉʚʘʢʠ ʭʘʙ ʯʚʦʨ ʿʝ  ʧʨʠʜʨʫʞʝʥ ʩʘʤʦʤ ʩʝʙʠ, ʪʘʢʦ ʜʘ ʩʝ ʫ 

ʜʨʫʛʦʤ ʩʝʛʤʝʥʪʫ ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ, ʥʘ ʧʦʟʠʮʠʿʘʤʘ ʢʦʿʝ ʦʜʛʦʚʘʨʘʿʫ 

ʫʩʧʦʩʪʘʚˀʝʥʠʤ ʭʘʙʦʚʠʤʘ, ʥʘʣʘʟʝ ʥʫʣʝ.  

ʌʫʢʮʠʿʘ ʮʠˀʘ ʩʝ ʨʘʯʫʥʘ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ: ʠʟ ʧʨʚʦʛ ʩʝʛʤʝʥʪʘ 

ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ ʜʦʙʠʿʘʿʫ ʩʝ ʠʥʜʝʢʩʠ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ. ʇʦ ʜʦʙʠʿʘˁʫ 

ʩʢʫʧʘ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ ʩʝ, ʟʘ ʩʚʘʢʠ ʦʜ ʯʚʦʨʦʚʘ ʢʦʨʠʩʥʠʢʘ/ʩʥʘʙʜʝʚʘʯʘ, 

ʥʠʟ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ ʩʦʨʪʠʨʘ ʫ ʥʝʦʧʘʜʘʿʫ˂ʠ ʧʦʨʝʜʘʢ ʧʦ ʨʘʩʪʦʿʘˁʫ ʜʦ 

ʪʦʛ ʯʚʦʨʘ. ʀʟ ʜʨʫʛʦʛ ʩʝʛʤʝʥʪʘ ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ ʩʝ ʧʦʪʦʤ ʫʟʠʤʘ ʝʣʝʤʝʥʪ ʢʦʿʠ 

ʦʜʛʦʚʘʨʘ ʪʝʢʫ˂ʝʤ ʯʚʦʨʫ ʢʦʨʠʩʥʠʢʫ/ʩʥʘʙʜʝʚʘʯʫ. ɸʢʦ ʪʘʿ ʝʣʝʤʝʥʘʪ ʠʤʘ 

ʚʨʝʜʥʦʩʪ k, ʢʦʨʠʩʥʠʢ/ʩʥʘʙʜʝʚʘʯ ʩʝ ʘʣʦʮʠʨʘ k-ʦʤ ʭʘʙʫ ʠʟ ʧʨʝʪʭʦʜʥʦ 

ʩʦʨʪʠʨʘʥʦʛ ʥʠʟʘ ʭʘʙʦʚʘ (k = 0, 1, ..., n-1). ʆʚʦ ʩʦʨʪʠʨʘˁʝ ʫʩʧʦʩʪʘʚˀʝʥʠʭ 

ʭʘʙʦʚʘ ʩʝ ʠʟʚʨʰʘʚʘ ʟʘ ʩʚʘʢʫ ʿʝʜʠʥʢʫ ʫ ʩʚʘʢʦʿ ʛʝʥʝʨʘʮʠʿʠ, ʰʪʦ ʟʘʭʪʝʚʘ 

ʜʦʜʘʪʥʠ ʨʘʜ ʧʨʦʮʝʩʦʨʘ, ʘʣʠ ʦʚʘʿ ʜʦʜʘʪʥʠ ʨʘʜ ʥʝ ʫʪʠʯʝ ʙʠʪʥʦ ʥʘ ʚʨʝʤʝ 

ʠʟʚʨʰʘʚʘˁʘ ʘʣʛʦʨʠʪʤʘ. ʅʘ ʢʨʘʿʫ, ʚʨʝʜʥʦʩʪ ʬʫʥʢʮʠʿʝ ʮʠˀʘ ʩʝ ʜʦʙʠʿʘ 

ʧʨʦʩʪʠʤ ʩʫʤʠʨʘˁʝʤ ʨʘʩʪʦʿʘˁʘ ʩʥʘʙʜʝʚʘʯïʭʘʙ, ʭʘʙïʭʘʙ ʠ ʭʘʙïʢʦʨʠʩʥʠʢ 

ʧʦʤʥʦʞʝʥʠʭ ʢʦʣʠʯʠʥʦʤ ʧʨʦʪʦʢʘ ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠʤ ʧʘʨʘʤʝʪʨʠʤʘ ɢ, Ŭ ʠ ŭ.  
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4.2. ɻʝʥʝʪʩʢʠ ʦʧʝʨʘʪʦʨʠ ʠ ʦʩʪʘʣʝ ʢʘʨʘʢʪʝʨʠʩʪʠʢʝ HGA 

 

ʇʨʝʜʣʦʞʝʥʘ HGA ʠʤʧʣʝʤʝʥʪʘʮʠʿʘ ʢʦʨʠʩʪʠ ʩʣʝʜʝ˂ʝ ʛʝʥʝʪʩʢʝ 

ʦʧʝʨʘʪʦʨʝ: 

ï ʌʠʥʦ ʛʨʘʜʠʨʘʥʫ ʪʫʨʥʠʨʩʢʫ ʩʝʣʝʢʮʠʿʫ ʢʘʦ ʩʝʣʝʢʮʠʦʥʠ ʦʧʝʨʘʪʦʨ 

(ʌʠʣʠʧʦʚʠ˂ 2003:143ï161). ɺʨʝʜʥʦʩʪ ʧʘʨʘʤʝʪʨʘ ʩʝʣʝʢʮʠʿʝ ʿʝ ʧʦʩʪʘʚˀʝʥʘ 

ʥʘ 5,4. 

ï ɱʝʜʥʦʧʦʟʠʮʠʦʥʦ ʫʢʨʰʪʘˁʝ, ʩʘ  ʚʝʨʦʚʘʪʥʦ˂ʦʤ ʫʢʨʰʪʘˁʘ ʿʝ 0,85, 

ʰʪʦ ʟʥʘʯʠ ʜʘ ˂ʝ ʦʢʦ 85% ʿʝʜʠʥʢʠ ʫʯʝʩʪʚʦʚʘʪʠ ʫ ʧʨʦʠʟʚʦʜˁʠ ʧʦʪʦʤʘʢʘ, ʜʦʢ 

ʫ ʦʢʦ 15% ʩʣʫʯʘʿʝʚʘ ʥʝ˂ʝ ʙʠʪʠ ʫʢʨʰʪʘˁʘ ʠ ʧʦʪʦʤʮʠ ˂ʝ ʙʠʪʠ ʠʜʝʥʪʠʯʥʠ 

ʨʦʜʠʪʝˀʠʤʘ. 

ï ʆʧʝʨʘʪʦʨ ʤʫʪʘʮʠʿʝ ʩʘ ʟʘʤʨʟʥʫʪʠʤ ʙʠʪʦʚʠʤʘ, ʢʦʿʠ ʥʘ ʩʣʫʯʘʿʘʥ 

ʥʘʯʠʥ ʤʝˁʘ ʧʦ ʿʝʜʘʥ ʙʠʪ ʫ ʦʙʘ ʩʝʛʤʝʥʪʘ ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ (ʉʪʘʥʠʤʠʨʦʚʠ˂ 

2008: 669ï692). ʆʩʥʦʚʥʠ ʥʠʚʦʠ ʤʫʪʘʮʠʿʝ ʩʝ ʨʘʟʣʠʢʫʿʫ ʤʝʹʫ ʩʝʛʤʝʥʪʠʤʘ ʫ 

ʛʝʥʝʪʩʢʦʤ ʢʦʜʫ. ɹʠʪʦʚʠ ʫ ʧʨʚʦʤ ʩʝʛʤʝʥʪʫ ʤʫʪʠʨʘʿʫ ʩʘ ʚʝʨʦʚʘʪʥʦ˂ʦʤ 0,4/n, 

ʜʦʢ ʩʝ ʩʚʘʢʠ ʙʠʪ ʫ ʜʨʫʛʦʤ ʩʝʛʤʝʥʪʫ ʤʫʪʠʨʘ ʩʘ ʜʚʦʩʪʨʫʢʦ ʤʘˁʦʤ 

ʚʝʨʦʚʘʪʥʦ˂ʦʤ ʥʝʛʦ ʧʨʝʪʭʦʜʥʠ (0,3/n, 0,15/n , 0,075/n,é). ʆʩʥʦʚʥʠ ʥʠʚʦ 

ʤʫʪʘʮʠʿʝ ʫʚʝ˂ʘʚʘ ʩʝ ʩʘʤʦ ʥʘ ʟʘʤʨʟʥʫʪʠʤ ʙʠʪʦʚʠʤʘ, ʠ ʪʦ 3,5 ʧʫʪʘ. 

ɺʝʣʠʯʠʥʘ ʧʦʧʫʣʘʮʠʿʝ ʿʝ 150 ʿʝʜʠʥʢʠ. ʇʨʠ ʠʟʚʨʰʘʚʘˁʫ ʩʝ ʢʦʨʠʩʪʠ 

ʩʪʘʮʠʦʥʘʨʥʘ ʚʝʨʟʠʿʘ ʘʣʛʦʨʠʪʤʘ, ʢʘʦ ʠ ʝʣʠʪʥʘ ʩʪʨʘʪʝʛʠʿʘ.  ʉʪʦ ʿʝʜʠʥʢʠ ʠʟ 

ʧʦʧʫʣʘʮʠʿʝ ʜʠʨʝʢʪʥʦ ʧʨʝʣʘʟʝ ʫ ʥʦʚʫ ʛʝʥʝʨʘʮʠʿʫ (ʝʣʠʪʥʝ ʿʝʜʠʥʢʝ) ʠ ʟʘ ˁʠʭ 

ʩʝ ʬʫʥʢʮʠʿʘ ʮʠˀʘ ʥʝ ʪʨʝʙʘ ʧʦʥʦʚʦ ʠʟʨʘʯʫʥʘʚʘʪʠ. 

ʋ ʩʚʘʢʦʿ ʛʝʥʝʨʘʮʠʿʠ HGA ʜʫʧʣʠʢʘʪʠ ʩʝ ʫʢʣʘˁʘʿʫ ʠʟ ʧʦʧʫʣʘʮʠʿʝ. ʊʦ 

ʩʝ ʨʝʘʣʠʟʫʿʝ ʧʦʩʪʘʚˀʘˁʝʤ ʧʨʠʣʘʛʦʹʝʥʦʩʪʠ ʜʫʧʣʠʢʘʪʘ ʥʘ ʥʫʣʫ, ʪʘʢʦ ʜʘ ʥʝ 

ʙʫʜʫ ʠʟʘʙʨʘʥʠ ʫ ʩʣʝʜʝ˂ʦʿ ʛʝʥʝʨʘʮʠʿʠ. ʅʘ ʦʚʘʿ ʥʘʯʠʥ ʩʝ ʯʫʚʘ ʨʘʟʥʦʚʨʩʥʦʩʪ 

ʛʝʥʝʪʩʢʦʛ ʤʘʪʝʨʠʿʘʣʘ ʠ ʩʧʨʝʯʘʚʘ ʧʨʝʫʨʘˁʝʥʘ ʢʦʥʚʝʨʛʝʥʮʠʿʘ. ɱʝʜʠʥʢʝ ʢʦʿʝ 

ʠʤʘʿʫ ʠʩʪʫ ʚʨʝʜʥʦʩʪ ʬʫʥʢʮʠʿʝ ʮʠˀʘ, ʘʣʠ ʨʘʟʣʠʯʠʪʝ ʛʝʥʝʪʩʢʝ ʢʦʜʦʚʝ, ʫ 

ʥʝʢʠʤ ʩʣʫʯʘʿʝʚʠʤʘ ʤʦʛʫ ʜʦʤʠʥʠʨʘʪʠ ʧʦʧʫʣʘʮʠʿʦʤ. ɸʢʦ ʩʫ ʠʤ ʛʝʥʝʪʩʢʠ 

ʢʦʜʦʚʠ ʩʣʠʯʥʠ, ʪʦ ʤʦʞʝ ʜʦʚʝʩʪʠ ʜʦ ʟʘʚʨʰʝʪʢʘ HGA ʫ ʣʦʢʘʣʥʦʤ ʦʧʪʠʤʫʤʫ. 
ȏȫ Ȭȳ ȼȰ ȳȲȬȰȮȶȰ ȽȫȵȭȰ ȼȳȽȾȫɁȳɒȰ, ȹȮȻȫȸȳɂȫȭȫ ȼȰ ȬȻȹɒ ɒȰȯȳȸȵȳ ȵȹɒȰ ȳȷȫɒȾ ȳȼȽȾ 
ȺȻȳȶȫȮȹɌȰȸȹȼȽ, ȫ ȻȫȲȶȳɂȳȽȰ ȮȰȸȰȽȼȵȰ ȵȹȯȹȭȰ.  

ʂʦʜ ʧʨʝʜʣʦʞʝʥʝ HGA ʠʤʧʣʝʤʝʥʪʘʮʠʿʝ, ʠʟʚʨʰʘʚʘˁʝ ʩʝ ʟʘʫʩʪʘʚˀʘ 

ʧʦʩʣʝ 50 ʛʝʥʝʨʘʮʠʿʘ, ʠʣʠ ʘʢʦ ʩʝ ʚʨʝʜʥʦʩʪ ʬʫʥʢʮʠʿʝ ʮʠˀʘ ʥʘʿʙʦˀʝ ʿʝʜʠʥʢʝ 

ʥʠʿʝ ʧʦʧʨʘʚʠʣʘ ʪʦʢʦʤ 20 ʫʟʘʩʪʦʧʥʠʭ ʛʝʥʝʨʘʮʠʿʘ. 

 

4.3. ʃʦʢʘʣʥʦ ʧʨʝʪʨʘʞʠʚʘˁʝ 

 

ʋ ʩʚʘʢʦʿ ʛʝʥʝʨʘʮʠʿʠ HGA, ʥʘʢʦʥ ʨʘʯʫʥʘˁʘ ʬʫʥʮʠʿʝ ʮʠˀʘ, ʘ ʧʨʝ 

ʧʨʠʤʝʥʝ ʛʝʥʝʪʩʢʠʭ ʦʧʝʨʘʪʦʨʘ, ʠʟʚʨʰʘʚʘʿʫ ʩʝ ʜʚʝ ʭʝʫʨʠʩʪʠʢʝ ʣʦʢʘʣʥʦʛ 

ʧʨʝʪʨʘʞʠʚʘˁʘ. ʍʝʫʨʠʩʪʠʢʝ ʩʝ ʧʨʠʤʝˁʫʿʫ ʥʘ ʜʝʦ ʧʦʧʫʣʘʮʠʿʝ ʿʝʜʠʥʢʠ, ʘ ʥʝ 

ʩʘʤʦ ʥʘ ʥʘʿʙʦˀʫ ʿʝʜʠʥʢʫ, ʰʪʦ ʟʘʭʪʝʚʘ ʥʝʰʪʦ ʚʠʰʝ ʧʨʦʮʝʩʦʨʩʢʦʛ ʚʨʝʤʝʥʘ, 

ʘʣʠ ʩʘ ʜʨʫʛʝ ʩʪʨʘʥʝ, ʜʘʿʝ ʰʘʥʩʫ ʠ ʣʦʰʠʿʠʤ ʿʝʜʠʥʢʘʤʘ ʜʘ ʩʝ ʧʦʧʨʘʚʝ ʠ 

ʫʩʤʝʨʝ ʘʣʛʦʨʠʪʘʤ ʢʘ ʜʦʙʨʠʤ ʨʝʛʠʦʥʠʤʘ ʧʨʦʩʪʦʨʘ ʧʨʝʪʨʘʞʠʚʘˁʘ. 
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ɿʘ ʩʚʘʢʫ ʿʝʜʠʥʢʫ ʫ ʧʦʧʫʣʘʮʠʿʠ ʙʨʦʿ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ ʩʝ ʜʦʙʠʿʘ 

ʠʟ ʧʨʚʦʛ ʜʝʣʘ ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ, ʧʨʠʣʠʢʦʤ ʨʘʯʫʥʘˁʘ ʬʫʥʢʮʠʿʝ ʮʠˀʘ. 

ʇʨʠʤʝʥʦʤ ʧʨʚʝ ʭʝʫʨʠʩʪʠʢʝ ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ, ʧʦʢʫʰʘʚʘʤʦ ʜʘ 

ʠʩʢˀʫʯʠʤʦ ʥʝʢʠ ʦʜ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ, ʘ ʜʘ ʫʢˀʫʯʠʤʦ ʥʝʢʠ ʦʜ 

ʧʦʪʝʥʮʠʿʘʣʥʠʭ ʭʘʙʦʚʘ ʢʦʿʠ ʥʠʩʫ ʧʨʝʪʭʦʜʥʦ ʣʦʮʠʨʘʥʠ. ʋʢʦʣʠʢʦ ʩʝ ʦʚʦʤ 

ʟʘʤʝʥʦʤ ʤʦʞʝ ʜʦʙʠʪʠ  ʧʦʙʦˀʰʘˁʝ, ʚʨʰʠ ʩʝ ʠʟʤʝʥʘ ʫ ʛʝʥʝʪʩʢʦʤ ʢʦʜʫ 

ʿʝʜʠʥʢʝ. 

ɼʨʫʛʘ ʭʝʫʨʠʩʪʠʢʘ ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ ʥʝ ʤʝˁʘ ʩʢʫʧ 

ʫʩʧʦʩʪʘʚˁʝʥʠʭ ʭʘʙʦʚʘ ʿʝʜʠʥʢʝ ʥʘ ʢʦʿʫ ʩʝ ʧʨʠʤʝˁʫʿʝ. ʀʟ ʜʨʫʛʦʛ ʜʝʣʘ 

ʛʝʥʝʪʩʢʦʛ ʢʦʜʘ, ʧʨʠʣʠʢʦʤ ʨʘʯʫʥʘˁʘ ʬʫʥʢʮʠʿʝ ʮʠˀʘ, ʟʘ ʩʚʘʢʦʛ 

ʢʦʨʠʩʥʠʢʘ/ʩʥʘʙʜʝʚʘʯʘ ʜʦʙʠʿʘʤʦ ʠʥʬʦʨʤʘʮʠʿʫ ʢʦʿʝʤ ʿʝ ʭʘʙʫ ʧʨʠʜʨʫʞʝʥ. 

ɼʨʫʛʦʤ ʭʝʫʨʠʩʪʠʢʦʤ ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ ʧʦʢʫʰʘʚʘʤʦ ʜʘ ʧʨʦʤʝʥʠʤʦ 

ʘʣʦʢʘʮʠʿʝ ʢʦʨʠʩʥʠʢʘ/ʩʥʘʙʜʝʚʘʯʘ, ʪʿ. ʜʘ ʠʭ ʧʨʠʜʨʫʞʠʤʦ ʥʝʢʦʤ ʜʨʫʛʦʤ ʭʘʙʫ 

ʠʟ ʩʢʫʧʘ ʦʜ ʫʩʧʦʩʪʘʚˀʝʥʠʭ ʭʘʙʦʚʘ. ɸʢʦ ʩʝ ʦʚʦʤ ʟʘʤʝʥʦʤ ʤʦʞʝ ʩʤʘˁʠʪʠ 

ʚʨʝʜʥʦʩʪ ʬʫʥʢʮʠʿʝ ʮʠˀʘ, ʚʨʰʠ ʩʝ ʢʦʨʝʢʮʠʿʘ ʫ ʛʝʥʝʪʩʢʦʤ ʢʦʜʫ ʿʝʜʠʥʢʝ. 

 

5. ɽʢʩʧʝʨʠʤʝʥʪʘʣʥʠ ʨʝʟʫʣʪʘʪʠ 

 

ʋ ʦʚʦʿ ʩʝʢʮʠʿʠ ʧʨʠʢʘʟʘʥʠ ʩʫ ʨʝʟʫʣʪʘʪʠ ʝʢʩʧʝʨʠʤʝʥʘʪʘ ʟʘ ʦʧʠʩʘʥʫ 

HGA ʤʝʪʦʜʫ ʠ ʠʟʚʨʰʝʥʦ ʿʝ ʧʦʨʝʹʝˁʝ ʩʘ ʧʦʩʪʦʿʝ˂ʠʤ ʤʝʪʦʜʘʤʘ. ʈʝʟʫʣʪʘʪʠ 

HGA ʩʫ ʜʦʙʠʿʝʥʠ ʥʘ ʨʘʯʫʥʘʨʫ  Intel Core i7-860 2.8 GHz ʩʘ 8GB RAM 

ʤʝʤʦʨʠʿʝ ʧʦʜ ʦʧʝʨʘʪʠʚʥʠʤ ʩʠʩʪʝʤʦʤ Windows 7 Professional. ɸʣʛʦʨʠʪʘʤ ʿʝ 

ʪʝʩʪʠʨʘʥ ʥʘ ʩʢʫʧʦʚʠʤʘ CAB ʠ ɸP ʠʥʩʪʘʥʮʠ ʧʨʝʫʟʝʪʠʭ ʠʟ: ɹʠʟʣʠ 1996: 429ï

433. 
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ʊʘʙʝʣʘ 1: ʈʝʟʫʣʘʪʠ HGA ʥʘ CAB ʠʥʩʪʘʥʮʘʤʘ ʧʨʦʙʣʝʤʘ ʩʘ 

 ʯʚʦʨʦʚʘ 

 
ʀʥʩʪ. CPLEX 10.1 HGA 

n ȷ f ʦʧʪ. ʨʝʰ. ʚʨʝʤʝ ʥʘʿʙ.ʨʝʰ. ʚʨʝʤʝ 
ʫʢ. 

ʚʨʝʤʝ 
ʦʜʩʪ. ʛʝʥ. 

10 0,2 100 791,93 0,172 opt 0,001 0,011 0 24 

10 0,2 150 915,99 0,016 opt 0,001 0,012 0 24.1 

10 0,2 200 1015,99 0,016 opt 0,002 0,013 0 24.6 

10 0,2 250 1115,99 0,032 opt 0 0,011 0 23.9 

10 0,4 100 867,91 0,141 opt 0,001 0,012 0 23.9 

10 0,4 150 974,3 0,031 opt 0,003 0,012 0 24.6 

10 0,4 200 1074,3 0,046 opt 0,001 0,011 0 24.3 

10 0,4 250 1174,3 0,047 opt 0,001 0,011 0 24.1 

10 0,6 100 932,62 0,172 opt 0,003 0,011 0 25.1 

10 0,6 150 1032,62 0,047 opt 0,003 0,013 0 24.9 

10 0,6 200 1131,05 0,032 opt 0,001 0,011 0 24.2 

10 0,6 250 1181,05 0,016 opt 0,001 0,011 0 24.3 

10 0,8 100 990,94 0,140 opt 0,002 0,012 0 25.4 

10 0,8 150 1081,05 0,047 opt 0 0,011 0 23.4 

10 0,8 200 1131,05 0,031 opt 0 0,011 0 23.5 

10 0,8 250 1181,05 0,016 opt 0 0,011 0 23.1 

10 1,0 100 1031,05 0,156 opt 0,002 0,012 0 24.6 

10 1,0 150 1181,05 0,016 opt 0 0,011 0 23.4 

10 1,0 200 1131,05 0,016 opt 0,001 0,011 0 23.1 

10 1,0 250 1181,05 0,031 opt 0,001 0,011 0 23.3 

15 0,2 100 1030,07 0,265 opt 0,012 0,034 0 30.6 

15 0,2 150 1239,77 0,187 opt 0,01 0,025 0 28.1 

15 0,2 200 1381,28 0,140 opt 0,006 0,02 0 25.9 

15 0,2 250 1481,28 0,078 opt 0,009 0,022 0 28.4 

15 0,4 100 1179,71 0,547 opt 0,013 0,032 0.051 32.2 

15 0,4 150 1355,09 0,532 opt 0,008 0,021 0 25.4 

15 0,4 200 1462,62 0,172 opt 0,007 0,021 0.361 28.1 

15 0,4 250 1556,66 0,109 opt 0 0,02 0 22.6 

15 0,6 100 1309,92 1,438 opt 0,009 0,025 0.002 27.9 

15 0,6 150 1443,97 1,094 opt 0,004 0,021 0.352 25.7 

15 0,6 200 1506,66 0,047 opt 0,002 0,019 0 22.9 

15 0,6 250 1556,66 0,047 opt 0,003 0,024 0 22.9 

15 0,8 100 1390,76 1,157 opt 0,004 0,02 0 23.4 

15 0,8 150 1456,66 0,063 opt 0,002 0,019 0 22.7 

15 0,8 200 1506,66 0,047 opt 0,002 0,019 0 23.1 

15 0,8 250 1556,66 0,046 opt 0,002 0,018 0 22.6 

15 1,0 100 1406,66 0,078 opt 0,002 0,02 0 22.8 

15 1,0 150 1456,66 0,062 opt 0,002 0,018 0 22.9 

15 1,0 200 1506,66 0,046 opt 0,001 0,019 0 22.6 

15 1,0 250 1556,66 0,047 opt 0,002 0,016 0 22.6 

ʧʨʦʩʝʢ  0,186  0,003 0,016 0,019 24,6 

 

ʊʘʙʝʣʝ 1 ʠ 2 ʧʨʠʢʘʟʫʿʫ ʨʝʟʫʣʪʘʪʝ HGA ʧʨʠʩʪʫʧʘ ʟʘ CAB ʠʥʩʪʘʥʮʝ 

ca , ʘ ʪʘʙʝʣʝ 3 ʠ 4 ʧʨʠʢʘʟʫʿʫ ʨʝʟʫʣʪʘʪʝ ʜʦʙʠʿʝʥʝ ʥʘ ɸP 

ʠʥʩʪʘʥʮʘʤʘ ʩʘ  . ʈʘʟʤʘʪʨʘʥʘ ʩʫ ʜʚʘ ʪʠʧʘ ʬʠʢʩʥʠʭ ʪʨʦʰʢʦʚʘ ʟʘ 



ʍʠʙʨʠʜʥʠ  ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʟʘ ʨʝʰʘʚʘˁʝ ʭʘʙ ʣʦʢʘʮʠʿʩʢʦʛ  
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ʩʚʘʢʫ ʠʥʩʪʘʥʮʫ  (ʊ ï ʪʝʰʢʝ ʠ L ï ʣʘʢʝ). ʇʨʝʜʣʦʞʝʥʘ HGA ʤʝʪʦʜʘ ʩʝ ʥʘ 

ʩʚʘʢʦʿ ʦʜ ʠʥʩʪʘʥʮʠ ʠʟʚʨʰʘʚʘʣʘ 20 ʧʫʪʘ. ʆʧʪʠʤʘʣʥʘ ʨʝʰʝˁʘ ʩʫ ʜʦʙʠʿʝʥʘ 

ʧʨʠʤʝʥʦʤ ʩʦʬʪʚʝʨʘ CPLEX 10.1. 

ʇʨʚʝ ʜʚʝ ʢʦʣʦʥʝ ʪʘʙʝʣʘ 1 ʠ 2 ʩʘʜʨʞʝ ʜʠʤʝʥʟʠʿʝ ʠ ʪʠʧ ʠʥʩʪʘʥʮʝ. 

ʉʣʝʜʝ˂ʘ ʢʦʣʦʥʘ ʦʧʪ. ʨʝʰ. ʩʘʜʨʞʠ ʦʧʪʠʤʘʣʥʦ ʨʝʰʝˁʝ ʟʘ ʜʘʪʫ ʠʥʩʪʘʥʮʫ 

ʧʨʦʙʣʝʤʘ. ʅʘʿʙʦˀʝ ʨʝʰʝˁʝ ʜʦ ʢʦʛ ʿʝ ʜʦʰʘʦ HGA ʥʘʣʘʟʠ ʩʝ ʫ ʢʦʣʦʥʠ 

ʥʘʿʙ.ʨʝʰ. (ʘʢʦ ʩʝ ʥʘʿʙʦˀʝ ʨʝʰʝˁʝ ʧʦʢʣʘʧʘ ʩʘ ʦʧʪʠʤʘʣʥʠʤ,  ʫʧʠʩʘʥʘ ʿʝ 

ʦʟʥʘʢʘ ʦʧʪ.). ʂʦʣʦʥʘ ʚʨʝʤʝ ʩʘʜʨʞʠ ʧʨʦʩʝʯʥʦ ʚʨʝʤʝ (ʠʩʢʘʟʘʥʦ ʫ ʩʝʢʫʥʜʘʤʘ) 

ʧʦʪʨʝʙʥʦ ʜʘ ɻɸ ʜʦʩʪʠʛʥʝ ʥʘʿʙʦˀʝ ʨʝʰʝˁʝ, ʜʦʢ ʢʦʣʦʥʘ ʫʢ. ʚʨʝʤʝ ʩʘʜʨʞʠ 

ʚʨʝʤʝ (ʫ ʩʝʢʫʥʜʘʤʘ) ʧʦʪʨʝʙʥʦ ʟʘ ʦʢʦʥʯʘˁʝ ʠʟʚʨʰʘʚʘˁʘ HGA. ʋ ʧʨʦʩʝʢʫ, 

HGA ʟʘʚʨʰʘʚʘ ʠʟʚʨʰʘʚʘˁʝ ʧʦʩʣʝ ʛʝʥ. (ʛʝʥʝʨʘʮʠʿʘ). ʂʚʘʣʠʪʝʪ ʜʦʙʠʿʝʥʦʛ 

ʨʝʰʝˁʘ ʩʝ ʠʩʢʘʟʫʿʝ ʢʘʦ ʧʨʦʩʝʯʥʦ ʦʜʩʪʫʧʘˁʝ ʦʜʩʪ. (ʠʩʢʘʟʘʥʦ ʫ ʧʨʦʮʝʥʪʠʤʘ) 

ʫ ʦʜʥʦʩʫ ʥʘ ʦʧʪʠʤʘʣʥʦ ʨʝʰʝˁʝ.  
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ʊʘʙʝʣʘ 2: ʈʝʟʫʣʘʪʠ HGA ʥʘ CAB ʠʥʩʪʘʥʮʘʤʘ ʧʨʦʙʣʝʤʘ ʩʘ 

 ʯʚʦʨʦʚʘ 

 
ʀʥʩʪ. CPLEX 10.1 HGA 

n ȷ f ʦʧʪ. ʨʝʰ. ʚʨʝʤʝ ʥʘʿʙ.ʨʝʰ. ʚʨʝʤʝ 
ʫʢ. 

ʚʨʝʤʝ 
ʦʜʩʪ. ʛʝʥ. 

20 0,2 100 967,74 0,407 opt 0,014 0,042 0,051 30,1 

20 0,2 150 1174,53 0,703 opt 0,01 0,033 0 26,1 

20 0,2 200 1324,53 0,579 opt 0,01 0,034 0 27,3 

20 0,2 250 1474,53 1,266 opt 0,012 0,033 0 28,4 

20 0,4 100 1127,09 1,625 opt 0,013 0,039 0 28,6 

20 0,4 150 1297,76 1,484 opt 0,011 0,033 0 28,3 

20 0,4 200 1442,56 2,031 opt 0,01 0,03 0 26,4 

20 0,4 250 1542,56 1,157 opt 0,01 0,025 0 25,1 

20 0,6 100 1269,15 4,985 opt 0,015 0,041 0 31,3 

20 0,6 150 1406,04 3,235 opt 0,011 0,029 0 26,4 

20 0,6 200 1506,04 3,063 opt 0,01 0,028 0 25,8 

20 0,6 250 1570,91 0,187 opt 0,007 0,022 0 23,6 

20 0,8 100 1369,52 15,647 opt 0,01 0,031 0 27,6 

20 0,8 150 1469,52 4,699 opt 0,01 0,028 0,009 27,3 

20 0,8 200 1520,91 0,188 opt 0,009 0,021 0 24,1 

20 0,8 250 1570,91 0,125 opt 0,009 0,021 0 23,8 

20 1,0 100 1410,07 5,328 opt 0,01 0,028 0 26,6 

20 1,0 150 1470,91 0,250 opt 0,009 0,021 0 23,9 

20 1,0 200 1520,91 0,141 opt 0,008 0,021 0 23,6 

20 1,0 250 1570,91 0,172 opt 0,009 0,02 0 23,9 

25 0,2 100 1029,63 1,328 opt 0,019 0,053 0 29,3 

25 0,2 150 1217,34 2,609 opt 0,014 0,043 0 27,9 

25 0,2 200 1367,34 2,047 opt 0,014 0,041 0 28,6 

25 0,2 250 1500,9 1,547 opt 0,015 0,039 0,11 29,3 

25 0,4 100 1187,51 5,578 opt 0,021 0,05 0 30,4 

25 0,4 150 1351,69 5,000 opt 0,02 0,045 0 31,3 

25 0,4 200 1501,62 5,672 opt 0,018 0,043 0 31,4 

25 0,4 250 1601,62 3,140 opt 0,018 0,039 0 31,1 

25 0,6 100 1333,56 12,672 opt 0,019 0,045 0 29,9 

25 0,6 150 1483,56 9,015 opt 0,016 0,041 0 29,7 

25 0,6 200 1601,2 7,547 opt 0,016 0,039 0 30,6 

25 0,6 250 1701,2 5,125 opt 0,015 0,038 0 30,3 

25 0,8 100 1458,83 33,359 opt 0,019 0,048 0 30,9 

25 0,8 150 1594,08 20,468 opt 0,021 0,043 0,011 31,9 

25 0,8 200 1690,57 11,531 opt 0,01 0,031 0 24,5 

25 0,8 250 1740,57 0,562 opt 0,011 0,031 0 24,3 

25 1,0 100 1556,63 40,109 opt 0,022 0,049 0 33,6 

25 1,0 150 1640,57 13,688 opt 0,01 0,032 0 24,1 

25 1,0 200 1690,57 0,640 opt 0,01 0,033 0 24,6 

25 1,0 250 1740,57 0,406 opt 0,01 0,031 0 24,6 

ʧʨʦʩʝʢ  5,733  0,013 0,035 0,004 27,7 

 

ʀʟ ʪʘʙʝʣʘ 1 ʠ 2 ʩʝ ʚʠʜʠ ʜʘ ʧʨʝʜʣʦʞʝʥʠ HGA ʩʢʦʨʦ ʪʨʝʥʫʪʥʦ 

ʜʦʩʪʠʞʝ ʦʧʪʠʤʘʣʥʘ ʨʝʰʝˁʘ ʥʘ ʩʚʠʭ 80 CAB ʠʥʩʪʘʥʮʠ. ʄʘʢʩʠʤʘʣʥʦ ʫʢʫʧʥʦ 

ʚʨʝʤʝ ʚʨʝʤʝ ʠʟʚʨʰʘʚʘˁʘ HGA ʿʝ 0,058 ʩʝʢʫʥʜʠ, ʘʣʠ ʘʣʛʦʨʠʪʘʤ ʧʨʚʠ ʧʫʪ 



ʍʠʙʨʠʜʥʠ  ʛʝʥʝʪʩʢʠ ʘʣʛʦʨʠʪʘʤ ʟʘ ʨʝʰʘʚʘˁʝ ʭʘʙ ʣʦʢʘʮʠʿʩʢʦʛ  
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ʜʦʙʠʿʘ ʥʘʿʙʦˀʝ ʨʝʰʝˁʝ ʟʘ ʤʘʢʩʠʤʘʣʥʦ 0.022 ʩʝʢʫʥʜʠ. ʅʘʿʚʝ˂ʝ ʩʨʝʜˁʝ 

ʦʜʩʪʫʧʘˁʝ ʦʜ ʦʧʪʠʤʘʣʥʦʛ ʨʝʰʝˁʘ ʿʝ 0,051%. ʋ ʧʨʦʩʝʢʫ, ʘʣʛʦʨʠʪʘʤ ʜʦʣʘʟʠ 

ʜʦ ʦʧʪʠʤʘʣʥʦʛ ʨʝʰʝˁʘ ʫ ʥʘʿʚʠʰʝ 33,6 ʛʝʥʝʨʘʮʠʿʘ.  

ʋ ʪʘʙʝʣʠ 3 ʧʨʠʢʘʟʘʥʠ ʩʫ ʨʝʟʫʣʘʪʠ HGA ʥʘ AP ʠʥʩʪʘʥʮʘʤʘ ʧʨʦʙʣʝʤʘ 

ʩʘ  ʯʚʦʨʦʚʘ, ʥʘ ʠʩʪʠ ʥʘʯʠʥ ʢʘʦ ʠ ʫ ʪʘʙʝʣʘʤʘ 1 ʠ 2. ʋ ʪʘʙʝʣʠ 4 

ʜʘʪʘ ʩʫ ʧʦʨʝʹʝˁʘ ʩʘ ʨʝʟʫʣʪʘʪʠʤʘ ʤʝʪʦʜʘ ʠʟ ʣʠʪʝʨʘʪʫʨʝ ʢʦʿʝ ʩʫ ʜʦ ʩʘʜʘ 

ʧʦʢʘʟʘʣʝ ʥʘʿʙʦˀʝ ʨʝʟʫʣʪʘʪʝ ʟʘ USAHLP: 

ï ʜʚʦʬʘʟʥʦʤ ʠʥʪʝʛʨʠʩʘʥʦʤ ʭʝʫʨʠʩʪʠʢʦʤ ʪʘʙʫ ʧʨʝʪʨʘʞʠʚʘˁʘ HubTS 

ʠʟ: ʉʠʣʚʘ 2009: 3152ï3165, ʪʝʩʪʠʨʘʥʦʿ ʥʘ ʢʦʥʬʠʛʫʨʘʮʠʿʠ Pentium IV 3.0 

GHz ʩʘ 1 GB of RAM ʧʦʜ Windows XP Professional; 

ï ʥʘʿʙʦˀʦʤ ʦʜ ʪʨʠ ʚʠʰʝʩʪʘʨʪʥʝ ʭʝʫʨʠʩʪʠʢʝ MSTS-3 ʠʟ: ʉʠʣʚʘ 

2009: 3152ï3165, ʪʝʩʪʠʨʘʥʦʿ ʥʘ ʠʩʪʦʿ ʧʣʘʪʬʦʤʠ ʢʘʦ ʠ HubTS ; 

ï ʛʝʥʝʪʩʢʠʤ ʘʣʛʦʨʠʪʤʦʤ GA ʠʟ: ʌʠʣʠʧʦʚʠ˂ 2009:149ï158, 

ʪʝʩʪʠʨʘʥʠʤ ʥʘ ʧʨʦʮʝʩʦʨʫ  AMD Sempron 2.3+  ʩʘ 256 MB RAM ʧʦʜ UNIX 

(Knoppix 3.7) ʦʧʝʨʘʪʠʚʥʠʤ ʩʠʩʪʝʤʦʤ. 

 ʋ ʪʘʙʝʣʘʤʘ 3 ʠ 4 ʜʘʪʦ ʿʝ ʥʘʿʙʦˀʝ ʨʝʰʝˁʝ ʟʘ ʩʚʘʢʫ ʦʜ ʥʘʚʝʜʝʥʠʭ 

ʤʝʪʦʜʘ, ʢʘʦ ʠ ʫʢʫʧʥʦ ʚʨʝʤʝ ˁʠʭʦʚʦʛ ʠʟʚʨʰʘʚʘˁʘ. ʅʘʧʦʤʝʥʠʤʦ ʜʘ, ʧʨʝʤʘ 

ʩʧʝʮʠʬʠʢʘʮʠʿʘʤʘ ʩʘ ʩʘʿʪʘ www.spec.org,  ʢʦʥʬʠʛʫʨʘʮʠʿʝ ʢʦʨʠʰ˂ʝʥʝ ʟʘ 

ʪʝʩʪʠʨʘˁʝ MSTS-3, HubTS ʠ GA ʠʤʘʿʫ ʩʣʠʯʥʝ ʧʝʨʬʦʨʤʘʥʩʝ. ʋ ʦʜʥʦʩʫ ʥʘ 

ʦʚʝ ʢʦʥʬʠʛʫʨʘʮʠʿʝ, ʘ ʧʨʝʤʘ ʠʩʪʠʤ ʩʧʝʮʠʬʠʢʘʮʠʿʘʤʘ, ʧʣʘʪʬʦʤʘ ʢʦʨʠʰ˂ʝʥʘ 

ʟʘ ʠʟʚʨʰʘʚʘˁʝ HGA  ʠʤʘ ʦʢʦ 1,5 ʧʫʪʘ ʙʦˀʝ ʧʝʨʬʦʨʤʘʥʩʝ. ʆʚʝ ʯʠˁʝʥʠʮʝ ʩʫ 

ʫʟʝʪʝ ʫ ʦʙʟʠʨ ʧʨʠʣʠʢʦʤ ʧʦʨʝʹʝˁʘ ʝʬʠʢʘʩʥʦʩʪʠ ʥʘʚʝʜʝʥʠʭ ʤʝʪʦʜʘ ʟʘ 

ʨʝʰʘʚʘˁʝ USAHLP. 

ʇʨʝʤʘ ʨʝʟʫʣʪʘʪʠʤʘ ʠʟ ʪʘʙʝʣʘ 3 ʠ 4, ʚʠʜʠʤʦ ʜʘ ʿʝ HGA ʪʘʢʦʹʝ 

ʝʬʠʢʘʩʘʥ ʧʨʠ ʨʝʰʘʚʘˁʫ AP ʠʥʩʪʘʥʮʠ ʧʨʦʙʣʝʤʘ, ʿʝʨ ʙʨʟʦ ʜʦʩʪʠʞʝ ʩʚʘ 

ʧʦʟʥʘʪʘ ʦʧʪʠʤʘʣʥʘ ʨʝʰʝˁʘ. ʇʨʦʩʝʯʥʦ ʫʢʫʧʥʦ ʚʨʝʤʝ ʠʟʚʨʰʘʚʘˁʘ ʿʝ 0,195 

ʩʝʢʫʥʜʠ, ʜʦʢ ʿʝ ʧʨʦʩʝʯʥʦ ʚʨʝʤʝ ʟʘ ʢʦʿʝ ʘʣʛʦʨʠʪʘʤ ʜʦʩʪʠʞʝ ʦʧʪʠʤʘʣʥʦ 

ʨʝʰʝˁʝ ʩʢʦʨʦ ʜʚʘ ʧʫʪʘ ʤʘˁʝ ï 0,084 ʩʝʢʫʥʜʠ. ʅʠʩʢʘ ʚʨʝʜʥʦʩʪ ʩʨʝʜˁʝʛ 

ʦʜʩʪʫʧʘˁʘ (0,0226%) ʥʘ ʦʚʠʤ ʠʥʩʪʘʥʮʘʤʘ, ʢʘʦ ʠ ʤʘʣʠ ʩʨʝʜˁʠ ʙʨʦʿ 

ʛʝʥʝʨʘʮʠʿʘ (28,34) ʫʢʘʟʫʿʫ ʥʘ ʝʬʠʢʘʩʥʦʩʪ  ʠ ʩʪʘʙʠʣʥʦʩʪ ʧʨʝʜʣʦʞʝʥʦʛ HGA 

ʧʨʠʩʪʫʧʘ. 

ʀʤʘʿʫ˂ʠ ʫ ʚʠʜʫ ʨʘʟʣʠʢʝ ʫ ʧʣʘʪʬʦʨʤʘʤʘ ʥʘ ʢʦʿʠʤʘ ʩʫ ʪʝʩʪʠʨʘʥʝ 

ʛʦʨʝʧʦʤʝʥʫʪʝ ʤʝʪʦʜʝ ʟʘ ʨʝʰʘʚʘˁʝ USAHLP, ʤʦʞʝʤʦ ʟʘʢˀʫʯʠʪʠ ʜʘ ʿʝ HGA 

ʠʤʧʣʝʤʝʥʪʘʮʠʿʘ ʦʢʦ 2,3 ʠ 1,6 ʧʫʪʘ ʙʨʞʘ ʦʜ ʭʝʫʨʠʩʪʠʢʘ HubTS  MSTS-3 

ʨʝʩʧʝʢʪʠʚʥʦ. ʆʚʘʿ ʟʘʢˀʫʯʘʢ ʿʝ ʠʟʚʝʜʝʥ ʥʘ ʦʩʥʦʚʫ ʨʝʟʫʣʪʘʪʘ ʥʘ AP 

ʠʥʩʪʘʥʮʘʤʘ ʩʘ ʯʚʦʨʦʚʘ, ʿʝʨ HubTS  MSTS-3 ʥʠʩʫ ʪʝʩʪʠʨʘʥʝ ʟʘ 

. ʇʦʩʤʘʪʨʘʿʫ˂ʠ ʩʚʝ ʪʝʩʪʠʨʘʥʝ AP ʠʥʩʪʘʥʮʝ   

ʟʘʢˀʫʯʫʿʝʤʦ ʜʘ HGA ʠʤʘ ʦʢʦ 3,9 ʧʫʪʘ ʙʦˀʝ ʧʝʨʬʦʨʤʘʥʩʝ ʫ ʧʦʨʝʹʝˁʫ ʩʘ  

GA, ʠʘʢʦ  ʣʦʢʘʣʥʝ ʭʝʫʨʠʩʪʠʢʝ ʠʤʧʣʝʤʝʥʪʠʨʘʥʝ ʫ ʦʢʚʠʨʫ HGA  ʟʘʭʪʝʚʘʿʫ 

ʜʦʜʘʪʥʦ ʧʨʦʮʝʩʦʨʩʢʦ ʚʨʝʤʝ 
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ʊʘʙʝʣʘ 3: ʈʝʟʫʣʘʪʠ HGA ʥʘ AP ʠʥʩʪʘʥʮʘʤʘ ʧʨʦʙʣʝʤʘ ʩʘ 

 ʯʚʦʨʦʚʘ 

 

ʀʥʩʪ. 
CPLEX 10.1 HGA 

ʦʧʪ. ʨʝʰ. ʚʨʝʤʝ ʥʘʿʙ.ʨʝʰ. ɺʨʝʤʝ ʫʢ. ʚʨʝʤʝ ʦʜʩʪ. ʛʝʥ. 

10L 224250,05 0,078 opt 0,001 0,011 0,000 24,4 

10T 263399,94 0,125 opt 0,001 0,011 0,000 23,8 

20L 234690,62 0,22 opt 0,010 0,03 0,000 25,2 

20T 271128,18 0,25 opt 0,009 0,03 0,000 25,4 

25L 236650,62 0,563 opt 0,013 0,04 0,000 27 

25T 295667,84 12,364 opt 0,008 0,031 0,000 21 

40L 240986,23 1,002 opt 0,034 0,082 0,011 29,9 

40T 293164,84 15,512 opt 0,010 0,06 0,000 21 

50L 237421,98 22,771 opt 0,053 0,122 0,002 30,9 

50T 300420,98 275,976 opt 0,034 0,106 0,022 24,8 

60L 228007,9 11,18 opt 0,093 0,191 0,014 34,3 

60T 246285,034 9,53 opt 0,063 0,169 0,000 27,6 

70L 233154,289 90,3 opt 0,095 0,235 0,000 28,6 

70T 252882,633 22,42 opt 0,120 0,279 0,000 31,5 

80L 229240,373 143,39 opt 0,193 0,363 0,020 36 

80T 274921,572 140,58 opt 0,160 0,344 0,000 32,9 

90L 231236,235 423,14 opt 0,243 0,473 0,009 35 

90T 280755,459 153,72 opt 0,223 0,458 0,375 34,1 

100L 238016,28 275,976 opt 0,124 0,394 0,000 24,4 

100T 305097,96 23,139 opt 0,193 0,478 0,000 28,9 

100L 224250,05 0,078 opt 0,001 0,011 0,000 24,4 

ʇʨʦʩʝʢ  81,112  0,084 0,195 0,0226 28,34 
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ʊʘʙʝʣʘ 4: ʇʦʨʝʹʝˁʘ ʨʝʟʫʣʪʘʪʘ ʥʘ AP ʠʥʩʪʘʥʮʘʤʘ ʧʨʦʙʣʝʤʘ ʩʘ 

 ʯʚʦʨʦʚʘ 

 
ʀʥʩ

ʪ. 

CPLEX 

10.1 

HGA GA MSTS-3 HubTS 

ʦʧʪ.ʨʝ

ʰ. 

ʥʘʿʙ.ʨʝ

ʰ. 

ʫʢ.ʚʨʝ

ʤʝ 

ʥʘʿʙ.ʨʝ

ʰ. 

ʫʢ.ʚʨʝ

ʤʝ 

ʥʘʿʙ.ʨʝ

ʰ. 

ʫʢ.ʚʨʝ

ʤʝ 

ʥʘʿʙ.ʨʝ

ʰ. 

ʫʢ.ʚʨʝ

ʤʝ 

10L 

224250,

05 opt 0,011 opt 0,101 opt 0,016 opt 0,015 

10T 

263399,

94 opt 0,011 opt 0,113 opt 0,015 opt 0,015 

20L 

234690,

62 opt 0,03 opt 0,206 opt 0,062 opt 0,046 

20T 

271128,

18 opt 0,03 opt 0,213 opt 0,062 opt 0,062 

25L 

236650,

62 opt 0,04 opt 0,275 opt 0,125 opt 0,125 

25T 

295667,

84 opt 0,031 opt 0,233 opt 0,094 opt 0,031 

40L 

240986,

23 opt 0,082 opt 0,554 opt 0,375 opt 0,781 

40T 

293164,

84 opt 0,06 opt 0,5 opt 0,344 opt 0,188 

50L 

237421,

98 opt 0,122 opt 0,904 opt 0,703 opt 1,891 

50T 

300420,

98 opt 0,106 opt 0,592 opt 0,719 opt 0,469 

60L 

228007,

9 opt 0,191 opt 1,205 - - - - 

60T 

246285,

034 opt 0,169 opt 1,016 - - - - 

70L 

233154,

289 opt 0,235 opt 1,489 - - - - 

70T 

252882,

633 opt 0,279 opt 1,397 - - - - 

80L 

229240,

373 opt 0,363 opt 2,397 - - - - 

80T 

274921,

572 opt 0,344 opt 1,818 - - - - 

90L 

231236,

235 opt 0,473 opt 2,463 - - - - 

90T 

280755,

459 opt 0,458 opt 1,934 - - - - 

100L 

238016,

28 opt 0,394 opt 3,221 opt 7,95 opt 28,515 

100T 

305097,

96 opt 0,478 opt 2,18 opt 5,187 opt 7,141 

ʧʨʦʩ

ʝʢ   

0,1953

5  

1,1405

5     
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6. ɿʘʢˀʫʯʘʢ 

     

ʋ ʨʘʜʫ ʿʝ ʧʨʝʜʣʦʞʝʥʘ ʝʬʠʢʘʩʥʘ ʭʠʙʨʠʜʠʟʘʮʠʿʘ ʛʝʥʝʪʩʢʦʛ ʘʣʛʦʨʠʪʤʘ 

ʠ ʜʚʝ ʭʝʫʨʠʩʪʠʢʝ ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ ʟʘ ʨʝʰʘʚʘˁʝ ʅʇ-ʪʝʰʢʦʛ ʭʘʙ 

ʣʦʢʘʮʠʿʩʢʦʛ ʧʨʦʙʣʝʤʘ ʥʝʦʛʨʘʥʠʯʝʥʠʭ ʢʘʧʘʮʠʪʝʪʘ ʩʘ ʿʝʜʥʦʩʪʨʫʢʠʤ 

ʘʣʦʢʘʮʠʿʘʤʘ. ʂʦʨʠʰ˂ʝʥʦ ʿʝ ʜʚʦʩʝʛʤʝʪʥʦ ʙʠʥʘʨʥʦ ʢʦʜʠʨʘˁʝ ʨʝʰʝˁʘ, 

ʘʜʝʢʚʘʪʥʠ ʛʝʥʝʪʩʢʠ ʦʧʝʨʘʪʦʨʠ ʠ ʥʝʢʦʣʠʢʦ ʩʪʨʘʪʝʛʠʿʘ ʟʘ ʩʧʨʝʯʘʚʘˁʝ 

ʧʨʝʫʨʘˁʝʥʝ ʢʦʥʚʝʨʛʝʥʮʠʿʝ ʘʣʛʦʨʠʪʤʘ. ʀʤʧʣʝʤʝʥʪʠʨʘʥʝ ʭʝʫʨʠʩʪʠʢʝ 

ʣʦʢʘʣʥʦʛ ʧʨʝʪʨʘʞʠʚʘˁʘ ʜʘʿʫ ʧʦʙʦˀʰʘˁʘ ʢʦʿʘ ʧʨʝʜʩʪʘʚˀʘʿʫ ʠʤʧʫʣʩ 

ʛʝʥʝʪʩʢʦʤ ʘʣʛʦʨʠʪʤʫ ʠ ʫʩʤʝʨʘʚʘʿʫ ʛʘ ʢʘ ʛʣʦʙʘʣʥʦʤ ʦʧʪʠʤʫʤʫ.  ʆʚʝ 

ʭʝʫʨʠʩʪʠʢʝ ʩʝ ʨʝʣʘʪʠʚʥʦ ʙʨʟʦ ʠʟʚʨʰʘʚʘʿʫ ʠ ʥʝ ʫʪʠʯʫ ʟʥʘʯʘʿʥʦ ʥʘ ʫʢʫʧʥʦ 

ʧʨʦʮʝʩʦʨʩʢʦ ʚʨʝʤʝ. ɽʢʩʧʝʨʠʤʝʥʪʘʣʥʠ ʨʝʟʫʣʪʘʪʠ ʧʦʢʘʟʫʿʫ ʜʦʙʨʝ 

ʧʝʨʬʦʨʤʘʥʩʝ ʧʨʝʜʣʦʞʝʥʦʛ ʭʠʙʨʠʜʥʦʛ ʧʨʠʩʪʫʧʘ ʫ ʧʦʛʣʝʜʫ ʢʚʘʣʠʪʝʪʘ 

ʨʝʰʝˁʘ ʠ ʚʨʝʤʝʥʘ ʠʟʚʨʰʘʚʘˁʘ. 
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Pregledni rad 

 

MODELING WITH MATHEMATICA 8.0 

 
1. About Wolfram Mathematica 8.0 

 

Mathematica is very powerfull and very usefull computation system 

produced by company named Wolfram Research. Company was founded by 

Stephen Wolfram in 1987 and throu gh years became one of the worldôs 

most respected software companies. 

Mathematica is one of the major commercial computer algebra systems 

which has become a very popular in scientific communities. As well as 

Mathematica, all Wolfram Research products are useing in faculty and 

university all over the world. In a aim to dedicate more attention to education 

they built the worldôs largest free network of technical information websites, 

such is MathWorld, Wolfram Demonstration Project, Wolfram Alpha, etc. 

When the first time was released, Mathematica achieved an important 

impact on useing math in all fields of technics. Mathematica was made turning 

point of a modern era in mathematical calculation. Users oriented design is one 

of the features which brought Mathematica such a popularity. 

At a begining, individual packages had existed for specific numerical, 

algebraic, graphical and other tasks, but the aim of Mathematica was to create 

one software which will be suitable for a different areas of technics. It became 

possible when the new kind of programming language was invented which 

allows us to works with wide range of objects. 

At first, Mathematica has been used in the physical sciences, 

engineering and mathematics. But over the years, Mathematica has become an 

important part of many science fields (biology, chemistry, medicine, geography, 

economics, statistics). 

She had made many important discoveries easier. Mathematica also has 

been the basic for thousands of technical papers. 

 

2. Work in Wolfram Mathematica 8.0 

 

When we run Mathematica, the first what we see is interactive document 

known as notebook. Mathematica front end is separate from the kernel which 

perform computations. Front end (notebook) handles interaction with user and 

create interactive documents. The notebook includes many menus and graphical 

tools for creating and reading notebook documents. It also mixing text, graphics 

and Mathematica input and output. 
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Mathematica notebook consist of sequences of cell. Cell can be a variety 

of styles: input, output, text, graphics, titles, sections and figures. Cells are 

marked with the square brackets [3]. 

We already sad that when user started Mathematica on his display he 

can see notebook. Now, we enters input into the notebook. After that, user type 

Shift+Enter to make Mathematica process his input. Users input and output 

Mathematica will label with In[n]:=  and Out[n]= . Next picture shows standard 

Mathematica display. 

 

 
 

Figure 2: Mathematica display 

 

Wolfram Mathematica 8.0 has a lot of palettes which helps us to work. 

To see palettes click on Palettes from the main menu. The most common 

Palettes are: Basic Math Input, Basic Math Assistant, Classroom Assistant, 

Writing Assistant, etc. This palettes allow access to the mathematical symbols 

by mouse click [1].  

 

2.1. Mathematica syntax 

 

Mathematica has a rich, carefully designed syntax. There is huge 

number of defined symbols, which purpose is to label built-in functions and 

constance. Four important rule are [1]: 

1.  ï function arguments go in square brackets; 

2.  ï built-in symbols have names beginning with 

capital letters; 

3.  ï curly brackets are used for lists; 

4. Mathematica is case sensitive (Sqrt and sqrt are different). 

For example, command Integrate computes antiderivates . The 

command begins with a capital letter and arguments goes in square brackets:  
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3. Connection with other applications 

 

Mathematica has a thousands capabilities. Users can apply Mathematica 

in industry, research and education. Mathematica is used by students, teachers 

and researchers. 

Mathematica is built to help you with all your technical tasks. It is 

connects to all existing applications and databasics (Java, C, Excel). 

Interesting thing about Mathematica is the way it transform notebook in 

a different form. Mathematica can generate many types of documents directly 

from notebook. For example, if you have a Mathematica 8.0 notebook which 

you want to convert into TeX source code and insert it somewhere in document, 

it can be done in several ways. Mathematica can also import formatted 

documents. 

TeX is typesetting system and programming language which is 

commonly used for typesetting mathematical and scientific publications and 

other technical documents. Developed since 1977 by Donald Knuth. 

If you want to merge your work with existing material in TeX, you can 

use TeXForm to convert expressions in Mathematica into a form suitable for 

input to TeX. TeXForm translates standard mathematical functions and produce 

AMS-LaTeX compatible TeX output. It can easily done as follows: 

If we type next code , the Wolfram Mathematica gives us 

as a result:  

. 

Mathematica notebook you can convert to LaTeX by choosing LaTeX 

document for a Save as type from a File/Save as menu. 

 

 
 

Figure 4: Generate TeX with Mathematica 8.0 

 

4. Demonstrations in Mathematica 8.0 

 

A Demonstration is a small program created with Mathematica. Itôs an 

interactive visualization of a concept. Demonstrations can be about any topic. As 

you move a controls, you see a change in its output that helps you understand the 

concept being shown. 
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Wolfram Mathemtica has a lot of functions, which allow us to make 

demonstrations. The most common used are Manipulate, Animate, Dynamic .  

For any expression, graphic or other object with symbolic parameters, 

Manipulate automatically creates an interface for manipulating the parameters. 

For example, if we want to animate a picture of  for a different 

values of , we use next code: 

 
 

 
 

Figure 5: Manipulate a continuous parameter 

 

4.1. The central limit theorem 

 

In this section we show you a demonstration of theorem which has 

fundamental importance to statistics. The central limit theorem is one of the 

most remarkable results of the theory of probability. The central limit theorem 

states that the sampling distribution of the sample mean approaches a normal 

distribution as the size of the sample grows. This means that the histogram of the 

means of many samples should approach a bell-shaped curve. Each sample 

consists of 200 pseudorandom numbers between 0 and 100, inclusive [7]. 

This theorem says that if  is the sum of n mutually independent 

random variables, then the distribution function of  is well-approximated by a 

certain type of continuous function known as a normal density function, which is 

given by the formula [5]: 

  

http://reference.wolfram.com/mathematica/ref/Dynamic.html
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Figure 6: The central limit theorem 

 

4.2. Path and cycles in graph 

 

In our closing section we give an applications of Mathematica in graph 

theory. One of the key problems in graphs is finding the shortest path between 

two vertices. The shortest path problem is the problem of finding a path between 

two vertices in a graph such that the sum of the weights of its constituent edges 

is minimized. An example is finding the quickest way to get from one location 

to another on a road map. In this case, the vertices represent locations and the 

edges represent segments of road and are weighted by the time needed to travel 

that segment [6]. 
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Hamilton path is a path in an undirected graph that visits each vertex 

exctly once. A Hamilton cycle is a cycle in an undirected graph that visits each 

vertex exactly once and returns to the strarting vertex. [6] 

 

 

 
 

 

        
 

In graph theory, an Eulerian trail is a trail in a graph which visits 

every edge exactly once. An Eulerian cycle is a Eulerian trail which starts and 

ends on the same vertex. They were first discussed by Leonhard Euler while 

solving the famous Seven Bridges of Kºnigsberg problem in 1736. [6] 
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ʄʠʣʦʚʘʥ ʉ. ʄʠʣʠʚʦʿʝʚʠ˂ 
*
 

ɱʝʣʝʥʘ ʅʝʜʦʚʠ˂ 

ɺʠʩʦʢʘ ʧʦʩʣʦʚʥʦ-ʪʝʭʥʠʯʢʘ ʰʢʦʣʘ ʋʞʠʮʝ 

ʀʥʬʦʨʤʘʪʠʯʢʠ ʦʜʩʝʢ 

 

ʇʨʝʛʣʝʜʥʠ ʨʘʜ 

 

ʈɸɿɺʆɱ ʀʅʊɽʈɸʂʊʀɺʅʆɻ ʉʆʌʊɺɽʈɸ 

ɿɸ ɸʅɸʃʀɿʋ ʊʆʂɸ ʌʋʅʂʎʀɱɸ, ʅʋʄɽʈʀʏʂʆ 

ɼʀʌɽʈɽʅʎʀʈɸɳɽ ʀ ʀʅʊɽɻʈɸʎʀɱʋ 

 
1. ʋʚʦʜ ʠ ʮʠˀ 

 

ɱʝʜʘʥ ʤʘʣʠ, ʘʣʠ ʥʝʦʧʭʦʜʥʠ ʢʦʨʘʢ ʢʘ ʟʚʝʟʜʘʥʠʤ ʩʪʘʟʘʤʘ 

ʤʘʪʝʤʘʪʠʯʢʠʭ ʩʘʟʥʘˁʘ, ʿʝ ʨʘʟʫʤʝʚʘˁʝ ʠ ʬʠʟʠʢʘʣʥʦ-ʚʠʟʫʝʣʥʦ ʧʦʠʤʘˁʝ 

ʤʘʪʝʤʘʪʠʯʢʠʭ ʬʫʥʢʮʠʿʘ ʜʝʬʠʥʠʩʘʥʠʭ ʫ ʘʥʘʣʠʪʠʯʢʦʿ ʬʦʨʤʠ. 

ɼʠʬʝʨʝʥʮʠʿʘʙʠʣʥʠ ʠ ʠʥʪʝʛʨʘʣʥʠ ʨʘʯʫʥ ʫʧʦʪʧʫˁʫʿʝ ʿʝʜʥʫ ʦʜ ʜʠʤʝʥʟʠʿʘ ʫ 

ʨʝʪʦʨʪʠ ʥʘʫʢʝ. ɼʠʩʢʨʝʪʥʘ ʤʘʪʝʤʘʪʠʢʘ ʠ ʠʪʝʨʘʪʠʚʥʝ ʠ ʨʝʢʫʨʟʠʚʥʝ ʬʦʨʤʫʣʝ 

ʫʢʘʟʫʿʫ ʥʘ ʧʫʪ Ăʥʫʤʝʨʠʯʢʦʛò ʠʩʧʠʪʠʚʘˁʘ ʪʦʢʦʚʘ ʬʫʥʢʮʠʿʘ ʠ ʦʤʦʛʫ˂ʫʿʫ 

ʢʦʤʿʫʪʝʨʩʢʫ ʚʠʟʫʝʣʠʟʘʮʠʿʫ ʢʦʿʘ ʫ ʢʨʘʿˁʝʤ ʧʦʤʘʞʝ  ʜʘ ʩʝ ʧʦʯʝʪʥʠ Ăʦʧʦʨʠò 

ʫʢʫʩ ʧʨʝʪʚʦʨʠ ʫ Ăʤʘʪʝʤʘʪʠʯʢʫ ʩʣʘʩʪ (ʠ) ʠʣʠ ʩʪʨʘʩʪ. 

ʃʝʧʦʪʝ ʤʘʪʝʤʘʪʠʯʢʠʭ ʬʦʨʤʠ ʠ ʤʦʛʫ˂ʥʦʩʪʠ ʤʘʪʝʤʘʪʠʯʢʠʭ 

ʬʦʨʤʫʣʘʮʠʿʘ ʚʦʜʝ ʢʘ ʚʠʰʝʤ ʥʠʚʦʫ ʘʧʩʪʨʘʢʮʠʿʝ ʠ ʜʦʧʨʠʥʦʩʝ ʨʘʟʚʦʿʫ 

ʢʨʝʘʪʠʚʥʝ ʜʫʭʦʚʥʦʩʪʠ. ʆʚʘʿ ʜʘʨ ʦʜ ɹʦʛʘ, ʠʥʩʧʠʨʠʰʝ ʫ ʪʨʘʛʘˁʫ ʟʘ 

ʦʜʛʦʚʦʨʠʤʘ ʢʦʿʠ ʧʦʙʫʹʫʿʫ ʥʘʿʪʘʿʘʥʩʪʚʝʥʠʿʝ ʜʠʤʝʥʟʠʿʝ ʯʦʚʝʢʦʚʦʛ ʧʦʠʤʘˁʘ 

Ăʘʧʩʪʨʘʢʪʥʦʛò  ʠ  Ăʨʘʮʠʦʥʘʣʥʦʛò.  

ʂʘʢʦ ʨʘʟʫʤʝʪʠ ʛʨʘʥʠʯʥʝ ʚʨʝʜʥʦʩʪʠ, ʣʠʤʝʩʝ? ʀʣʠ, ʧʦʿʤʠʪʠ ʜʝˀʝˁʝ 

ʥʫʣʦʤ! ʂʘʢʦ ʜʦʯʘʨʘʪʠ ʫʤʫ ʃʦʧʠʪʘʣʦʚʦ ʧʨʘʚʠʣʦ? ʂʘʢʦ ʬʠʟʠʢʘʣʥʦ 

Ăʨʘʟʫʤʝʪʠò ʧʦʿʘʤ ʢʦʥʚʝʨʛʝʥʮʠʿʝ? ʀʣʠ, ʢʘʢʦ Ăʩʢʣʦʧʠʪʠò ʠʜʝʿʝ ʢʦʤʧʣʝʢʩʥʠʭ 

ʙʨʦʿʝʚʘ ʠ ʘʧʩʪʨʘʢʮʠʿʝ ʜʘ ʿʝ Ăʢʦʨʝʥ ʠʟ ʤʠʥʫʩ ʿʝʜʘʥ (1- ) ʿʝʜʥʘʢ 

ʠʤʘʛʠʥʘʨʥʦʿ ʿʝʜʠʥʠʮʠ i ? ɼʘ ʣʠ ʿʝ ʩʪʚʘʨʥʦ ʤʦʛʫ˂ʝ ʤʘʪʝʤʘʪʠʯʢʠʤ 

ʿʝʜʥʘʯʠʥʘʤʘ ʦʧʠʩʘʪʠ ʯʠʪʘʚʫ ʚʘʩʝˀʝʥʫ? ʂʘʢʚʘ ʿʝ ʬʦʨʤʫʣʘ ʢʦʿʘ ʦʧʠʩʫʿʝ 

Ăɺʝʣʠʢʠ ʇʨʘʩʘʢò? ʂʦʣʠʢʘ ʿʝ ʩʥʘʛʘ ʫʤʘ ʧʦʪʨʝʙʥʘ ʜʘ ʩʝ ʩʭʚʘʪʝ Ăʛʝʥʠʿʘʣʥʠò 

ʄʠʣʘʥʢʦʚʠ˂ʝʚʠ  Ăʂʘʥʦʥʠ ʦʩʫʥʯʘʚʘˁʘò? ɻʜʝ ʩʝ ʢʫʧʫʿʝ Ăʫʣʘʟʥʠʮʘò ʟʘ Ăʩʚʝʪ 

ʤʘʪʝʤʘʪʠʢʝò? ... 

ʆʜʛʦʚʦʨʠ ʥʘ ʧʨʝʪʭʦʜʥʘ ʠ ʩʣʠʯʥʘ ʧʠʪʘˁʘ ʧʦʩʪʘʚˀʘʿʫ ʠʟʘʟʦʚʝ ʢʦʿʠ 

ʠʥʩʧʠʨʠʰʫ.  

ʋ ʦʚʦʤ ʨʘʜʫ ʿʝ ʦʧʠʩʘʥ ʧʦʢʫʰʘʿ ʜʘ ʩʝ ʢʨʦʟ ʨʘʟʚʦʿ ʤʘʪʝʤʘʪʠʯʢʦʛ 

ʩʦʬʪʚʝʨʘ ʜʦʧʨʠʥeʩʝ ʣʘʢʰʝʤ ʩʭʚʘʪʘˁʫ ʤʘʪʝʤʘʪʠʯʢʠʭ ʬʦʨʤʠ ʠ ʬʫʥʢʮʠʿʘ ʠʟ 

ʜʦʤʝʥʘ ʥʫʤʝʨʠʯʢʝ ʘʥʘʣʠʟʝ ʠ ʜʠʬʝʨʝʥʮʠʿʘʙʠʣʥʦʛ ʠ ʠʥʪʝʛʨʘʣʥʦʛ ʨʘʯʫʥʘ. 

ʇʦʩʝʙʘʥ ʘʢʮʝʥʘʪ ʩʪʘʚˀʝʥ ʿʝ ʥʘ: ʥʫʤʝʨʠʯʢʝ ʠʪʝʨʘʪʠʚʥʝ ʤʝʪʦʜʝ ʠ ʧʦʿʘʤ  

ʠʪʝʨʘʮʠʿʝ ʫʦʧʰʪʝ, ʤʝʪʦʜʝ ʦʜʨʝʹʠʚʘˁʘ ʢʦʨʝʥʘ ʘʣʛʝʙʘʨʩʢʠʭ ʠ 

ʪʨʘʥʩʮʝʜʝʥʪʥʠʭ ʿʝʜʥʘʯʠʥʘ, ʦʜʨʝʹʠʚʘˁʝ ʜʝʬʠʥʠʮʠʦʥʦʛ ʜʦʤʝʥʘ (ɼɼ) ʠ 
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ʩʚʦʿʩʪʘʚʘ ʧʘʨʥʦʩʪʠ/ʥʝʧʘʨʥʦʩʪʠ, ʢʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʠ ˁʠʭʦʚʫ ʫʣʦʛʫ ʫ 

ʠʥʪʝʨʧʦʣʘʮʠʿʠ, ʥʫʤʝʨʠʯʢʫ ʜʠʬʝʨʝʮʠʿʘʮʠʿʫ ʠ ʦʜʨʝʹʠʚʘˁʝ ʝʢʩʪʨʝʤʘ 

ʬʫʥʢʮʠʿʘ ʢʘʦ ʠ ʥʘ ʥʫʤʝʨʠʯʢʫ ʠʥʪʝʛʨʘʮʠʿʫ.  

ʊʘʢʦʹʝ, ʪʝʞʠʣʦ ʩʝ ʨʘʟʨʘʜʠ ʪʝʭʥʠʢʝ VBA (Visual Basic for 

Application) ʧʨʦʛʨʘʤʠʨʘˁʘ ʢʘʦ ʠ: ʫʧʦʪʨʝʙʠ ʦʙʿʝʢʪʥʦ ʦʨʿʝʥʪʠʩʘʥʠʭ 

ʧʘʨʘʜʠʛʤʠ, ʨʘʟʨʘʜʠ ʩʪʨʘʪʝʛʠʿʝ Ăʭʚʘʪʘˁʘò ʧʨʦʛʨʘʤʩʢʠʭ ʛʨʝʰʘʢʘ ʫ VBA 

ʧʨʦʮʝʜʫʨʘʤʘ ʩʘ ʧʦʩʝʙʥʠʤ ʦʩʚʨʪʦʤ ʥʘ ʦʜʨʝʹʠʚʘˁʝ ʜʝʬʠʥʠʮʠʦʥʠʭ ʜʦʤʝʥʘ  ʠ 

ʨʘʟʨʘʜʠ ʤʝʪʦʜʦʣʦʛʠʿʝ ʜʠʥʘʤʠʯʢʠ ʘʥʠʤʠʨʘʥʠʭ Ăʛʨʘʬʠʯʢʠʭò ʧʨʠʢʘʟʘ 

ʬʫʥʢʮʠʿʘ ʥʘ ʘʧʣʠʢʘʮʠʿʩʢʠʤ ʬʦʨʤʘʤʘ 

ʂʦʥʘʯʥʦ ʠʜʝʿʘ ʿʝ ʜʘ ʩʝ ʩʦʬʪʚʝʨ ʧʨʠʤʝˁʫʿʝ ʢʘʦ Ăuser friendlyò 

ʘʧʣʠʢʘʮʠʿʘ ʢʦʿʘ ʧʦʤʘʞʝ ʧʨʦʮʝʩʝ Ăʫʯʝˁʘò ʠ Ăʧʦʠʤʘˁʘò ʤʘʪʝʤʘʪʠʢʝ ʢʘʦ ʠ 

ʧʨʦʮʝʩ ʠʥʞʝˁʝʨʩʢʠʭ ʧʨʦʨʘʯʫʥʘ ʫ ʨʘʟʣʠʯʠʪʠʤ ʜʠʩʮʠʧʣʠʥʘʤʘ ʧʦʯʝʚ ʦʜ 

ʤʘʰʠʥʩʪʚʘ ʠ ʛʨʘʹʝʚʠʥʝ ʧʘ ʜʦ ʛʝʥʝʪʩʢʦʛ ʠʥʞʝˁʝʨʠʥʛʘ. 

ʇʦʨʝʜ ʥʘʚʝʜʝʥʦʛ, ʤʘʪʝʤʘʪʠʯʢʠ ʩʦʬʪwʘʨʝ-ʠ ʢʘʦ ʰʪʦ ʩʫ ʄatCAD, 

MatLab, Mathematica, Euklid, GeoGebra ʠʣʠ Euler ʢʘʦ ʠ ʤʥʦʛʠ ʜʨʫʛʠ ʢʦʿʠ 

ʜʦʧʨʠʥʦʩʝ ʜʘ ʩʝ ʧʨʝʣʝʧʘ Ăʩʣʫʰʢʠˁʘ ʬʠʟʠʢʝò ʦʜʝʥʝ ʫ ʯʘʨʦʙʥʫ ʦʜʦʨʫ, 

ʠʥʩʧʠʨʘʮʠʿʘ ʩʫ ʟʘ ʧʠʩʘˁʝ ʠʥʪʝʨʘʢʪʠʚʥʦʛ ʩʦʬʪʚʝʨʘ ʟʘ ʘʥʘʣʠʟʫ ʬʫʥʢʮʠʿʘ 

ʟʘʜʘʪʠʭ ʫ ʘʥʘʣʠʪʠʯʢʦʿ ʬʦʨʤʠ ʠ ʜʠʥʘʤʠʯʢʫ ʚʠʟʫʝʣʠʟʘʮʠʿʫ ʧʨʦʮʝʩʘ 

ʜʠʬʝʨʝʥʮʠʨʘˁʘ ʠ ʠʥʪʝʛʨʘʮʠʿʝ.  

 

2. ʄʘʪʝʤʘʪʠʯʢʘ ʧʦʜʣʦʛʘ  

 

ʊʝʦʨʠʿʩʢʫ ʧʦʜʣʦʛʫ ʟʘ ʨʘʟʚʦʿ ʘʧʣʠʢʘʮʠʿʝ ʯʠʥʝ ʩʝʛʤʝʥʪʠ ʥʫʤʝʨʠʯʢʝ 

ʘʥʘʣʠʟʝ ʩʘ ʥʫʤʝʨʠʯʢʠʤ ʤʝʪʦʜʘʤʘ. ʊʝʦʨʠʿʩʢʝ ʧʦʩʪʘʚʢʝ ʧʨʝʪʦʯʝʥʝ ʩʫ ʫ 

ʩʣʝʜʝ˂ʝ ʤʦʜʫʣʝ: ʄʦʜʫʣ ʟʘ ʠʩʧʠʪʠʚʘˁʝ ʪʦʢʦʚʘ ʬʫʥʢʮʠʿʘ ʿʝʜʥʝ ʧʨʦʤʝʥˀʠʚʝ 

ʩʘ ʧʦʩʝʙʥʠʤ ʦʩʚʨʪʦʤ ʥʘ ʜʝʬʠʥʠʮʠʦʥʠ ʜʦʤʝʥ ʠ ʧʦʥʘʰʘˁʝ ʬʫʥʢʮʠʿʘ ʫ 

ʦʢʦʣʠʥʠ ʪʘʯʘʢʘ ʧʨʝʢʠʜʘ ʢʘʦ ʠ ʥʘ ʨʝʰʘʚʘˁʝ ʢʦʨʝʥʘ ʬʫʥʮʠʿʘ ʨʘʟʣʠʯʠʪʠʤ 

ʥʫʤʝʨʠʯʢʠʤ ʤʝʪʦʜʘʤʘ, ʄʦʜʫʣ ʟʘ ʅʫʤʝʨʠʯʢʦ ʜʠʬʝʨʝʥʮʠʨʘˁʝ (ʂʦʥʘʯʥʝ 

ʨʘʟʣʠʢʝ) ʠ ʤʦʜʫʣ ʟʘ ʅʫʤʝʨʠʯʢʫ ʠʥʪʝʛʨʘʮʠʿʫ. ʋ ʪʝʢʩʪʫ ʢʦʿʠ ʩʣʝʜʠ ʜʘʿʫ ʩʝ 

ʛʣʘʚʥʝ ʪʝʦʨʠʿʩʢʝ ʧʦʩʪʘʚʢʝ ʢʦʨʠʰ˂ʝʥʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʟʥʘˁʘ.  

 

2.1. ʀʩʧʠʪʠʚʘˁʝ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʿʘ   

 

ʋ ʤʦʜʫʣʫ ʟʘ ʘʥʘʣʠʟʠ ʬʫʥʢʮʠʿʘ ʧʦʩʝʙʥʘ ʧʘʞˁʘ ʧʦʩʚʝ˂ʝʥʘ ʿʝ; 

-  ʅʫʤʝʨʠʯʢʦʤ ʨʝʰʘʚʘˁʫ ʘʣʛʝʙʘʨʩʢʠʭ ʠ ʪʨʘʥʩʮʝʜʝʥʪʥʠʭ ʿʝʜʥʘʯʠʥʘ 

-  ʅʫʣʪʦʤ ʧʨʠʙʣʠʞʝˁʫ ʢʦʨʝʥʘ 

-  ʆʜʨʝʹʠʚʘˁʫ ʢʦʨʝʥʘ ʩʘ ʟʘʜʘʪʦʤ ʪʘʯʥʦʰ˂ʫ ʠ 

-  ʄʝʪʦʜʘʤʘ ʠʪʝʨʘʮʠʿʝ  

ʅʘʨʝʜʥʠ ʪʝʢʩʪ ʧʨʠʢʘʟʫʿʝ ʦʜʘʙʨʘʥʝ ʪʝʦʨʠʿʩʢʝ ʧʦʩʪʘʚʢʝ ʢʦʿʠ 

ʧʨʝʜʩʪʘʚˀʘʿʫ ʦʩʥʦʚʫ ʨʘʟʚʠʿʝʥʦʛ ʩʦʬʪʚʝʨʘ. 
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2.1.1. ʀʪʝʨʘʮʠʿʘ  

 

ʂʦʨʝʥʠ ʘʣʛʝʙʘʨʩʢʠʭ ʿʝʜʥʘʯʠʥʘ ʩʘʤʦ ʧʨʚʘ ʯʝʪʠʨʠ ʩʪʝʧʝʥʘ ʠ ʥʝʢʠʭ 

ʪʨʘʥʩʮʝʥʜʝʪʥʠʭ ʿʝʜʥʘʯʠʥʘ ʤʦʛʫ ʙʠʪʠ ʥʘʹʝʥʠ ʫ ʝʢʩʧʣʠʮʠʪʥʦʤ ʦʙʣʠʢʫ ʢʘʦ 

ʬʫʥʢʮʠʿʝ ʢʦʝʬʠʮʠʿʝʥʘʪʘ ʜʘʪʠʭ ʿʝʜʥʘʯʠʥʘ. ɿʘ ʚʝ˂ʠʥʫ ʿʝʜʥʘʯʠʥʘ ʯʠʿʠ ʩʫ 

ʢʦʝʬʠʮʠʿʝʥʪʠ ʟʘʜʘʪʠ ʥʫʤʝʨʠʯʢʠ, ʥʝʦʧʭʦʜʥʦ ʿʝ  ʦʛʨʘʥʠʯʝˁʝ ʥʘ ʥʫʤʝʨʠʯʢʦ 

ʠʟʨʘʯʫʥʘʚʘˁʝ ˁʠʭʦʚʠʭ ʢʦʨʝʥʘ, ʧʘ ʠ ʪʦ ʩʘʤʦ ʧʨʠʙʣʠʞʥʦ [1]. 

ʇʨʦʙʣʝʤ ʨʝʰʘʚʘˁʘ ʿʝʜʥʘʯʠʥʝ f(x) =0 ʢʦʿʘ ʿʝ ʜʝʬʠʥʠʩʘʥʘ ʠ 

ʥʝʧʨʝʢʠʜʥʘ ʫ ʦʢʦʣʠʥʠ  ʢʦʨʝʥʘ, ʦʜʥʦʩʥʦ ʦʜʨʝʹʠʚʘˁʘ ʢʦʨʝʥʘ ʿʝʜʥʘʯʠʥʝ 

ʨʝʘʣʠʟʫʿʝ ʩʝ ʫ ʦʢʚʠʨʫ ʜʚʝ ʬʘʟʝ: 

-  Ăʠʟʦʣʦʚʘˁʝò ʨʝʰʝˁʘ, ʦʜʥʦʩʥʦ ʧʨʦʥʘʣʘʞʝˁʝ ʥʫʣʪʦʛ ʨʝʰʝˁʘ ʠ 

-  oʜʨʝʹʠʚʘˁʝ ʥʫʣʝ ʬʫʥʢʮʠʿʝ ʩʘ ʟʘʜʘʪʦʤ ʪʘʯʥʦʰ˂ʫ  

ɿʘ ʦʜʨʝʹʠʚʘˁʝ ʥʫʣʪʦʛ ʨʝʰʝˁʘ ʯʝʩʪʦ ʩʝ ʢʦʨʠʩʪʠ ʛʨʘʬʠʯʢʘ ʤʝʪʦʜʘ. 

ʎʠˀ ʿʝ ʜʘ ʩʝ ʫʦʯʠ ʜʦʚʦˀʥʦ ʫʩʢʘ ʦʙʣʘʩʪ ʫ ʢʦʿʦʿ ʩʝ ʥʘʣʘʟʠ ʩʘʤʦ ʿʝʜʘʥ ʢʦʨʝʥ 

ʿʝʜʥʘʯʠʥʝ 0)( =xf . ʇʦʨʝʜ ʢʣʘʩʠʯʥʦʛ ʥʘʯʠʥʘ ʢʦʿʠ ʧʦʜʨʘʟʫʤʝʚʘ ʮʨʪʘˁʝ 

ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʿʝ ʠ ʚʠʟʫʝʣʥʦʛ ʫʪʚʨʹʠʚʘˁʘ ʦʙʣʘʩʪʠ ʫ ʢʦʿʦʿ ʩʝ ʥʘʣʘʟʠ 

ʠʟʦʣʦʚʘʥʠ ʢʦʨʝʥ, ʯʝʩʪʦ ʿʝ ʢʦʨʠʩʥʦ ʬʫʥʢʮʠʿʫ ʯʠʿʝ ʩʝ ʥʫʣʝ ʪʨʘʞʝ 

ʪʨʘʥʩʬʦʨʤʠʩʘʪʨʠ ʫ ʦʙʣʠʢ )()( xx yj = . ɿʘʪʠʤ ʩʝ ʢʦʥʩʪʨʫʠʰʫ ʛʨʘʬʠʮʠ 

ʬʫʥʢʮʠʿʘ )(xj ʠ )(xy ʠ ʥʘʹʫ ʪʘʯʢʝ ʧʨʝʩʝʢʘ ʪʠʭ ʛʨʘʬʠʢʘ. ɸʧʮʠʩʝ ʪʠʭ 

ʪʘʯʘʢʘ ʩʫ ʿʝʜʥʘʢʝ  ʢʦʨʝʥʠʤʘ ʿʝʜʥʘʯʠʥʝ. ʅʘ ʧʨʠʤʝʨ, ʥʘ ʩʣ.1 ʧʨʠʢʘʟʘʥʦ ʿʝ 

ʛʨʘʬʠʯʢʦ ʨʝʰʝˁʝ ʿʝʜʥʘʯʠʥʝ ʬʫʥʢʮʠʿʝ (1).  

xtgxxf -=)(                                                                               (1) 

ʊʨʘʞʝʥʠ ʢʦʨʝʥ ʿʝ ʧʨʠʙʣʠʞʥʦ 5.4=e . ʆʧʠʩʘʥʠ ʧʦʩʪʫʧʘʢ 

ʦʤʦʛʫ˂ʘʚʘ ʜʘ ʩʝ ʢʦʨʝʥʠ  ʦʜʨʝʜʝ ʩʘ ʤʘʣʦʤ ʪʘʯʥʦʰ˂ʫ. ɿʘʪʦ ʩʝ ʪʝ ʚʨʝʜʥʦʩʪʠ 

ʫʟʠʤʘʿʫ ʩʘʤʦ ʢʘʦ ʥʫʣʪʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ. 

ɼʨʫʛʘ ʬʘʟʘ ʧʨʦʙʣʝʤʘ ʩʘʩʪʦʿʠ ʩʝ ʫ ʦʜʨʝʹʠʚʘˁʫ ʢʦʨʝʥʘ ʩʘ ʞʝˀʝʥʦʤ 

ʪʘʯʥʦʰ˂ʫ ʧʦʣʘʟʝ˂ʠ ʦʜ ʥʫʣʪʝ ʘʧʨʦʢʩʠʤʘʮʠʿʝ. ʋ ʧʨʘʢʩʠ ʩʝ ʥʘʿʯʝʰ˂ʝ ʢʦʨʠʩʪʠ 

ʥʝʢʘ ʦʜ ʤʝʪʦʜʘ  ʠʪʝʨʘʮʠʿʝ, ʪʘʢʦ ʰʪʦ ʩʝ ʿʝʜʥʘʯʠʥʘ 0)( =xf  ʧʨʝʚʦʜʠ ʫ 

ʝʢʚʠʚʘʣʝʥʪʥʠ ʦʙʣʠʢ )(xx j= . ʇʨʝʣʘʟ ʥʘ ʥʦʚʠ ʦʙʣʠʢ )(xx j= ʤʦʞʝ ʙʠʪʠ 

ʠʟʚʨʰʝʥ ʥʘ ʨʘʟʣʠʯʠʪʝ ʥʘʯʠʥʝ, ʰʪʦ ʫʪʠʯʝ ʥʘ ʙʨʟʠʥʫ ʢʦʥʚʝʨʛʝʥʮʠʿʫ ʫ 

ʥʘʣʘʞʝˁʫ ʨʝʰʝˁʘ. ʋ ʩʫʢʮʝʩʠʚʥʠʤ ʢʦʨʘʮʠʤʘ ʟʘʤʝʥʝ x0, x1,  x2 ... ʫʤʝʩʪʦ x ʫ 

ʿʝʜʥʘʯʠʥʠ )(xx j=  ʜʦʙʠʿʘ ʩʝ )( 01 xx j=
,
 )( 12 xx j= , )( 23 xx j= é, 

)( 1-= nn xx j , ʩʚʝ ʜʦʪʣʝ ʜʦʢ ʫ ʛʨʘʥʠʮʘʤʘ ʞʝˀʝʥʝ ʪʘʯʥʦʩʪʠ ʥʝ ʙʫʜʝ 

1-@ nn xx . ɻʝʦʤʝʪʨʠʿʩʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ʤʝʪʦʜʝ ʠʪʝʨʘʮʠʿʝ ʜʘʪʘ ʿʝ ʥʘ ʩʣ. 2.  

 

 



 

ʄʠʣʦʚʘʥ ʉ. ʄʠʣʠʚʦʿʝʚʠ˂, ɱʝʣʝʥʘ ʅʝʜʦʚʠ˂ 

 184 

 
 

ʉʣʠʢʘ 1. 

ɻʨʘʬʠʯʢʘ ʤʝʪʦʜʘ ʧʨʠʙʣʠʞʥʦʛ 

ʦʜʨʝʹʠʚʘˁʘ ʢʦʨʝʥʘ ʬʫʥʢʮʠʿʝ 

ʉʣʠʢʘ 2. 

ɻʝʦʤʝʪʨʠʿʩʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ʤʝʪʦʜʝ 

ʠʪʝʨʘʮʠʿʝ 

 

ɼʘ ʙʠ ʩʝ ʦʙʝʟʙʝʜʠʣʘ ʢʦʥʚʝʨʛʝʥʮʠʿʘ ʠʪʝʨʘʮʠʦʥʦʛ ʧʨʦʮʝʩʘ ʿʝʜʥʘʯʠʥʘ 

0)( =xf ʩʝ ʤʦʞʝ ʪʨʘʥʩʬʦʨʤʠʩʘʪʠ ʢʨʦʟ ʤʝʹʫʦʙʣʠʢʝ (2), (3) ʠ (4): 

0)( =Ö xfl                                                                                      (2) 

xxxf =+Ö )(l                                                                                (3) 

xxfx +Ö= )()( lj                                                                          (4) 

ʛʜʝ ʿʝ lʢʦʥʩʪʘʥʪʘ ʢʦʿʫ ʪʨʝʙʘ ʙʠʨʘʪʠ ʪʘʢʦ ʜʘ ʙʫʜʝ 1)( <¡xj , ʥʘ 

ʠʥʪʝʨʚʘʣʫ [ ]ba,  ʥʘ ʢʦʤʝ ʩʝ ʥʘʣʘʟʠ ʠʟʦʣʦʚʘʥʠ ʢʦʨʝʥ [1]. 

 

2.1.2. ʄʝʪʦʜʘ ɳʫʪʥʘ 
 

ʅʝʢʘ ʿʝ ʜʘʪʘ ʿʝʜʥʘʯʠʥʘ 0)( =xf  ʢʦʿʘ ʿʝ ʜʚʘ ʧʫʪʘ ʜʠʬʝʨʝʥʮʠʿʘʙʠʣʥʘ 

ʫ ʦʢʦʣʠʥʠ ʪʨʘʞʝʥʦʛ ʢʦʨʝʥʘ, ʧʨʠ ʯʝʤʫ ʩʫ 0)( ¸¡xf ʠ 0)( ¸¡¡xf  ʠ ʩʪʘʣʥʦʛ 

ʩʫ ʟʥʘʢʘ. ʊʘʢʦʹʝ ʥʝʢʘ  ʧʦʯʝʪʥʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ x0 ʧʨʠʧʘʜʘ ʜʘʪʦʿ ʦʢʦʣʠʥʠ ʠ 

ʥʝʢʘ ʿʝ ʩʘ h ʦʟʥʘʯʝʥʘ ʚʨʝʜʥʦʩʪ ʟʘ ʢʦʿʫ ʚʘʞʠ ʿʝʜʥʘʯʠʥʘ (5). 

0)( 0 =+hxf                                                                                    (5) 

ʆʙʣʠʢ (5) ʤʦʞʝ ʩʝ ʨʘʟʚʠʪʠ ʫ ʊʝʿʣʦʨʦʚ ʨʝʜ ʫ ʦʢʦʣʠʥʠ ʪʘʯʢʝ x0 (6). 

0...)(
!2

)(
)()()()( 0

2

0

0000 =+¡¡Ö
-

+¡Ö-+=+ xf
xx

xfxxxfhxf          (6) 

ʆʜʙʘʮʠʚʘˁʝʤ ʯʣʘʥʦʚʘ ʨʝʜʘ ʢʦʿʠ ʩʘʜʨʞʝ ʠʟʚʦʜʝ ʚʠʰʝ ʦʜ ʧʨʚʦʛ ʨʝʜʘ 

ʠ ʫʦʧʰʪʘʚʘˁʝʤ, ʜʦʙʠʿʘ ʩʝ ʿʝʜʥʘʯʠʥʫ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʧʨʠʙʣʠʞʥʝ ʚʨʝʜʥʦʩʪʠ 

ʢʦʨʝʥʘ (7): 
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ʅʘ ʩʣ. 3 ʜʘʪʘ ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ɳʫʪʥʦʚʝ ʤʝʪʦʜʝ ʟʘ 

ʩʣʫʯʘʿ ʜʘ ʿʝ 0)( 0 >xf , 0)( 0 >¡xf , ʠ 0)( 0 >¡¡xf . ʀʪʝʨʘʪʠʚʥʫ ʬʦʨʤʫʣʘ ʩʝ 

ʧʨʠʤʝˁʫʿʝ ʜʦʢ ʩʝ ʜʚʝ ʫʟʘʩʪʦʧʥʝ ʠʪʝʨʘʮʠʿʝ ʥʝ ʧʦʢʣʦʧʝ ʫ ʛʨʘʥʠʮʘʤʘ ʟʘʜʘʪʝ 

ʪʘʯʥʦʩʪʠ. 

 
2.1.3. ʄʝʪʦʜʘ ʩʝʯʠʮʝ 

 

ɱʝʜʥʘ ʦʜ ʚʨʣʦ ʨʘʩʧʨʦʩʪʨʘˁʝʥʠʭ ʧʨʠʙʣʠʞʥʠʭ ʤʝʪʦʜʘ ʟʘ ʨʝʰʘʚʘˁʝ 

ʿʝʜʥʘʯʠʥʘ 0)( =xf ʿʝ ʤʝʪʦʜʘ ʩʝʯʠʮʝ (ʩʣ. 4). 

 

 

ʉʣʠʢʘ 3. 

ɻʝʦʤʝʪʨʠʿʩʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ 

ɳʫʪʥʦʚʝ ʤʝʪʦʜʝ 

ʉʣʠʢʘ 4. 

ɻʝʦʤʝʪʨʠʿʩʢʘ ʠʥʪʝʨʧʨʝʪʘʮʠʿʘ ʤʝʪʦʜʝ 

ʩʝʯʠʮʝ 

 

ɸʢʦ ʩʝ ʟʘ ʥʫʣʪʫ ʘʧʨʦʢʠʩʠʤʘʮʠʿʫ ʦʜʘʙʝʨʝ ʥʝʢʠ ʙʨʦʿ x0 ʠʟ ʩʝʛʤʝʥʪʘ 

[ ]ba,  ʠ ʧʦʚʫʯʝ ʩʝʯʠʮʘ ʢʨʦʟ ʪʘʯʢʝ ɸ0 ʠ ɹ, ʧʨʚʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ ʢʦʨʝʥʘ ʙʠ˂ʝ 

ʘʧʮʠʩʘ x1 ʧʨʝʩʝʢʘ ʪʝʪʠʚʝ ɸ0ɹ ʩʘ x ʦʩʦʤ. ʇʦʥʘʚˀʘˁʝʤ ʧʦʩʪʫʧʢʘ ʜʦʙʠʿʘ ʩʝ 

ʥʠʟ x0, x1, x2, é.. , xn+1 , é. ʧʨʠʙʣʠʞʥʠʭ ʚʨʝʜʥʦʩʪʠ ʢʦʨʝʥʘ. ʈʝʢʫʨʝʥʪʥʘ 

ʬʦʨʤʫʣʘ (9) ʩʝ ʜʦʙʠʿʘ ʧʨʝʩʝʢʦʤ ʿʝʜʥʘʯʠʥʝ ʩʝʯʠʮʝ (8) ʢʦʿʘ ʧʨʦʣʘʟʠ ʢʨʦʟ 

ʪʘʯʢʝ ɸ(xn , f(xn )) ʠ ɹ (b, f(b)) ʠ x ʦʩʝ.  

n

n

n

n

xb

xx

xfbf

xfy

-

-
=

-

-

)()(

)(
                                                                (8) 

)()(

)()(
1

n

nn

nn
xfbf

xfxb
xx

-

Ö-
-=+                                                         (9) 

 

A

0

1 

x

2 

xn

+1 

A

1 

f(

a) 

B 

b x

0 

A

0 

A 

0 

y 

x 

a 

f(

b) 

x

1 

0 

M

2 

M

1 

x 

y 

M

0 

X
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X
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X
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X  
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2.2. ʂʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʠ ɳʫʪʥʦʚ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠ ʧʦʣʠʥʦʤ  

 

ʇʦʰʪʦ ʢʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʠ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠ ʧʦʣʠʥʦʤʠ ʧʨʝʜʩʪʘʚˀʘʿʫ 

ʦʩʥʦʚʫ ʥʫʤʝʨʠʯʢʦʛ ʜʠʬʝʨʝʥʮʠʨʘˁʘ ʫ ʥʘʩʪʘʚʢʫ ʩʝ ʜʘʿʝ ʧʨʠʢʘʟ ʦʩʥʦʚʥʠʭ 

ʪʝʦʨʠʿʩʢʠʭ ʧʦʿʤʦʚʘ ʢʦʿʫ ʩʫ ʙʠʣʠ ʧʣʘʪʬʦʨʤʘ ʟʘ ʨʘʟʚʦʿ ʩʦʬʪʚʝʨʘ.  

ɸʢʦ ʩʝ ʥʠʟʫ ʝʢʚʠʜʠʩʪʘʥʪʥʠʭ ʪʘʯʘʢʘ x0, x1, éé , xn, ʧʨʠʜʨʫʞʝ 

ʚʨʝʜʥʦʩʪʠ ʬʫʥʢʮʠʿʝ )( 00 xfy = , )( 00 xfy = , ... , )( 00 xfy = ., ʦʥʜʘ ʩʝ 

ʨʘʟʣʠʢʝ (10) 

 001 yyy D=- ,  112 yyy D=- , 223 yyy D=- ,éé , 

11 -- D=- nnn yyy                                                                                        (10) 

ʥʘʟʠʚʘʿʫ ʩʝ ʢʦʥʘʯʥʠʤ ʨʘʟʣʠʢʘʤʘ ʧʨʚʦʛ ʨʝʜʘ ʬʫʥʢʮʠʿʝ)(xf . ʈʘʟʣʠʢʝ 

ʧʨʚʠʭ ʨʘʟʣʠʢʘ ʥʘʟʠʚʘʿʫ ʩʝ ʨʘʟʣʠʢʘʤʘ ʜʨʫʛʦʛ ʨʝʜʘ ʬʫʥʢʮʠʿʝ ʠ ʠʟʨʘʯʫʥʘʚʘʿʫ 

ʩʝ ʧʦʤʦ˂ʫ ʫʦʧʰʪʝʥʝ ʬʦʨʤʫʣʝ (11), 

2111

2 2 ---- +Ö-=D-D=D nnnnnn yyyyyy .                              (11) 

ɸʥʘʣʦʛʥʦ ʩʝ ʜʝʬʠʥʠʰʫ ʢʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʪʨʝ˂ʝʛ ʨʝʜʘ, ʠʪʜ. ʂʦʥʘʯʥʘ 

ʨʘʟʣʠʢʘ ʨʝʜʘ  k<n ʜʝʬʠʥʠʰʝ ʩʝ ʧʦʤʦ˂ʫ ʿʝʜʥʘʯʠʥʝ (12) ʥʘ ʙʘʟʠ ʨʘʟʣʠʢʘ 

ʧʨʝʪʭʦʜʥʦʛ ʨʝʜʘ : 

i

k

i

k

i

k yyy 1

1

1 -

+

- D-D=D                                                               (12) 

ʂʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʩʝ ʯʝʩʪʦ ʟʘʧʠʩʫʿʫ ʫ ʦʙʣʠʢʫ ʜʠʿʘʛʦʥʘʣʥʝ ʪʘʙʣʠʮʝ. 

ʂʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʦʤʦʛʫ˂ʫʿʫ ʫʚʠʜ ʫ ñʩʪʝʧʝʥ ʛʣʘʪʢʦʩʪʠò ʬʫʥʢʮʠʿʝ. ʇʨʠ ʪʦʤʝ 

ʚʝʣʠʢʫ ʫʣʦʛʫ ʠʛʨʘʿʫ ʩʣʝʜʝ˂ʝ ʪʝʦʨʝʤʝ [1] ʢʦʿʝ ʩʝ ʥʘʚʦʜʝ ʙʝʟ ʜʦʢʘʟʘ: 

ʊʝʦʨʝʤʘ 1.  ɸʢʦ ʿʝ ʬʫʥʢʮʠʿʘ )(xf ʧʦʣʠʥʦʤ ʩʪʝʧʝʥʘ n ʩʘ 

nʘʿʩʪʘʨʠʿʠʤ ʯʣʘnʦʤ a0x
n
 ʠ h ʢʦʨʘʢ ʪʘʙʣʠʮʝ, ʪʘʜʘ ʟʘ ʙʠʣʦ ʢʦʿʝ k<n ʨʘʟʣʠʢʘ 

k 
y ʿʝ ʧʦʣʠnʦʤ ʩʪʝʧʝnʘ n-k ʩʘ nʘʿʩʪʘʨʠʿʠʤ ʯʣʘnʦʤ n((n-1)( n-2) é. (n -

k+1)a0h
k
x

n-k  
. 

ʇʦʩʣʝʜʠʮʘ ʪʝʦʨʝʤʝ ʿʝ ʜʘ ʿʝ ʟʘ ʧʦʣʠʥʦʤ )(xfy= ʩʪʝʧʝnʘ n, ʨʘʟʣʠʢʘ 

n-ʪʦʛ ʨʝʜʘ ʢʦʥʩʪʘʥʪʥʘ ʠ  ʠʟʥʦʩʠ 
nn hany ÖÖ=D 0! . 

ʊʝʦʨʝʤʘ 2. ɸʢʦ ʩʫ ʢʦnʘʯnʝ ʨʘʟʣʠʢʝ n-ʪʦʛ ʨʝʜʘ ʟʘ ʙʠʣʦ ʢʦʿʠ ʢʦʨʘʢ h 

ʢʦnʩʪʘnʪnʝ, ʪʦ ʿʝ ʧʦʩʤʘʪʨʘnʘ ʬʫnʢʮʠʿʘ )(xf  ʧʦʣʠnʦʤ n-ʪʦʛ ʩʪʝʧʝnʘ. 

ʅʘ ʥʘʚʝʜʝʥʠʤ ʪʝʦʨʝʤʘʤʘ ʟʘʩʥʠʚʘ ʩʝ ʩʣʝʜʝ˂ʝ ʧʨʘʢʪʠʯʥʦ ʧʨʘʚʠʣʦ: 

ʩʪʝʧʝʥ ʠʥʪʝʨʧʦʣʘʮʦʥʦʛ ʧʦʣʠʥʦʤʘ ʧʨʠ ʘʧʨʦʢʩʠʤʘʮʠʿʠ ʙʠʨʘʪʠ ʪʘʢʦ ʜʘ ʩʝ ʦʥ 

ʧʦʢʣʘʧʘ ʩʘ ʨʝʜʦʤ ʧʨʘʢʪʠʯʥʦ ʢʦʥʩʪʘʪʥʠʭ ʢʦʥʘʯʥʠʭ ʨʘʟʣʠʢʘ. ʅʘʚʦʜʠ ʩʝ 

ʧʨʠʤʝʨ:  

ʇʨʠʤʝʨ 1. ʆʜʨʝʜʠʪʠ ʢʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʬʫʥʢʮʠʿʝ 
4)( xxf =  ʟʘ 

ʚʨʝʜʥʦʩʪʠ  x=0,1,2,3,4,5,6,7,8. ʈʝʰʝˁʝ ʿʝ ʫ ʊʘʙʝʣʠ 1. 
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ʊʘʙʝʣʘ 1. ʇʨʠʤʝʨ ʦʜʨʝʹʠʚʘˁʘ ʢʦʥʘʯʥʠʭ ʨʘʟʣʠʢʘ 

x ʟ y 
2
y 

3
y 

4
y 

5
y 

0 

1 

2 

3 

4 

5 

6 

7 

8 

0 

1 

16 

81 

256 

625 

1296 

2401 

4096 

1 

15 

65 

175 
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1105 

1695 

 

14 

50 

110 

194 

302 

434 

590 

 

36 

60 

84 

108 

132 

156 

 

 

24 

24 

24 

24 

24 

 

 

0 

0 

0 

0 

 

ɿʘ ʤʥʦʛʝ ʧʨʦʙʣʝʤʝ ʧʨʘʢʪʠʯʥʝ ʧʨʠʨʦʜʝ ʫ ʜʦʤʝʥʫ ʥʫʤʝʨʠʯʢʠʭ 

ʤʝʪʦʜʘ ʥʝʦʧʭʦʜʥʘ ʿʝ ʫʧʦʪʨʝʙʘ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠʭ ʧʦʣʠʥʦʤʘ. ʇʨʠʤʘʨʥʠ 

ʧʦʣʠʥʦʤ ʫ ʦʚʦʤ ʜʦʤʝʥʫ ʿʝ ʧʨʚʠ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠ ʧʦʣʠʥʦʤ ɳʫʪʥʘ ʧʨʠʢʘʟʘʥ 

ʧʦʤʦ˂ʫ ʢʦʥʘʯʥʠʭ ʨʘʟʣʠʢʘ ʫ ʿʝʜʥʘʯʠʥʠ (13).  

o

n

oooon y
n

nuuuu
y

uuu
y

uu
yuyP D

+---
D

--
+D

-
+D+=

!

)1)...(2)(1(
...

!3

)2)(1(

!2

)1( 32  (13) 

ʛʜʝ ʿʝ 
h

xx
u 0-= , ʘ h ʢʦʨʘʢ ʝʢʚʠʜʠʩʪʘʥʪʥʠʭ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠʭ 

ʪʘʯʘʢʘ. 

ɱʝʜʥʘʯʠʥʘ (13) ʦʤʦʛʫʹʫʿʝ ʬʦʨʤʠʨʘˁʝ ʠʥʪʝʨʧʦʣʘʮʠʦʥʦʛ ʧʦʣʠʥʦʤʘ ʟʘ 

ʥʠʟ ʟʘʜʘʪʠʭ ʧʘʨʦʚʘ ))}(,());...;(,());(,{( 1100 nn xfxxfxxfx  ʠʣʠ 

ʦʜʨʝʹʠʚʘˁʝ ʧʨʠʙʣʠʞʥʝ ʚʨʝʜʥʦʩʪʠ ʬʫʥʢʮʠʿʝ )( 0xf ʟʘ ʟʘʜʘʪʦ 0x , ʧʨʠ ʯʝʤʫ 

ʩʝ ʫ ʘʧʨʦʢʩʠʤʘʮʠʿʠ ʧʨʘʢʪʠʯʥʦ ʠʜʝ ʜʦ ʢʦʥʘʯʥʠʭ ʢʦʥʩʪʘʥʪʥʠʭ ʨʘʟʣʠʢʘ 

(ʢʦʥʘʯʥʠʭ ʨʘʟʣʠʢʘ ʢʦʿʝ ʩʝ ʩʪʘʙʠʣʥʦ ʧʦʥʘʰʘʿʫ).  

ʅʘʚʦʜʠ ʩʝ ʧʨʠʤʝʨ: 

 

ʇʨʠʤʝʨ:. ɿʘ ʬʫʥʢʮʠʿʫ ʟʘʜʘʪʘ ʪʘʙʝʣʘʤʘ 2.  ʠ 3. ʦʜʨʝʜʠʪʠ f(1.73)  

 

ʊʘʙʝʣʘ 2. ʇʦʜʘʮʠ ʦ ʪʘʯʢʘʤʘ ʬʫʥʢʮʠʿʝ 

x 1,72 1,74 1,76 1,78 

f(x) 0,179066 0,175520 0,172045 0,168638 

ʊʘʙʝʣʘ 3. ʂʦʥʘʯʥʝ ʨʘʟʣʠʢʝ ʟʘ ʧʦʜʘʪʢʝ ʠʟ ʊʘʙʝʣʝ 2. 

x y y 
2
y 

3
y 

1,72 0,179066 -0,003546   

1,74 0,175520 -0,003475 0,000071 -0,000003 

1,76 0,172045 -0,003407 0,000068  

1,78 0,168638    
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ʈʝʰʝˁʝ: ʋ ʦʚʦʤ ʧʨʠʤʝʨʫ  ʿʝ x0=1,72; x=1.73; h=0,02; 

2

1

02.0

72.173.1
=

-
=u ;  

=-Ö
Ö

-Ö-Ö

+Ö

-Ö

+-Ö+º )000003.0(
32

)2
2

1
()1

2

1
(

2

1

000071.0
2

)1
2

1
(

2

1

)003546.0(
2

1
179066.0)73.1(f

0,179066 ï 0,001773 -0,000009=0,177284 

ɼʦʙʠʿʝʥʘ ʚʨʝʜʥʦʩʪ ʩʝ ʧʦʢʣʘʧʘ ʩʘ ʚʨʝʜʥʦʰ˂ʫ ʢʦʿʘ ʩʝ ʜʦʙʠʿʘ ʧʦʤʦ˂ʫ 

ʬʫʥʢʮʠʿʝ 17728441.073.1 == -ey  ʿʝʨ ʊʘʙʝʣʘ 3. ʧʨʝʜʩʪʘʚˀʘ 

ʝʢʩʧʦʥʝʥʮʠʿʘʣʥʫ ʬʫʥʢʮʠʿʫ 
xey=  . 

 

2.3. ʅʫʤʝʨʠʯʢʦ ʜʠʬʝʨʝnʮʠʨʘˁʝ   

 

ʅʫʤʝʨʠʯʢʦ ʜʠʬʝʨʝʥʮʠʨʘˁʝ ʿʝ ʟʘʩʥʦʚʘʥʦ ʥʘ ɳʫʪʥʦʚʦʿ 

ʠʥʪʝʨʧʦʣʘʮʠʦʥʦʿ ʬʦʨʤʫʣʠ. ʌʫʥʢʮʠʿʘ )(xf , ʢʦʿʘ ʿʝ n ʧʫʪʘ 

ʜʠʬʝʨʝʥʮʠʿʘʙʠʣʥʘ ʥʘ ʠʥʪʝʨʚʘʣʫ [a,b] ʤʦʞʝ ʩʝ ʘʧʨʦʢʩʠʤʠʨʘʪʠ ʧʦʣʠʥʦʤʦʤ 

(13), ʦʜʥʦʩʥʦ ʤʦʞʝ ʩʝ, ʫʟʠʤʘʿʫ˂ʠ ʫ ʦʙʟʠʨ ʜʦʜʘʪʘʢ, ʥʘʧʠʩʘʪʠ ʫ ʢʨʘ˂ʝʤ 

ʦʙʣʠʢʫ (14), 

)()()( xRxPxf nn +@                                                                      (14) 

ɿʘʥʝʤʘʨʠʚʘˁʝʤ ʦʩʪʘʪʢʘ ʜʦʙʠʿʘʿʫ ʩʝ ʠʟʚʦʜʠ (15), 

)()(;...;)()();()( )( xPxfxPxfxPxf n
kk

nn @¡¡@¡¡
¡

@¡                     (15) 
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ʆʙʣʠʮʠ ʿʝʜʥʘʯʠʥʘ (17) ʠ (18) ʩʫ ʧʨʝʜʩʪʘʚˀʘʣʠ ʧʦʜʣʦʛʫ ʟʘ ʨʘʟʚʦʿ 

ʘʧʣʠʢʘʮʠʿʝ ʧʨʠʢʘʟʘʥʫ ʫ ʦʚʦʤ ʨʘʜʫ. 
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2.4. ʅʫʤʝʨʠʯʢʘ ʠʥʪʝʛʨʘʮʠʿʘ    

 

ʌʦʨʤʫʣʝ ʟʘ ʧʨʠʙʣʠʞʥʦ ʠʟʨʘʯʫʥʘʚʘˁʝ ʦʜʨʝʹʝʥʠʭ ʠʥʪʝʛʨʘʣʘ 

ʥʘʟʠʚʘʿʫ ʩʝ ʢʚʘʜʨʘʪʫʨʥʠʤ ʬʦʨʤʫʣʘʤʘ. ʂʚʘʜʨʘʪʫʨʥʝ ʬʦʨʤʫʣʝ ʙʘʟʠʨʘʿʫ ʩʝ 

ʥʘ ʧʨʠʙʣʠʞʥʦʿ ʬʦʨʤʫʣʠ (19),  
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ʛʜʝ ʿʝ ci ʢʦʥʩʪʘʥʪʘ ʦʜ ʯʠʿʝʛ ʠʟʙʦʨʘ ʟʘʚʠʩʠ ʦʙʣʠʢ ʢʚʘʜʨʘʪʫʨʥʝ 

ʬʦʨʤʫʣʝ. ɸʢʦ ʩʝ ʧʦʜʠʥʪʝʛʨʘʣʥʘ ʬʫʥʢʮʠʿʘ (ʧʦʜʠʥʪʝʨʚʘʣʠ [xk,xk+1]) 

ʘʧʨʦʢʩʠʤʠʨʘ ʧʦʣʠʥʦʤʦʤ (13), ʜʦʙʠʿʘʿʫ ʩʝ ʨʝʜʦʤ ʢʚʘʜʨʘʪʫʨʥʝ ʬʦʨʤʫʣʝ: 

-  ʌʦʨʤʫʣʘ ʧʨʘʚʦʫʛʘʦʥʠʢʘ (20), ʘʢʦ ʩʝ ʫ ʧʦʣʠʥʦʤʫ ʟʘʜʨʞʠ ʩʘʤʦ 
ʧʨʚʠ ʯʣʘʥ  

-  ʊʨʘʧʝʟʥʘ ʬʦʨʤʫʣʘ (21), ʘʢʦ  ʩʝ ʫ ʧʦʣʠʥʦʤʫ ʟʘʜʨʞʝ ʧʨʚʘ ʜʚʘ ʯʣʘʥʘ 
ʠ  

-  ʉʠʤʧʩʦʥʦʚʦ ʧʨʘʚʠʣʦ (22), ʘʢʦ ʩʝ ʫ ʧʦʣʠʥʦʤʫ ʧʦʩʤʘʪʨʘʥʠ 

ʧʦʜʠʥʪʝʨʚʘʣ ʠʥʪʝʨʚʘʣ [xk,xk+2] ʘʧʨʦʢʩʠʤʠʨʘ ʧʦʣʠʥʦʤʦʤ ʜʨʫʛʦʛ 

ʩʪʝʧʝʥʘ 

[ ])(...)()()( 10 n

b

a

xfxfxfhdxxf +++Ö@Öñ                               (20) 

ù
ú

ø
é
ê

è
+++

+
Ö@Ö -ñ )(...)(

2

)()(
)( 11

0

n

n

b

a

xfxf
xfxf

hdxxf            (21) 

))}(...)()((2))(

...)()((4)()({)(

24212

3120

nn

n

b

a

xfxfxfxf

xfxfxfxfhdxxf

+++Ö+

+++Ö++Ö@Ö

-

ñ       (22) 

 

 

3. ʉʪʨʫʢʪʫʨʘ ʠ interface ʘʧʣʠʢʘʮʠʿʝ   

 

ɸʧʣʠʢʘʮʠʿʘ Ăʄʘʪʝʤʘʪʠʢʘ ʠ 3 ʢʫʛʣʝ ʩʣʘʜʦʣʝʜʘò ʿʝ ʢʨʝʠʨʘʥʘ ʢʨʦʟ 

ʤʦʜʫʣʝ ʢʦʿʠ ʧʨʝʢʨʠʚʘʿʫ  ʨʘʟʣʠʯʠʪʝ ʦʙʣʘʩʪʠ ʤʘʪʝʤʘʪʠʢʝ ʩʨʝʜˁʝʛ ʥʠʚʦʘ 

(ʩʨʝʜˁʝ ʰʢʦʣʝ, ʚʠʩʦʢʝ ʰʢʦʣʝ, ʬʘʢʫʣʪʝʪʠ...) ʠ ʥʘʤʝˁʝʥ ʿʝ ʟʘ Ăʣʘʢʰʝò ʫʯʝˁʝ 

ʤʘʪʝʤʘʪʠʢʝ ʠ ʧʨʠʤʝʥʫ ʫ ʠʥʞʝˁʝʨʩʢʦ-ʪʝʭʥʠʯʢʠʤ ʧʨʦʨʘʯʫʥʠʤʘ (ʩʣ. 5).  
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ʉʣʠʢʘ 5. ʉʪʨʫʢʪʫʨʘ ʘʣʠʢʘʮʠʿʝ Ăʄʘʪʝʤʘʪʠʢʘ ʠ 3 ʢʫʛʣʝ ʩʣʘʜʦʣʝʜʘò 

 

ɸʧʣʠʢʘʮʠʿʘ ʿʝ ʢʨʝʠʨʘʥʘ ʩʘ ʥʘʤʝʨʦʤ ʜʘ ʙʫʜʝ user-friendly. ɳʝʥ 

interface ʿʝ ʧʨʠʢʘʟʘʥ ʥʘ ʩʣ.6. ɿʘ ʙʨʟʦ ʫʯʝˁʝ ʫ ʧʨʦʛʨʘʤʫ ʿʝ ʜʝʬʠʥʠʩʘʥʘ 

ʦʛʣʝʜʥʘ ʬʫʥʢʮʠʿʘ ʢʦʿʘ ʩʝ ʘʢʪʠʚʠʨʘ ʦʧʮʠʿʦʤ Demo funkcija ʢʦʿʝ ʩʝ ʥʘʣʘʟʠ 

ʧʨʠ ʚʨʭʫ ʝʢʨʘʥʘ. ʌʫʥʢʮʠʿʘ ʠʤʘ ʦʙʣʠʢ (23) 

39.0)2sin()( --Ö== xxfy                 (23) 

 
ʉʣʠʢʘ 6. Interface ʘʧʣʠʢʘʮʠʿʝ 

 

ʅʘʢʦʥ ʘʢʪʠʚʠʨʘˁʘ DEMO funkcije, ʧʨʦʛʨʘʤ ʧʦʩʪʘʚˀʘ ʫʥʘʧʨʝʜ 

ʜʝʬʠʥʠʩʘʥʝ ʚʨʝʜʥʦʩʪʠ ɻʨʘʥʠʮʘ ʠʥʪʝʨʚʘʣʘ ʫ ʢʦʿʠʤʘ ʩʝ ʧʨʠʢʘʟʫʿʝ ʠ ʠʩʧʠʪʫʿʝ 

ʅʙʫʞʥʙʫʡʣʙ ʡ 3 ʣʬʜʤʞ ʪʤʙʝʧʤʞʝʙ 

ʍʬʦʣʯʡˀʞ 

ʁʦʫʞʜʩʙʤʡ 

ɽʡʭʞʩʞʦʯʡʩʙ˂

e 

ʅʙʫʩʡʯʞ 

ɻʞʩʧʛʙʫʦʧ˃ʙ é 

ɼʝʬʠʥʠʮʠʦʥʠ ɼʦʤʝʥ 

ʇʘʨʥʦʩʪ  /  ʅʝʧʘʨʥʦʩʪ 

ɻʨʘʬʠʢ ʬʫʥʢʮʠʿʝ 

ʅʫʣʝ ʬʫʥʢʮʠʿʝ 

ʊʨʘʧʝʟʥʦ ʧʨʘʚʠʣʦ 

ʂʦʥʘʯʥʝ ʨʘʟʣʠʢʝ  
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ʬʫʥʢʮʠʿʘ, ɹʨʦʿʘ ʪʘʯʘʢʘ ʟʘ Ăʦʢʚʠʨʥʦò ʠʩʮʨʪʘʚʘˁʝ ʬʫʥʢʮʠʿʝ ʢʘʦ ʠ ʟʘʜʘʪʝ 

ʊʘʯʥʦʩʪʠ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʥʫʣʘ ʬʫʥʢʮʠʿʝ. ʇʦʨʝʜ ʥʘʚʝʜʝʥʝ ʬʫʥʢʮʠʿʝ 

ʢʦʨʠʩʥʠʢ ʤʦʞʝ ʟʘʜʘʪʠ ʧʨʦʠʟʚʦˀʥʫ ʬʫʥʢʮʠʿʫ, ʠ ʧʦʩʪʘʚʠʪʠ ʧʘʨʘʤʝʪʨʝ ʧʦ 

ʞʝˀʠ, ʧʦʰʪʫʿʫ˂ʠ ʫʦʙʠʯʘʿʝʥʫ ʤʘʪʝʤʘʪʠʯʢʫ ʥʦʪʘʮʠʿʫ ʧʨʠ Ăʠʩʧʠʩʠʚʘˁʫ 

ʬʫʥʢʮʠʿʝ ʫ text box-ʫ ʟʘ ʫʥʦʩ ʿʝʜʥʘʯʠʥʝ ʬʫʥʢʮʠʿʝ.  

ɻʦʨˁʠ ʜʝʩʥʠ ʜʝʦ ʝʢʨʘʥʘ ʥʘʤʝˁʝʥ ʿʝ ʟʘ ʠʩʧʠʪʠʚʘˁʝ ɼʝʬʠʥʠʮʠʦʥʦʛ 

ɼʦʤʝʥʘ (ɼɼ) ʠ ʦʜʨʝʹʠʚʘˁʝ Ăʧʘʨʥʦʩʪʠò ʬʫʥʢʮʠʿʝ. ʆʙʣʘʩʪ ʜʝʬʠʥʠʩʘʥʦʩʪʠ ʠ 

ʠʩʧʠʪʠʚʘˁʝ ʧʘʨʥʦʩʪʠ ʩʝ ʨʝʘʣʠʟʫʿʝ ʟʘ ʟʘʜʘʪʠ ʠʥʪʝʨʚʘʣ. ʊʘʢʦʹʝ, ʢʘʢʦ ʿʝ ʨʝʯ ʦ 

ʥʫʤʝʨʠʯʢʠʤ ʤʝʪʦʜʘʤʘ ʟʘ ʠʩʧʠʪʠʚʘˁʝ ʦʚʠʭ ʩʚʦʿʩʪʘʚʘ ʬʫʥʢʮʠʿʘ, ʤʦʞʝ ʩʝ 

ʟʘʜʘʚʘʪʠ Ăʬʠʥʦ˂ʘò ʧʨʝʪʨʘʛʘ. ʇʨʦʛʨʘʤ ʘʫʪʦʤʘʪʠʟʦʚʘʥʦ Ăʠʩʧʠʪʫʿʝ ʦʙʣʘʩʪò ʠ 

ʜʝʬʠʥʠʰʝ ʤʦʛʫ˂ʝ ʠʣʠ ʩʪʚʘʨʥʝ ʚʝʨʪʠʢʘʣʥʝ ʘʩʠʤʧʪʦʪʝ, ʟʘ ʪʘʯʢʝ ʧʨʝʢʠʜʘ ʠ 

ʛʝʥʝʨʠʰʝ ʧʦʨʫʢʝ ʦ ʢʘʨʘʢʪʝʨʠʩʪʠʯʥʠʤ ʚʨʝʜʦʥʩʪʠʤʘ ʠ ʪʘʯʢʘʤʘ 

ʥʝʜʝʬʠʥʠʩʘʥʠʭ ʟʦʥʘ. ʇʦʨʝʜ ʥʘʚʝʜʝʥʦʛ, ʘʧʣʠʢʘʮʠʿʘ Ăʥʫʤʝʨʠʯʢʠ ʠʩʧʠʪʫʿʝò 

ʦʩʦʙʠʥʫ ʧʘʨʥʦʩʪʠ/ʥʝʧʘʨʥʦʩʪʠ ʬʫʥʢʮʠʿʝ. ʋ ʮʠˀʫ ʩʘʛʣʝʜʘʚʘˁʘ ʛʝʥʝʨʘʣʥʦʛ 

ʠʟʛʣʝʜʘ ʬʫʥʢʮʠʿʝ, ʧʦʤʦ˂ʫ ʢʦʤʘʥʜʥʦʛ ʜʫʛʤʝʪʘ Grafik, ʘʧʣʠʢʘʮʠʿʘ ʥʘ 

ʜʠʿʘʛʨʘʤʫ ʜʦʣʝ ʜʝʩʥʦ, ʜʘʿʝ ʧʨʠʢʘʟ ʟʘʜʘʪʝ ʬʫʥʢʮʠʿʝ. ʄʦʛʫ˂ʠ ʧʨʝʢʠʜʠ, 

ʦʙʣʘʩʪʠ ʥʝʜʝʬʠʥʠʩʘʥʦʩʪʠ ʠʣʠ ʨʘʟʣʠʯʠʪʝ ʬʦʨʤʝ run-time ʛʨʝʰʘʢʘ software-

ʩʢʠ ʩʫ ʧʨʝʜʫʧʨʝʹʝʥʝ. 

ʂʦʤʘʥʜʥʦ ʜʫʛʤʝ Metod Secice, ʘʢʪʠʚʠʨʘ ʤʦʜʫʣ ʢʦʿʠ ʦʜʨʝʹʫʿʝ ʥʫʣʝ 

ʬʫʥʢʮʠʿʝ ʩʘ ʟʘʜʘʪʦʤ ʪʘʯʥʦʰ˂ʫ. ʈʘʟʨʘʹʝʥʘ ʿʝ ʠ ʢʦʨʠʰ˂ʝʥʘ ʠʪʝʨʘʪʠʚʥʘ 

ʤʝʪʦʜʘ, ʤʝʪʦʜʘ ʩʝʯʠʮʝ. ʆʩʪʘʣʝ ʠʪʝʨʘʪʠʚʥʝ ʤʝʪʦʜʝ ʩʫ ʧʣʘʥʠʨʘʥʝ ʟʘ ʜʘˀʠ 

ʨʘʟʚʦʿ ʘʧʣʠʢʘʮʠʿʝ ʠ ʠʩʧʠʪʠʚʘˁʘ ʙʨʟʠʥʝ ʢʦʥʚʝʨʛʝʥʮʠʿʝ. ʇʨʚʝ ʪʨʠ ʥʫʣʝ 

(ʫʢʦʣʠʢʦ ʬʫʥʢʮʠʿʘ ʠʤʘ ʚʠʰʝ ʥʫʣʘ) ʠʩʧʠʩʫʿʫ ʩʝ ʥʘ ʢʦʤʘʥʜʥʠʤ ʜʫʛʤʘʜʠʤʘ 

ʥʘ ʩʨʝʜʠʥʠ ʝʢʨʘʥʘ. ʊʘʢʦʹʝ, ʩʚʝ ʥʫʣʝ (ʙʝʟ ʦʙʟʠʨʘ ʥʘ ʙʨʦʿ ʩʝ ʟʘʧʠʩʫʿʫ ʫ 

spreadsheet-ʫ ʛʦʨʝ ʜʝʩʥʦ ʩʘ ʦʩʥʦʚʥʠʤ ʧʘʨʘʤʝʪʨʠʤʘ ʬʫʥʢʮʠʿʝ. ɼʝʪʘˀʥʠʿʠ 

ʧʨʠʢʘʟ ʥʫʣʘ ʩʘ ʘʥʠʤʘʮʠʿʘʤʘ ʢʨʝʠʨʘ ʩʝ ʫ ʜʠʿʘʛʨʘʤʫ ʜʦʣʝ ʣʝʚʦ. 

ʅʫʤʝʨʠʯʢʦ ʜʠʬʝʨʝʥʮʠʨʘˁʝ ʨʝʘʣʠʟʦʚʘʥʦ ʿʝ ɳʫʪʥʦʚʠʤ 

ʠʥʪʝʨʧʦʣʘʮʠʦʥʦʤ ʧʦʣʠʥʦʤʦʤ ʧʦ ʢʦʥʮʝʧʪʫ ʂʦʥʘʯʥʠʭ ʈʘʟʣʠʢʘ. ʇʨʦʛʨʘʤʩʢʠ 

ʿʝ ʨʝʰʝʥ ʜʝʦ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʧʨʚʦʛ ʠʟʚʦʜʘ (yô). ʆʩʪʘʣʠ ʝʣʝʤʝʥʪʠ (ʜʨʫʛʠ 

ʠʟʚʦʜ, ʝʢʩʪʨʝʤʠ, ʧʨʝʚʦʿʥʝ ʪʘʯʢʝ...) ʧʣʘʥʠʨʘʥʠ ʩʫ ʟʘ ʙʫʜʫ˂ʠ ʨʘʟʚʦʿ.  

Interface ʬʦʨʤʝ ʢʦʿʘ ʩʝ ʜʦʙʠʿʘ ʘʢʪʠʚʠʨʘˁʝʤ ʦʙʨʘʯʫʥʘ ʧʨʚʦʛ ʠʟʚʦʜʘ 

ʜʘʪ ʿʝ ʥʘ ʩʣ. 7.  
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ʉʣʠʢʘ 7. ɼʠʿʘʣʦʰʢʠ ʦʢʚʠʨ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʧʨʚʦʛ ʠʟʚʦʜʘ ʫʟ 

ʘʥʠʤʘʮʠʿʫ 

 

ʇʨʦʛʨʘʤ ʦʜʨʝʹʫʿʝ ʚʨʝʜʥʦʩʪ ʧʨʚʦʛ ʠʟʚʦʜʘ yô=fô(x) ʟʘ ʟʘʜʘʪʫ ʪʘʯʢʫ, 

ʦʜʥʦʩʥʦ ʘʧʮʠʩʫ x. ɺʨʝʜʥʦʩʪ ʟʘ x ʩʝ ʟʘʜʘʿʝ ʧʦʤʦ˂ʫ SrollBar-ʘ ʠʣʠ ʩʝ ʫʥʦʩʠ ʫ 

TextBox  ʠʩʧʦʜ ʣʘʙʝʣʝ X.  ʇʨʦʛʨʘʤ ʧʨʠʢʘʟʫʿʝ ʧʨʠʙʣʠʞʥʫ ʧʦʟʠʮʠʿʫ ʪʘʯʢʝ ʫ 

ʦʙʣʠʢʫ ʞʫʪʦʛ ʢʨʫʛʘ ʟʙʦʛ ʚʠʟʫʝʣʠʟʘʮʠʿʝ ʠ ʟʘ ʟʘʜʘʪʫ ʛʫʩʪʠʥʫ ʠʥʪʝʨʚʘʣʘ 

ɳʫʪʥʦʚʦʛ ʠʥʪʝʨʧʦʣʘʮʠʦʥʦʛ ʧʦʣʠʥʦʤʘ, ʧʦʤʦ˂ʫ ʂʦʥʘʯʥʠʭ ʈʘʟʣʠʢʘ 

ʠʟʨʘʯʫʥʘʚʘ ʚʨʝʜʥʦʩʪ ʧʨʚʦʛ ʠʟʚʦʜʘ. ɺʨʝʜʥʦʩʪʠ ʧʨʚʦʛ ʠʟʚʦʜʘ yô=fô(x), ʟʘ 

ʟʘʜʘʪʫ ʪʘʯʢʫ ʢʘʦ ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʫʛʘʦ ʥʘʛʠʙʘ ʪʘʥʛʝʥʪʝ ʫ ʟʘʜʘʪʦʿ ʪʘʯʢʠ, 

ʧʨʠʢʘʟʘʥʝ ʩʫ ʜʦʣʝ ʜʝʩʥʦ. ʇʨʦʛʨʘʤ ʫ ʨʝʘʣʥʦʤ ʚʨʝʤʝʥʫ ʦʤʦʛʫ˂ʫʿʝ ʦʙʨʘʯʫʥ 

ʧʨʚʦʛ ʠʟʚʦʜʘ yô=fô(x) ʜʫʞ ʟʘʜʘʪʝ ʬʫʥʢʮʠʿʝ ʫʟ ʟʘʥʠʤˀʠʚʫ ʘʥʠʤʘʮʠʿʫ.  

ʆʚʘʿ ʤʦʜʫʣ ʿʝ ʥʘʤʝˁʝʥ ʟʘ ʧʨʘ˂ʝˁʝ ʙʨʟʠʥʝ ʧʨʦʤʝʥʘ ʥʝʢʝ ʚʘʨʠʿʘʙʣʝ. 

ʅʫʤʝʨʠʯʢʘ ʠʥʪʝʛʨʘʮʠʿʘ ʿʝ ʨʘʟʨʘʹʝʥʘ ʟʘ ʤʝʪʦʜʫ ʦʜʨʝʹʠʚʘˁʘ 

ʈʠʤʘʥʦʚʦʛ ʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ ʧʦ ʤʝʪʦʜʠ ʪʨʘʧʝʟʘ. ʆʩʪʘʣʝ ʤʝʪʦʜʝ: 

ʄʝʪʦʜʘ ʧʨʘʚʦʫʛʘʦʥʠʢʘ ʠ ʉʠʤʧʩʦʥʦʚʘ ʤʝʪʦʜʘ ʧʣʘʥʠʨʘʥʝ ʩʫ ʟʘ ʙʫʜʫ˂ʠ 

ʨʘʟʚʦʿ.  Software-ʩʢʠ ʤʦʜʫʣ ʢʦʿʠ ʦʙʫʭʚʘʪʘ ʦʚʫ ʦʙʣʘʩʪ ʧʨʠʢʘʟʘʥ ʿʝ ʥʘ ʩʣ. 8. 

 

 
ʉʣʠʢʘ 8. ʌʦʨʤʘ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʈʠʤʘʥʦʚʦʛ ʠʥʪʝʛʨʘʣʘ 
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ʌʫʥʢʮʠʿʘ ʟʘ ʢʦʿʫ ʩʝ ʨʘʯʫʥʘ ʆʜʨʝʹʝʥʠ ʠʥʪʝʛʨʘʣ (24) ʿʝ ʧʨʠʢʘʟʘʥ ʥʘ 

ʢʦʤʘʥʜʥʦʤ ʜʫʛʤʝʪʫ ʫ ʛʦʨˁʦʿ ʟʦʥʠ ʝʢʨʘʥʘ. 

ñ=
b

a

dxxfI )(                                                                                  (24) 

ɿʘʜʘʚʘˁʝʤ ʛʨʘʥʠʮʘ ʠʥʪʝʛʨʘʣʘ (ʜʦˁʝ ʛʨʘʥʠʮʝ-a; ʠʣʠ ʛʦʨˁʝ ʛʨaʥʠʮʝ-

b) ʧʦʤʦ˂ʫ ScrollBar-ʦʚa, ʫ ʨʝaʣʥʦʤ ʚʨʝʤʝʥʫ ʩʝ ʦʙʨʘʯʫʥʘʚa ʚʨʝʜʥʦʩʪ 

ʠʥʪʝʛʨaʣa ʫʟ ʚʠʟʫʝʣʠʟaʮʠʿʫ ʥa ʜʠʿaʛʨaʤʫ ʫ ʩʨʝʜʠʥʠ ʬʦʨʤʝ. ʊaʢʦʹʝ, ʤʦʞʝ ʩʝ 

ʧʦʜʝʩʠʪʠ ʪaʯʥʦʩʪ ʠʥʪʝʛʨaʮʠʿʝ ʧʦʤʦ˂ʫ ʧʦʜʝʰaʚaˁa ɻʫʩʪʠʥʝʀʥʪʝʨʚaʣa. 

ʋ ʜʘˀʝʤ ʪʝʢʩʪʫ ʩʝ ʥʘʚʦʜʝ ʦʜʘʙʨʘʥʠ ʢʘʨʘʢʪʝʨʠʩʪʠʯʥʠ ʧʨʠʤʝʨʠ 

ʬʫʥʢʮʠʿʘ ʩʘ ʮʠˀʝʤ ʫʧʦʟʥʘʚʘˁʝ ʤʦʛʫ˂ʥʦʩʪʠ ʨʘʟʨʘʹʝʥʝ ʘʧʣʠʢʘʮʠʿʝ.  

ʇʨʠʤʝʨʠ ʠʩʧʠʪʠʚʘˁʘ ʪʦʢʘ ʿʝʜʥʝ ʨʘʟʣʦʤˀʝʥʝ (25) ʠ ʿʝʜʥʝ ʧʘʨʥʝ 

ʬʫʥʢʮʠʿʝ (26) ʜʘʪʠ ʩʫ ʥʘ ʩʣ.9. 

)1(

)2(
)(

2

3

++

-
=

xx

x
xf , ʥʘ ʠʥʪʝʨʚʘʣʫ [-20,20]                                (25) 

10)2sin()( 24 --ÖÖ= xxxxf , ʥʘ ʠʥʪʝʨʚʘʣʫ [-5.5,5.5]            (26) 

  
ʉʣʠʢʘ 9. ɻʨʘʬʠʮʠ ʠ ʢʦʨʝʥʠ ʦʛʣʝʜʥʠʭ ʬʫʥʢʮʠʿʘ 

ʇʨʠʤʝʨʠ ʦʜʨʝʹʠʚʘˁʘ ʧʨʚʦʛ ʠʟʚʦʜʘ ʠ ʠʟʨʘʯʫʥʘʚʘˁʘ ʠʥʪʝʛʨʘʣʘ ʟʘ 

ʜʚʝ ʦʛʣʝʜʥʝ ʧʘʨʥʝ ʬʫʥʢʮʠʿʝ (26) ʠ (27) ʜʘʪʠ ʩʫ ʥʘ ʩʣ. 10.  

1)( 2-=xxf , ʥʘ ʠʥʪʝʨʚʘʣʫ [-1.3,0.1]                                   (27) 
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ʇʨʠʤʝʨ ʠʩʧʠʪʘʚʘˁʘ ʛʨʘʬʠʢʘ ʬʫʥʢʮʠʿʝ ʩʘ ʚʝʨʪʠʢʘʣʥʦʤ ʘʩʠʤʧʪʦʪʦʤ 

(ʨʘʚʥʦʩʪʨʘʥʘ ʭʠʧʝʨʙʦʣʘ, 
x

xf
1

)( = ) ʠ ʪʦʢʘ ʢʦʤʧʣʝʢʩʥʝ ʬʫʥʢʮʠʿʝ 

xxexf x ÖÖ-= sin)(  ʜʘʪ ʿʝ ʥʘ ʩʣ. 11 ʠ ʩʣ. 12, ʨʝʩʧʝʢʪʠʚʥʦ.  

  
ʉʣʠʢʘ 11. ʈʘʚʥʦʩʪʨʘʥʘ ʭʠʧʝʨʙʦʣʘ  ʉʣʠʢʘ 12. ʇʨʚʠ ʠʟʚʦʜ ʢʦʤʧʣʝʢʩʥʝ 

ʬʫʥʢʮʠʿʝ 

 

4. FOSS software   

 

ʇʦʩʪʦʿʠ ʚʝʣʠʢʠ ʙʨʦʿ ʤʘʪʝʤʘʪʠʯʢʠʭ ʧʘʢʝʪʘ ʦʧʰʪʝ ʥʘʤʝʥʝ ʢʦʿʠ ʩʝ 

ʤʦʛʫ ʧʨʝʫʟʝʪʠ ʩʘ ʀʥʪʝʨʥʝʪʘ, ʿʝʨ ʧʨʠʧʘʜʘʿʫ ʢʣʘʩʠ FOSS (Free Open Source 

Software) ʧʨʦʛʨʘʤʩʢʠʭ ʘʣʘʪʘ. ʅʘʚʦʜʝ ʩʝ ʢʨʘʪʢʠ ʧʨʠʢʘʟʠ ʜʚʘ ʦʜʘʙʨʘʥʘ 

ʤʘʪʝʤʘʪʠʯʢʘ ʧʨʦʛʨʘʤʘ: Euler ʠ GeoGebra [5]. 

Euler  ʿʝ ʙʝʩʧʣʘʪʘʥ ʠ open-source ʥʫʤʝʨʠʯʢʠ ʧʨʦʛʨʘʤʩʢʠ ʧʘʢʝʪ ʢʦʿʠ 

ʿʝ ʜʠʟʘʿʥʠʨʘʥ ʟʘ ʚʠʰʠ ʥʠʚʦ ʤʘʪʝʤʘʪʠʢʝ, ʢʘʦ ʰʪʦ ʩʫ ʥʫʤʝʨʠʯʢʝ ʤʝʪʦʜʝ, 

ʦʧʪʠʤʠʟʘʮʠʿʘ ʠ ʩʪʘʪʠʩʪʠʢʘ. ʆʚʘʿ ʧʨʦʛʨʘʤ ʤʦʞʝ ʜʘ ʨʘʜʠ ʩʘ ʨʝʘʣʥʠʤ ʠ 

ʢʦʤʧʣʝʢʩʥʠʤ ʙʨʦʿʝʚʠʤʘ, ʚʝʢʪʦʨʠʤʘ ʠ ʤʘʪʨʠʮʘʤʘ ʠ ʤʦʞʝ ʜʘ ʛʝʥʝʨʠʰʝ 

2D/3D ʧʨʠʢʘʟʝ ʜʠʿʘʛʨʘʤʘ.   

GeoGebra je ʜʠʥʘʤʠʯʘʥ ʤʘʪʝʤʘʪʠʯʢʠ ʩʦʬʪʚʝʨ ʟʘ ʰʢʦʣʝ ʢʦʿʠ ʩʧʘʿʘ 

ʛʝʦʤʝʪʨʠʿʫ, ʘʣʛʝʙʨʫ ʠ ʨʘʯʫʥ. ʄʦʞʝ ʦʧʝʨʠʩʘʪʠ ʩʘ ʪʘʯʢʘʤʘ, ʚʝʢʪʦʨʠʤʘ, 

ʩʝʛʤʝʥʪʠʤʘ, ʣʠʥʠʿʩʢʠʤ ʠ ʢʦʥʠʯʥʠʤ ʧʨʝʩʝʮʠʤʘ, ʚʘʨʠʿʘʙʣʘʤʘ....ʙʨʦʿʝʚʠʤʘ. 

ʆʚʘʿ ʧʨʦʛʨʘʤ ʫʟ ʚʠʟʫʝʣʠʟʘʮʠʿʫ ʨʝʰʘʚʘ ʧʠʪʘˁʝ ʥʫʤʝʨʠʯʢʠʭ ʠʥʪʝʛʨʘʮʠʿʘ ʠ 

ʜʠʬʝʨʝʥʮʠʿʘʮʠʿʘ. ʊʘʢʦʹʝ, ʤʦʞʝ ʩʝ ʢʦʨʠʩʪʠʪʠ ʟʘ ʚʠʟʫʝʣʠʟʘʮʠʿʫ ʜʦʢʘʟʘ 

ʛʝʦʤʝʪʨʠʿʩʢʠʭ ʪʝʦʨʝʤʘ. ʅʘ ʩʣ. 13. ʠ ʩʣ 14.,  ʜʘʪʠ ʩʫ ʧʨʠʢʘʟʠ 3D ʜʠʿʘʛʨʘʤʘ 

(Euler) ʠ ʠʟʛʣʝʜʘ ʨʘʜʥʦʛ ʦʢʨʫʞʝˁʘ GeoGebra ʩʦʬʪʚʝʨʘ.  

Ăɼʦʤʘ˂ʠò ʩʦʬʪʚʝʨ ʧʨʠʢʘʟʘʥ ʫ ʨʘʜʫ ʧʨʦʪʢʘʥ ʿʝ ʩʣʠʯʥʠʤ ʠʜʝʿʘʤʘ. 
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ʉʣʠʢʘ 13. 

ʇʨʠʢʘʟ ʜʠʿʘʛʨʘʤʘ / Euler 

ʉʣʠʢʘ 13. 

ʇʨʠʢʘʟ ʝʢʨʘʥʘ / GeoGebra 

 

5. ɼʘˀʠ ʨʘʟʚʦʿ 

 

ɹʫʜʫ˂ʠ ʨʘʟʚʦʿ ʩʦʬʪʚʝʨʘ ʙʠ˂ʝ ʫʩʤʝʨʝʥ ʥʘ ʦʪʢʣʘˁʘˁʝ ʫʦʯʝʥʠʭ 

ʥʝʜʦʩʪʘʪʘʢʘ ʠ ʧʨʦʜʦʨ ʫ ʜʨʫʛʝ ʦʙʣʘʩʪʠ ʤʘʪʝʤʘʪʠʢʝ (ʤʘʪʨʠʮʝ, ʩʠʩʪʝʤʠ 

ʿʝʜʥʘʯʠʥʘ, ʚʠʰʝʜʠʤʝʥʟʠʦʥʠ ʧʨʦʙʣʝʤʠ, ʚʝʨʦʚʘʪʥʦ˂ʘ ʠ ʩʪʘʪʠʩʪʠʢʘ...). 

ʊʘʢʦʹʝ, ʧʣʘʥʠʨʘʥʘ ʿʝ ʤʠʛʨʘʮʠʿʘ ʥʘ ʧʦʪʧʫʥʦ ʦʙʿʝʢʪʥʦ ʦʨʿʝʥʪʠʩʘʥʦ 

ʧʨʦʛʨʘʤʠʨʘˁʝ ʠ ʫʩʤʝʨʝˁʝ ʢʘ cloud computing-ʫ. ɼʨʫʛʠʤ ʨʝʯʠʤʘ, ʧʣʘʥ ʿʝ ʜʘ 

ʘʧʣʠʢʘʮʠʿʘ ʙʫʜʝ ʧʦʩʪʘʚˀʝʥʘ ʥʘ web-ʫ ʩʘ ʤʦʛʫ˂ʥʦʩʪʠʤʘ ʠʥʪʝʨʘʢʪʠʚʥʝ 

ʫʧʦʪʨʝʙʝ. 
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ʄʠʣʘʥ ɺ. ɾʠʚʘʥʦʚʠ˂
*
 

ɺʠʩʦʢʘ ʰʢʦʣʘ ʩʪʨʫʢʦʚʥʠʭ ʩʪʫʜʠʿʘ ʟʘ ʦʙʨʘʟʦʚʘˁʝ ʚʘʩʧʠʪʘʯʘ 

ʂʨʫʰʝʚʘʮ 

 

ʇʨʝʛʣʝʜʥʠ ʨʘʜ 

 

ɻɽʆɻɽɹʈɸ ʀ ɻɽʆʄɽʊʈʀɱʉʂɸ 

ʄɽʉʊɸ ɿʅɸʏɸɱʅʀʍ ʊɸʏɸʂɸ ʊʈʆʋɻʃɸ 

 
ɿʘʜʘʮʠ ʦʜʨʝʹʠʚʘˁʘ ʛʝʦʤʝʪʨʠʿʩʢʦʛ ʤʝʩʪʘ ʪʘʯʘʢʘ ʫ ʨʘʚʥʠ ʢʦʿʝ 

ʟʘʜʦʚʦˀʘʚʘʿʫ ʥʝʢʝ ʟʘʜʘʪʝ ʫʩʣʦʚʝ ʩʧʘʜʘʿʫ ʤʝʹʫ ʪʝʞʝ ʧʨʦʙʣʝʤʝ ʫ ʥʘʩʪʘʚʠ 

ʛʝʦʤʝʪʨʠʿʝ ʫ ʦʩʥʦʚʥʦʿ ʠ ʩʨʝʜˁʦʿ ʰʢʦʣʠ. ɸʧʣʠʢʘʪʠʚʥʠ ʧʨʦʛʨʘʤʠ ʟʘ 

ʜʠʥʘʤʠʯʢʫ ʛʝʦʤʝʪʨʠʿʫ ʩʫ ʜʦʩʪʘ ʦʣʘʢʰʘʣʠ ʨʝʰʘʚʘˁʝ ʦʚʠʭ ʟʘʜʘʪʘʢʘ. ɱʝʜʘʥ 

ʪʘʢʘʚ, ʫ ʥʦʚʠʿʝ ʚʨʝʤʝ ʩʚʝ ʧʦʧʫʣʘʨʥʠʿʠ, ʧʨʦʛʨʘʤ ʿʝ GeoGebra. ɿʥʘʯʘʿʥʦ ʿʝ ʜʘ 

ʿʝ ʧʨʦʛʨʘʤ ʧʨʝʚʝʜʝʥ ʠ ʥʘ ʥʘʰ ʿʝʟʠʢ ʪʝ ʩʝ ʤʦʞʝ ʣʘʢʰʝ ʥʘʫʯʠʪʠ ʠ ʢʦʨʠʩʪʠʪʠ. 

ʋ ʦʚʦʤ ʪʝʢʩʪʫ ˂ʝʤʦ ʧʨʠʤʝʥʦʤ ʬʫʥʢʮʠʿʝ Trace on (ʋʢˀʫʯʠ ʪʨʘʛ), ʦʚʦʛ 

ʧʨʦʛʨʘʤʘ ʟʘ ʪʘʯʢʝ, ʧʨʝʜʦʯʠʪʠ ʤʦʛʫ˂ʥʦʩʪʠ ʨʝʰʘʚʘˁʘ ʥʝʢʠʭ ʟʘʜʘʪʘʢʘ ʦ 

ʛʝʦʤʝʪʨʠʿʩʢʠʤ ʤʝʩʪʠʤʘ ʟʥʘʯʘʿʥʠʭ ʪʘʯʘʢʘ ʪʨʦʫʛʣʘ. ɿʘ ʜʘʪʫ ʪʘʯʢʫ ʬʫʥʢʮʠʿʫ 

Trace on ʥʘʿʯʝʰ˂ʝ ʫʢˀʫʯʫʿʝʤʦ ʥʘ ʩʣʝʜʝ˂ʘ ʜʚʘ ʥʘʯʠʥʘ. ʇʨʚʦ ʜʚʦʩʪʨʫʢʠʤ 

ʢʣʠʢʦʤ ʥʘ ʞʝˀʝʥʫ ʪʘʯʢʫ ʦʪʚʘʨʘ ʩʝ ʤʝʥʠ ʟʘ ˁʝʥʦ ʨʝʜʝʬʠʥʠʩʘˁʝ. ʋ ʣʝʚʦʤ 

ʜʦˁʝʤ ʫʛʣʫ ʤʝʥʠʿʘ ʠʟʘʙʝʨʝʤʦ ʦʧʮʠʿʫ Object properties. ʆʪʚʦʨʠ˂ʝ ʥʘʤ ʩʝ 

ʤʝʥʠ ʢʦʿʠ ʥʘ ʣʝʚʦʿ ʩʪʨʘʥʠ ʠʤʘ ʩʧʠʩʘʢ ʩʚʠʭ ʦʙʿʝʢʘʪʘ ʩʘ ʩʣʠʢʝ ʠ 6 ʿʝʟʠʯʘʢʘ 

ʧʦʜʤʝʥʠʿʘ ʟʘ ʦʜʨʝʹʠʚʘˁʝ ʜʦʜʘʪʥʠʭ ʦʩʦʙʠʥʘ ʦʙʿʝʢʘʪʘ. ʀʟʘʙʝʨʝʤʦ ʧʨʚʠ ʦʜ 

ʪʠʭ ʿʝʟʠʯʘʢʘ, Basic ʠ ʫ ˁʝʛʦʚʦʤ ʧʘʜʘʿʫ˂ʝʤ ʤʝʥʠʿʫ ʯʝʢʠʨʘʤʦ ʢʦʤʘʥʜʫ Show 

trace (ʩʣʠʢʘ 1).  

 

 
 

ʉʣʠʢʘ 1. 

                                                 
*
 mzivanovic@vaspks.edu.rs 
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ʀʩʪʠ ʝʬʝʢʘʪ ʤʦʞʝʤʦ ʜʦʙʠʪʠ ʢʣʠʢʦʤ ʜʝʩʥʠʤ ʪʘʩʪʝʨʦʤ ʤʠʰʘ ʥʘ 

ʦʜʘʙʨʘʥʫ ʪʘʯʢʫ. ʆʪʚʘʨʘ ʥʘʤ ʩʝ ʧʘʜʘʿʫ˂ʠ ʤʝʥʠ ʫ ʢʦʿʝʤ ʪʘʢʦʹʝ ʤʦʞʝʤʦ 

ʯʝʢʠʨʘʪʠ ʦʧʮʠʿʫ Trace on (ʩʣʠʢʘ 2), ʧʦʩʣʝ ʯʝʛʘ ˂ʝ ʠʟʘʙʨʘʥʘ ʪʘʯʢʘ ʦʩʪʘʚˀʘʪʠ 

ʪʨʘʛ ʧʨʠ ʩʚʦʤ ʢʨʝʪʘˁʫ ʥʘ ʨʘʜʥʦʿ ʧʦʚʨʰʠʥʠ. 

 

 
ʉʣʠʢʘ 2. 

 

ʋʢˀʫʯʠʚʘˁʝʤ ʦʧʮʠʿʝ Trace on ʟʘ ʥʝʢʫ ʟʥʘʯʘʿʥʫ ʪʘʯʢʫ ʪʨʦʫʛʣʘ ʢʘʜʘ 

ʩʫ ʜʚʘ ʪʝʤʝʥʘ ʪʨʦʫʛʣʘ ʬʠʢʩʠʨʘʥʘ, ʘ ʪʨʝ˂ʝ ʧʦʢʨʝʪʥʦ, ʜʦʙʠ˂ʝʤʦ ʧʫʪʘˁʫ 

ʧʦʩʤʘʪʨʘʥʝ ʟʥʘʯʘʿʥʝ ʪʘʯʢʝ ʪʨʦʫʛʣʘ ʫ ʬʫʥʢʮʠʿʠ ʧʦʣʦʞʘʿʘ ʧʦʢʨʝʪʥʦʛ ʪʝʤʝʥʘ 

ʪʨʦʫʛʣʘ. ʅʘ ʪʘʿ ʥʘʯʠʥ ʫ ʩʘʤʦʿ ʘʥʘʣʠʟʠ ʧʨʦʙʣʝʤʘ ʜʦʙʠʿʘʤʦ ʚʠʟʫʝʣʥʦ ʨʝʰʝˁʝ 

(ʠʜʝʿʫ) ʰʪʘ ʙʠ ʪʨʘʞʝʥʦ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʪʘʯʘʢʘ ʤʦʛʣʦ ʜʘ ʙʫʜʝ. ʇʨʝʦʩʪʘʿʝ 

ʘʥʘʣʠʪʠʯʢʠ ʜʝʦ ʨʝʰʘʚʘˁʘ ʧʨʦʙʣʝʤʘ, ʦʜʨʝʹʠʚʘˁʘ ʿʝʜʥʘʯʠʥʝ, ʠʣʠ ʩʠʩʪʝʤʘ 

ʿʝʜʥʘʯʠʥʘ, ʠʣʠ ʥʝʿʝʜʥʘʯʠʥʘ ʢʦʿʝ ʟʘʜʦʚʦˀʘʚʘʿʫ ʟʘʭʪʝʚʘʥʝ ʫʩʣʦʚʝ. ʋ ʦʚʦʤ 

ʪʝʢʩʪʫ ˂ʝʤʦ ʩʝ ʦʛʨʘʥʠʯʠʪʠ ʩʘʤʦ ʥʘ ʩʣʠʢʫ ʪʨʘʞʝʥʦʛ ʛʝʦʤʝʪʨʠʿʩʢʦʛ ʤʝʩʪʘ 

ʪʘʯʘʢʘ, ʙʝʟ ʦʜʨʝʹʠʚʘˁʘ ˁʠʭʦʚʠʭ ʿʝʜʥʘʯʠʥʘ.  

ʇʦʛʣʝʜʘʿʤʦ ʢʦʥʢʨʝʪʥʝ ʧʨʠʤʝʨʝ: 

 

ʇʨʠʤʝʨ 1. ʆʜʨʝʜʠʪʠ ʛʝʦʤʝʪʨʠʿʩʢʘ ʤʝʩʪʘ ʦʩʥʦʚʥʠʭ
1
 ʟʥʘʯʘʿʥʠʭ 

ʪʘʯʘʢʘ ʪʨʦʫʛʣʘ ,ABC  ʘʢʦ ʩʫ ʬʠʢʩʠʨʘʥʘ ˁʝʛʦʚʘ ʪʝʤʝʥʘ B  ʠ C  ʠ ʯʠʿʘ ʿʝ 

ʚʠʩʠʥʘ ʠʟ ʪʝʤʝʥʘ A  ʿʝʜʥʘʢʘ ʜʘʪʦʿ ʜʫʞʠ ah .  

ʈʝʰʝˁʝ: ʋ ʧʨʦʛʨʘʤʫ GeoGebra ʠʟʘʙʝʨʠʤʦ ʜʚʝ ʬʠʢʩʠʨʘʥʝ ʪʘʯʢʝ B  

ʠ .C  ʂʨʦʟ ˁʠʭ ʧʦʩʪʘʚʠʤʦ ʧʨʘʚʫ .a  ʉʘ ʦʙʝ ʩʪʨʘʥʝ ʧʨʘʚʝ a  ʢʦʥʩʪʨʫʠʰʠʤʦ 

ʧʨʘʚʝ 1p  ʠ 2p  ʯʠʿʝ ʿʝ ʨʘʩʪʦʿʘˁʝ ʦʜ ʧʨʘʚʝ a  ʿʝʜʥʘʢʦ ʜʘʪʦʿ ʜʫʞʠ .ah  ʆʚʝ 

ʧʨʘʚʝ ʧʨʝʜʩʪʘʚˀʘʿʫ ʛʝʦʤʝʪʨʠʿʩʢʘ ʤʝʩʪʘ ʪʨʝ˂ʝʛ ʪʝʤʝʥʘ ɸ ʪʨʦʫʛʣʘ .ABC  

ʋʦʯʠʤʦ ʜʚʘ ʪʘʢʚʘ ʧʦʣʦʞʘʿʘ ʪʨʦʫʛʣʘ ʢʘʦ ʥʘ ʩʣʠʮʠ 3. 

 

                                                 
1
 ʇʦʜ ʦʩʥʦʚʥʠʤ ʟʥʘʯʘʿʥʠʤ ʪʘʯʢʘʤʘ ʪʨʦʫʛʣʘ ʧʦʜʨʘʟʫʤʝʚʘʤʦ: ʪʝʞʠʰʪʝ, 

ʮʝʥʪʘʨ ʫʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ, ʮʝʥʪʘʨ ʦʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ ʠ ʦʨʪʦʮʝʥʪʘʨ. 
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ʉʣʠʢʘ 3. 

 

ʆʜʨʝʜʠʤʦ ʪʝʞʠʰʪʘ 1G  ʠ 2G  ʪʘ ʜʚʘ ʪʨʦʫʛʣʘ ʠ ʟʘ ʪʝʞʠʰʥʝ ʜʫʞʠ ʠ 

ʩʨʝʜʠʰʪʘ ʩʪʨʘʥʠʮʘ ʪʨʦʫʛʣʘ ʠʩʢˀʫʯʠʤʦ ʦʧʮʠʿʫ Show Object, a ʟʘ ʪʨʦʫʛʣʦʚʝ 

BCA1  ʠ BCA2  ʫ ʤʝʥʠʿʫ Object Properties ʫ ʢʘʨʪʠʮʠ Style ʦʧʮʠʿʫ Opacity 

ʩʚʝʩʪʠ ʥʘ 0 ʨʘʜʠ ʙʦˀʝ ʧʨʝʛʣʝʜʥʦʩʪʠ. ʊʘʯʢʘʤʘ 1G  ʠ 2G  ʧʨʦʤʝʥʠʪʠ ʙʦʿʫ 

(ʨʝʮʠʤʦ ʫ ʮʨʚʝʥʫ) ʠ ʫʢˀʫʯʠʪʠ ʠʤ ʦʧʮʠʿʫ Trace on. ʀʟʘʙʨʘʪʠ ʪʘʯʢʝ 1A  ʠ 2A  

ʠ ʩʘ ʧʨʠʪʠʩʥʫʪʠʤ ʣʝʚʠʤ ʪʘʩʪʝʨʦʤ ʤʠʰʘ ʰʝʪʘʪʠ ʠʭ ʧʦ ʧʨʘʚʘʤʘ 1p  ʠ 2p . 

ʊʘʯʢʝ 1G  ʠ 2G  ˂ʝ ʦʩʪʘʚʠʪʠ ʪʨʘʛ ʩʚʦʿʝ ʧʫʪʘˁʝ ʢʦʿʠ ʧʨʝʜʩʪʘʚˀʘ ʪʨʘʞʝʥʦ 

ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʪʝʞʠʰʪʘ (ʩʣʠʢʘ 4). 

 

 
ʉʣʠʢʘ 4. 

 

ʅʘ ʩʣʠʮʠ 5 ʩʝ ʚʠʜʠ ʜʘ ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʮʝʥʪʘʨʘ ʦʧʠʩʘʥʦʛ 

ʢʨʫʛʘ ʪʨʦʫʛʣʘ ABC ʧʦʜ ʟʘʜʘʪʠʤ ʫʩʣʦʚʠʤʘ ʿʝʜʥʘʢʦ ʫʥʠʿʠ ʜʚʝ ʧʦʣʫʧʨʘʚʝ ʩʘ 
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ʧʦʯʝʮʠʤʘ ʫ 1O  ʠ 2O  ʛʜʝ ʩʫ ʦʚʝ ʪʘʯʢʝ ʛʨʘʥʠʯʥʠ ʩʣʫʯʘʿʝʚʠ ʮʝʥʪʘʨʘ 

ʦʧʠʩʘʥʠʭ ʢʨʫʞʥʠʮʘ ʪʨʦʫʛʣʘ, ʫ ʩʣʫʯʘʿʫ ʿʝʜʥʘʢʦʢʨʘʢʦʛ ʪʨʦʫʛʣʘ. 

 

 
ʉʣʠʢʘ 5.   

                            

 ʅʘ ʘʥʘʣʦʛʘʥ ʥʘʯʠʥ ʩʝ ʜʦʙʠʿʘ ʜʘ ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ 

ʦʨʪʦʮʝʥʪʘʨʘ ʠʩʪʠʭ ʪʨʦʫʛʣʦʚʘ ʧʨʝʜʩʪʘʚˀʝʥʦ ʩʘ ʜʚʝ ʧʘʨʘʙʦʣʝ ʢʦʿʝ ʩʝ ʩʝʢʫ ʫ 

ʬʠʢʩʠʨʘʥʠʤ ʪʝʤʝʥʠʤʘ B  ʠ C  ʪʨʦʫʛʣʘ ABC(ʩʣʠʢʘ 6). 

 

 
ʉʣʠʢʘ 6. 
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ʉʣʠʢʘ 7. 

 

ʅʘ ʩʣʠʮʠ 7 ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʮʝʥʪʘʨʘ ʫʧʠʩʘʥʠʭ ʢʨʫʞʥʠʮʝ 

ʟʘʜʘʪʦʛ ʩʢʫʧʘ ʪʨʦʫʛʣʦʚʘ. 

 

ʇʨʠʤʝʨ 2. ʆʜʨʝʜʠʪʠ ʛʝʦʤʝʪʨʠʿʩʢʘ ʤʝʩʪʘ ʟʥʘʯʘʿʥʠʭ ʪʘʯʘʢʘ ʪʨʦʫʛʣʘ 

ʢʦʿʝʤ ʩʫ ʬʠʢʩʠʨʘʥʘ ʪʝʤʝʥʘ B  ʠ C  ʠ ʮʝʥʪʘʨ ʦʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ O . 

ʈʝʰʝˁʝ: ʂʨʝʪʘˁʝʤ ʪʝʤʝʥʘ C  ʧʦ ʦʧʠʩʘʥʦʤ ʢʨʫʛʫ ʟʘʜʘʪʦʛ ʪʨʦʫʛʣʘ, 

ʪʝʞʠʰʪʝ G  ˂ʝ ʦʧʠʩʘʪʠ ʮʨʚʝʥʫ ʢʨʫʞʥʠʮʫ ʢʘʦ ʥʘ ʩʣʠʮʠ 8.  

 

 
ʉʣʠʢʘ 8.          

           

ɻʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʮʝʥʪʘʨʘ ʫʧʠʩʘʥʠʭ ʢʨʫʞʥʠʮʘ I  ʫ ʪʨʦʫʛʘʦ ABC 

ʢʘʜʘ ʩʫ ʬʠʢʩʠʨʘʥʘ ʪʝʤʝʥʘ A  ʠ B  ʠ ʮʝʥʪʘʨ ʦʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ O  ʿʝ ʫʥʠʿʘ 

ʜʚʘ ʣʫʢʘ ʢʘʦ ʥʘ ʩʣʠʮʠ 9. 
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ʉʣʠʢʘ 9. 

 

ʊʘʯʢʘʩʪʠ ʢʨʫʛ ʥʘ ʩʣʠʮʠ 10. ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʦʨʪʦʮʝʥʪʘʨʘ H  

ʪʨʦʫʛʣʦʚʘ ABC ʧʨʠ ʧʦʩʪʘʚˀʝʥʠʤ ʫʩʣʦʚʠʤʘ ʟʘʜʘʪʢʘ. 

 

 
ʉʣʠʢʘ 10. 

 

ʇʨʠʤʝʨ 3. ʋ ʪʨʦʫʛʣʫ ABC ʬʠʢʩʠʨʘʥʘ ʿʝ ʩʪʨʘʥʠʮʘ AB  ʠ 

ʧʦʣʫʧʨʝʯʥʠʢ ʦʧʠʩʘʥʝ ʢʨʫʞʥʠʮʝ .R  ʆʜʨʝʜʠʪʠ ʛʝʦʤʝʪʨʠʿʩʢʘ ʤʝʩʪʘ 

ɾʝʨʛʦʥʦʚʝ
2
 ʠ ʅʘʛʝʣʦʚʝ

3
 ʪʘʯʢʝ ʢʘʜ ʩʝ ʪʝʤʝ C  ʢʨʝ˂ʝ ʧʦ ʦʧʠʩʘʥʦʿ ʢʨʫʞʥʠʮʠ. 

                                                 
2
 ɼʫʞʠ ʦʜʨʝʹʝʥʝ ʪʝʤʝʥʠʤʘ ʠ ʪʘʯʢʘʤʘ ʫ ʢʦʿʠʤ ʫʧʠʩʘʥʠ ʢʨʫʛ ʜʦʜʠʨʫʿʝ 

ʥʘʩʧʨʘʤʥʝ ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ ʩʝʢʫ ʩʝ ʫ ʿʝʜʥʦʿ ʟʘʿʝʜʥʠʯʢʦʿ ʪʘʯʢʠ ʢʦʿʫ ʟʦʚʝʤʦ 

ɾʝʨʛʦʥʦʚʘ ʪʘʯʢʘ. 
3
 ɼʫʞʠ ʦʜʨʝʹʝʥʝ ʪʝʤʝʥʠʤʘ ʠ ʪʘʯʢʘʤʘ ʫ ʢʦʿʠʤ ʩʧʦˀʘ ʧʨʠʧʠʩʘʥʠ ʢʨʫʛʦʚʠ 

ʜʦʜʠʨʫʿʝ ʥʘʩʧʨʘʤʥʝ ʩʪʨʘʥʠʮʝ ʪʨʦʫʛʣʘ ʩʝʢʫ ʩʝ ʫ ʿʝʜʥʦʿ ʟʘʿʝʜʥʠʯʢʦʿ ʪʘʯʢʠ ʢʦʿʫ 

ʟʦʚʝʤʦ ɾʝʨʛʦʥʦʚʘ ʪʘʯʢʘ. 
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ʈʝʰʝˁʝ: ʅʘ ʩʣʠʮʠ 11 ʮʨʚʝʥʘ ʣʠʥʠʿʘ ʧʨʝʜʩʪʘʚˀʘ ʩʢʫʧ ʪʘʯʘʢʘ ʢʦʿʝ 

ʦʧʠʩʫʿʝ ɾʝʨʛʦʥʦʚʘ (eG ), ʘ ʧʣʘʚʘ ʿʝ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʅʘʛʝʣʦʚʠʭ (aN ) 

ʪʘʯʘʢʘ ʪʨʦʫʛʣʘ ABCʧʨʠ ʢʨʝʪʘˁʫ ʪʝʤʝʥʘ C  ʧʦ ʦʧʠʩʘʥʦʿ ʢʨʫʞʥʠʮʠ. 

 
ʉʣʠʢʘ 11. 

 

ʀʟʫʟʝʪʥʦ ʧʣʦʜʘʥ ʩʪʚʘʨʘʣʘʯʢʠ ʨʘʜ ʫ ʦʙʣʘʩʪʠ ʛʝʦʤʝʪʨʠʿʝ ʪʨʦʫʛʣʘ 

ʦʩʪʘʚʠʦ ʿʝ ʠ ʥʘʰ ʧʨʝʨʘʥʦ ʧʨʝʤʠʥʫʣʠ ʤʘʪʝʤʘʪʠʯʘʨ, ʧʨʦʬʝʩʦʨ ʄʠʣʦʨʘʜ ʈ. 

ʉʪʝʚʘʥʦʚʠ˂. ʊʘʢʦ ʿʝ ʥʘ ʩʘʿʪʫ WolframMathWorld ʧʨʝʜʩʪʘʚˀʝʥ 

ʉʪʝʚʘʥʦʚʠ˂ʝʚ ʢʨʫʛ,
4
 ʢʘʨʘʢʪʝʨʠʩʪʠʯʘʥ ʧʦ ʪʦʤʝ ʰʪʦ ʿʝ ʦʨʪʦʛʦʥʘʣʘʥ ʥʘ ʜʝʚʝʪ 

ʜʨʫʛʠʭ ʢʨʫʛʦʚʘ ʪʨʦʫʛʣʘ: ɸʧʦʣʦʥʠʿʝʚ, ɹʝʚʘʥʦʚ, ʦʧʠʩʘʥʠ, ʨʘʜʠʢʘʣʥʠ ʢʨʫʛ 

ʧʨʠʧʠʩʘʥʠʭ ʢʨʫʛʦʚʘ, ʢʨʫʛ ʜʝʚʝʪ ʪʘʯʘʢʘ, ʦʨʪʦʮʝʥʪʨʦʠʜʘʣʥʠ, ʦʨʪʦʧʪʠʢ ʢʨʫʛ 

ʐʪʘʿʥʝʨʦʚʝ ʫʧʠʩʘʥʝ ʝʣʠʧʩʝ, ʧʦʣʘʨʥʠ ʠ ʪʘʥʛʝʥʮʠʿʘʣʥʠ (ʉʪʝʚʘʥʦʚʠ˂ 2011). 

ʇʦʨʝʜ ʪʦʛʘ ʝʥʮʠʢʣʦʧʝʜʠʿʫ ʟʥʘʯʘʿʥʠʭ ʪʘʯʘʢʘ ʪʨʦʫʛʣʘ ʧʨʦʬʝʩʦʨ ʉʪʝʚʘʥʦʚʠ˂ 

ʿʝ ʦʙʦʛʘʪʠʦ ʩʘ 12 ʪʘʯʘʢʘ ʦʜ ʢʦʿʠʭ ʩʝ ʦʥʝ ʧʦʜ ʨʝʜʥʠʤ ʙʨʦʿʝʚʠʤʘ 3020ï3026 

ʥʘʣʘʟʝ ʥʘ ʫʧʠʩʘʥʦʤ ʢʨʫʛʫ ʪʨʦʫʛʣʘ.  

ʇʨʚʘ ʉʪʝʚʘʥʦʚʠ˂ʝʚʘ ʪʘʯʢʘ ʫ ʝʥʮʠʢʣʦʧʝʜʠʿʠ ʮʝʥʪʘʨʘ ʪʨʦʫʛʣʘ 

ʟʘʚʝʜʝʥʘ ʿʝ ʧʦʜ ʨʝʜʥʠʤ ʙʨʦʿʝʤ 1130. ʂʦʥʩʪʨʫʠʰʝʤʦ ʿʝ ʥʘ ʩʣʝʜʝ˂ʠ ʥʘʯʠʥ: 

ʅʝʢʘ ʿʝ U  ʮʝʥʪʘʨ ʩʧʦˀʘ ʧʨʠʧʠʩʘʥʦʛ ʪʨʦʫʛʣʘ ʥʘʩʧʨʘʤ ʪʝʤʝʥʘ .A  ʉʘ 1A  

ʦʙʝʣʝʞʠʤʦ ʮʝʥʪʘʨ ʢʨʫʞʥʠʮʝ ʫʧʠʩʘʥʝ ʫ ʪʨʦʫʛʘʦ .BCU  ʅʘ ʘʥʘʣʦʛʘʥ ʥʘʯʠʥ 

ʦʜʨʝʜʠʤʦ ʪʘʯʢʝ 1B  ʠ .1C  ʇʨʝʩʝʯʥʫ ʪʘʯʢʫ ʧʨʘʚʠʭ 1BC  ʠ 1CB  ʦʙʝʣʝʞʠʤʦ ʩʘ 

.2A  ʊʘʢʦʹʝ ʥʝʢʘ ʿʝ 211 BCAAC =Æ  ʠ .211 CBAAB =Æ  ʇʨʘʚʝ ,2AA 2BB  

ʠ 2CC  ʩʝ ʩʝʢʫ ʫ ʉʪʝʚʘʥʦʚʠ˂ʝʚʦʿ ʧʨʚʦʿ ʪʘʯʢʠ 1S . 

 

ʇʨʠʤʝʨ 4. ʇʦʜ ʫʩʣʦʚʠʤʘ ʧʨʚʦʛ ʧʨʠʤʝʨʘ, ʦʜʨʝʜʠʪʠ ʛʝʦʤʝʪʨʠʿʩʢʦ 

ʤʝʩʪʦ ʧʦʣʦʞʘʿʘ ʉʪʝʚʘʥʦʚʠ˂ʝʚʝ ʧʨʚʝ ʪʘʯʢʝ ʪʨʦʫʛʣʘ ABC. 

ʈʝʰʝˁʝ: ʅʘʧʦʤʝʥʠʤʦ ʿʦʰ ʜʘ ʿʝ ʢʦʥʩʪʨʫʢʮʠʿʘ ʬʠʛʫʨʘ ʫ ʨʘʚʥʠ 

ʧʘʢʝʪʦʤ GeoGebra ʦʣʘʢʰʘʥʘ ʜʠʨʝʢʪʥʠʤ ʢʦʤʘʥʜʘʤʘ ʟʘ ʢʦʥʩʪʨʫʢʮʠʿʫ 

ʩʨʝʜʠʰʪʘ ʜʫʞʠ, ʩʠʤʝʪʨʘʣa ʩʪʨʘʥʠʮʘ ʠ ʫʛʣʦʚʘ, ʢʦʥʩʪʨʫʢʮʠʿʝ ʥʦʨʤʘʣʝ ʠ 

                                                 
4
 <http://mathworld.wolfram.com/StevanovicCircle.html> 
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ʧʘʨʘʣʝʣʝ ʠʟ ʜʘʪʝ ʪʘʯʢʝ ʥʘ ʜʘʪʫ ʧʨʘʚʫ, ʦʩʥʦ ʩʠʤʝʪʨʠʯʥʠʭ ʦʙʿʝʢʘʪ ʠʪʜ. ɼʘʢʣʝ, 

ʟʘ ʟʘʜʘʪʠ ʪʨʦʫʛʘʦ ABC ʢʦʥʩʪʨʫʠʰʠʤʦ 1S  ʧʨʚʫ ʉʪʝʚʘʥʦʚʠ˂ʝʚʫ ʪʘʯʢʫ ʥʘ 

ʧʨʝʪʭʦʜʥʦ ʦʧʠʩʘʥ ʥʘʯʠʥ. ʀʟʙʦʨʠʤʦ ʬʫʥʢʮʠʿʫ Trace on ʟʘ ʪʘʯʢʫ 1S  ʠ ˁʝʥʫ 

ʦʩʥʦʩʠʤʝʪʨʠʯʥʫ ʩʣʠʢʫ ʫ ʦʜʥʦʩʫ ʥʘ ʧʨʘʚʫ AB. ʇʦʢʨʝʪʘˁʝʤ ʪʝʤʝʥʘ C  

ʪʘʯʢʘ 1S  ʠ ˁʝʥʘ ʧʦʤʝʥʫʪʘ ʦʩʥʦʩʠʤʝʪʨʠʯʥʘ ʩʣʠʢʘ ʦʩʪʘʚʠ˂ʝ ʪʨʘʛ ʢʦʿʠ 

ʧʨʝʜʩʪʘʚˀʘ ʪʨʘʞʝʥʦ ʛʝʦʤʝʪʨʠʿʩʢʦ ʤʝʩʪʦ ʪʘʯʘʢʘ (ʩʣʠʢʘ 12). 

 

 
ʉʣʠʢʘ 12. 

 

ʅʝʢʝ ʦʜ ʧʨʠʤʝʨʘ ʧʨʠʤʝʥa ʠ ʫʧʫʪʩʪʚʘ ʟʘ ʢʦʨʠʰ˂ʝˁʝ GeoGebrʝ ʤʦʛʫ 

ʩʝ ʧʦʛʣʝʜʘʪʠ ʠ ʥʘ WEB ʩʪʨʘʥʠʮʘʤʘ ʥʘ ʘʜʨʝʩʘʤʘ: 

<http://infoteh.etf.unssa.rs.ba/zbornik/2011/radovi/E-V/E-V-7.pdf>,  

<https://sites.google.com/site/pitagorac/geogebra> ʠ  

<http://www.geogebra.org/help/docusr.pdf>. 

 

ʃʠʪʝʨʘʪʫʨʘ 

 

ʉʪʝʚʘʥʦʚʠ˂ 2011: ʄ. ʉʪʝʚʘʥʦʚʠ˂, ɻʝʦʤʝʪʨʠʿʘ ʪʨʦʫʛʣʘ, ɹʝʦʛʨʘʜ, ʇʘʣʝ, 

ʌʠʣʦʟʦʬʩʢʠ ʬʘʢʫʣʪʝʪ ʇʘʣʝ, ɺʠʩʦʢʘ ʪʝʭʥʠʯʢʘ ʰʢʦʣʘ ʅʦʚʠ ɹʝʦʛʨʘʜ  

Kimberlingôs, Clark. Encyclopedia of Triangle Centres ï ETC  

<http://faculty.evansville.edu/ck6/encyclopedia/ETC.html> 30. 1. 2012. 

 

ʀʥʪʝʨʥʝʪ ʠʟʚʦʨʠ 

 

<http://infoteh.etf.unssa.rs. ba/zbornik/2011/radovi/E-V/E-V-7.pdf>; 

<https://sites.google.com/site/pitagorac/geogebra>; 

<http://www.geogebra.org/help/docusr.pdf>. 
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ɺʠʩʦʢʘ ʧʦʩʣʦʚʥʦ-ʪʝʭʥʠʯʢʘ ʰʢʦʣʘ ʩʪʨʫʢʦʚʥʠʭ ʩʪʫʜʠʿʘ 

ʋʞʠʮʝ 

 

ʇʨʝʛʣʝʜʥʠ ʨʘʜ 

 

ʀʅʊɽʈɸʂʊʀɺʅʀ ɱɸɺɸ 

 ɸʇʃɽʊʀ ʋ ʌʋʅʂʎʀɱʀ ʀʅʊɽɻʈɸʎʀɱɽ 

 
1. ʇʨʠʤʝʥʘ ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ 

 
ʋʚʘʞʘʚʘˁʝ ʢʦʛʥʠʪʠʚʥʠʭ ʩʪʠʣʦʚʘ ʠ ʩʪʠʣʦʚʘ ʫʯʝˁʘ ʦʙʝʟʙʝʹʫʿʝ 

ʠʥʜʠʚʠʜʫʘʣʠʟʘʮʠʿʫ ʧʨʦʮʝʩʘ ʫʯʝˁʘ, ʰʪʦ ʠ ʿʝʩʪʝ ʪʝʥʜʝʥʮʠʿʘ ʩʘʚʨʝʤʝʥʦʛ 

ʦʙʨʘʟʦʚʘˁʘ. ɱʝʜʠʥʦ ʪʘʢʚʦ ʫʯʝˁʝ ˂ʝ ʠʤʘʪʠ ʫʩʧʝʭʘ ʠ ʨʝʰʘʚʘʪʠ ʧʨʦʙʣʝʤʝ 

ʰʢʦʣʩʢʦʛ ʥʝʫʩʧʝʭʘ, ʧʨʝ ʩʚʝʛʘ ʫ ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ. ʂʘʜʘ ʥʘʩʪʘʚʥʠʮʠ 

ʫʚʘʞʘʚʘʿʫ ʢʦʛʥʠʪʠʚʥʝ ʩʪʠʣʦʚʝ ʠ ʩʪʠʣʦʚʝ ʫʯʝˁʘ ʩʚʦʿʠʭ ʫʯʝʥʠʢʘ, ʫʯʝʥʠʮʠ 

ʧʦʩʪʠʞʫ ʙʦˀʝ ʨʝʟʫʣʪʘʪʝ ʫ ʫʯʝˁʫ, ʤʦʪʠʚʠʩʘʥʠ ʩʫ ʫ ʨʘʜʫ, ʫ ʧʨʦʮʝʩʫ ʫʯʝˁʘ 

ʢʦʨʠʩʪʝ ʩʚʦʿʝ ʿʘʯʝ ʩʪʨʘʥʝ ʠ ʨʘʟʚʠʿʘʿʫ ʩʝ ʫ ʩʢʣʘʜʫ ʩʘ ʩʚʦʿʠʤ ʧʦʪʝʥʮʠʿʘʣʠʤʘ 

(ʍʫʩʘʨʠ˂ 2011). 

ʀʥʬʦʨʤʘʮʠʦʥʦ-ʢʦʤʫʥʠʢʘʮʠʦʥʝ ʪʝʭʥʦʣʦʛʠʿʝ ʠ ʂʦʤʧʫʪʝʨʩʢʠ 

ʧʦʜʨʞʘʥʘ ʥʘʩʪʘʚʘ ʩʫ ʧʦʩʪʘʣʝ ʚʘʞʘʥ ʜʝʦ ʩʚʘʢʦʜʥʝʚʥʦʛ ʞʠʚʦʪʘ ʠ ʰʠʨʦʢʦ ʩʝ 

ʢʦʨʠʩʪʝ ʜʘ ʫʥʘʧʨʝʜʝ ʪʝʭʥʠʢʝ ʧʦʜʫʯʘʚʘˁʘ ʠ ʫʯʝˁʘ. ʎʠˀ ʫʧʦʪʨʝʙʝ 

ʪʝʭʥʦʣʦʛʠʿʝ ʿʝʩʪʝ ʜʘ ʦʙʝʟʙʝʜʠ ʦʢʨʫʞʝˁʝ ʟʘ ʘʢʪʠʚʥʦ ʠʩʪʨʘʞʠʚʘˁʝ 

ʤʘʪʝʤʘʪʠʯʢʠʭ ʩʪʨʫʢʪʫʨʘ ʧʫʪʝʤ ʚʠʰʝʩʪʨʫʢʠʭ ʨʝʧʨʝʟʝʥʪʘʮʠʿʘ, ʠʣʠ ʜʘ 

ʧʦʢʘʞʝ ʩʪʫʜʝʥʪʠʤʘ ʥʝʢʝ ʘʩʧʝʢʪʝ ʤʘʪʝʤʘʪʠʢʝ ʢʦʿʠ ʥʠʩʫ ʤʦʛʫ˂ʠ ʫʧʦʪʨʝʙʦʤ 

ʦʣʦʚʢʝ ʠ ʧʘʧʠʨʘ. ʄʥʦʛʠ ʥʘʩʪʘʚʥʠʮʠ ˂ʝ ʩʝ ʩʣʦʞʠʪʠ ʩʘ ʪʠʤ ʜʘ ʧʦʩʣʝ ʨʫʯʥʦ 

ʨʘʟʚʠʿʝʥʠʭ ʪʝʭʥʠʢʘ ʠʟʨʘʯʫʥʘʚʘˁʘ, ʫʧʦʪʨʝʙʘ ʤʘʰʠʥʩʢʝ ʘʨʠʪʤʝʪʠʢʝ ʤʦʞʝ 

ʙʠʪʠ ʚʝʦʤʘ ʧʦʞʝˀʥʘ ʠ ʢʦʨʠʩʥʘ  (ɼʠʢʦʚʠ˂, 2007). 

ʀʩʪʨʘʞʠʚʘˁʘ ʫʢʘʟʫʿʫ ʜʘ ʫʧʨʢʦʩ ʙʨʦʿʥʠʤ ʧʦʛʦʜʥʦʩʪʠʤʘ ʦ ʫʧʦʪʨʝʙʠ 

ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʤʘʪʝʤʘʪʠʮʠ, ʧʨʦʮʝʩ ʧʨʠʤʝʥʝ ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʨʘʟʨʝʜʠʤʘ ʿʝ ʩʧʦʨ 

ʠ ʚʝʦʤʘ ʢʦʤʧʣʝʢʩʘʥ, ʢʘʦ ʠ ʜʘ ʫʧʦʪʨʝʙʘ ʠʥʬʦʨʤʘʮʠʦʥʦ-ʢʦʤʫʥʠʢʘʮʠʦʥʠʭ 

ʪʝʭʥʦʣʦʛʠʿʘ ʫ ʨʘʟʨʝʜʫ ʟʘʚʠʩʠ ʦʜ ʩʚʘʢʦʛ ʥʘʩʪʘʚʥʠʢʘ ʧʦʿʝʜʠʥʘʯʥʦ 

(Hohenwarter, Lavicza 2007). 

ʋ ʜʦʢʫʤʝʥʪʫ ʅʎʊʄ (2000), ʪʘʢʦʹʝ ʩʪʦʿʠ: Ăɽʬʝʢʪʠʚʥʘ ʫʧʦʪʨʝʙʘ 

ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʤʘʪʝʤʘʪʠʯʢʠʤ ʫʯʠʦʥʠʮʘʤʘ ʟʘʚʠʩʠ ʦʜ ʥʘʩʪʘʚʥʠʢʘ. ʂʘʦ ʠ 

ʩʚʘʢʦ ʜʨʫʛʦ ʥʘʩʪʘʚʥʦ ʩʨʝʜʩʪʚʦ ʠ ʦʚʦ ʤʦʞʝ ʙʠʪʠ ʠʩʢʦʨʠʰ˂ʝʥʦ ʧʦʪʧʫʥʦ, ʠʣʠ 

ʩʣʘʙʦ. ʅʘʩʪʘʚʥʠʮʠ ʙʠ ʪʨʝʙʘʣʦ ʜʘ ʢʦʨʠʩʪʝ ʪʝʭʥʦʣʦʛʠʿʫ ʫ ʦʜʘʙʠʨʫ ʠʣʠ 

ʢʨʝʠʨʘˁʫ ʤʘʪʝʤʘʪʠʯʢʠʭ ʘʢʪʠʚʥʦʩʪʠ ʢʦʿʝ ʩʝ ʝʬʠʢʘʩʥʦ ʤʦʛʫ ʠʟʚʨʰʠʪʠ ʫʟ 

ʧʦʤʦ˂ ʪʝʭʥʦʣʦʛʠʿʝ ï ʛʨʘʬʠʢʘ, ʚʠʟʫʝʣʠʟʘʮʠʿʘ ʠ ʠʟʨʘʯʫʥʘʚʘˁʘ, ʢʘʢʦ ʙʠ ʩʝ 

ʧʦʚʝ˂ʘʣʝ ʤʦʛʫ˂ʥʦʩʪʠ ʩʪʫʜʝʥʘʪʘñ (ʧ. 25). 

ʇʨʠ ʨʝʰʘʚʘˁʫ ʧʨʦʙʣʝʤʘ ʠ ʢʨʝʠʨʘˁʫ ʢʦʥʮʝʧʘʪʘ, ʩʪʫʜʝʥʪʠ ʠʤʘʿʫ 

ʚʝʣʠʢʫ ʧʨʝʜʥʦʩʪ, ʿʝʨ ʠʤʘʿʫ ʥʫʤʝʨʠʯʢʠ, ʛʨʘʬʠʯʢʠ ʠ ʩʠʤʙʦʣʠʯʢʠ ʧʨʠʩʪʫʧ 

ʩʠʪʫʘʮʠʿʘʤʘ (Wurnig 2008). 

                                                 
*
 ljubica.dikovic@vpts.edu.rs 
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ʂʦʥʮʝʧʪʠ ʜʠʬʝʨʝʥʮʠʨʘˁʘ ʠ ʠʥʪʝʛʨʘʮʠʿʝ ʩʫ ʬʫʥʜʘʤʝʥʪʘʣʥʠ ʟʘ 

ʨʘʟʫʤʝʚʘˁʝ ʤʥʦʛʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʚʝʟʘ ʩʘ ʦʩʪʘʣʠʤ ʧʨʠʨʦʜʥʠʤ ʠ 

ʜʨʫʰʪʚʝʥʠʤ ʥʘʫʢʘʤʘ. ɿʘ ʧʦʪʧʫʥʦ ʨʘʟʫʤʝʚʘˁʝ ʪʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʢʦʥʮʝʧʘʪʘ, 

ʥʝʦʧʭʦʜʥʦ ʿʝ ʜʘ ʩʪʫʜʝʥʪʠ ʩʪʝʢʥʫ ʦʙʦʩʪʨʘʥʦ ʠʩʢʫʩʪʚʦ: ʢʘʦ ʧʘʩʠʚʥʠ 

ʧʦʩʤʘʪʨʘʯʠ ʥʘʩʪʘʚʥʠʢʦʚʦʛ ʨʘʜʘ, ʘʣʠ ʠ ʢʨʦʟ ʩʦʧʩʪʚʝʥʠ, ʘʢʪʠʚʥʠ ʨʘʜ ʩʘ 

ʚʠʰʝʩʪʨʫʢʠʤ ʠ ʤʝʹʫʩʦʙʥʦ ʧʦʚʝʟʘʥʠʤ ʨʝʧʨʝʟʝʥʪʘʮʠʿʘʤʘ (ʚʝʨʙʘʣʥʝ, 

ʩʠʤʙʦʣʠʯʢʝ, ʥʫʤʝʨʠʯʢʝ ʠ ʛʨʘʬʠʯʢʝ) ʪʠʭ ʢʦʥʮʝʧʘʪʘ (Blubaugh 2004). 

ʋ ʩʚʘʢʦʤ ʩʣʫʯʘʿʫ, ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʠʥʩʪʨʫʢʮʠʦʥʠ ʘʣʘʪ ʤʦʨʘ ʙʠʪʠ 

ʦʜʘʙʨʘʥ ʠ ʢʦʨʠʰ˂ʝʥ ʥʘ ʪʘʢʘʚ ʥʘʯʠʥ, ʜʘ ʪʝʭʥʦʣʦʛʠʿʘ ʥʝ ʧʨʝʜʩʪʘʚˀʘ 

ʧʨʝʧʨʝʢʫ ʠʟʤʝʹʫ ʩʪʫʜʝʥʪʘ ʠ ʢʦʥʮʝʧʪʘ ʥʘ ʢʦʿʠ ʩʝ ʦʜʥʦʩʠ. 

ɺʝ˂ʠʥʘ ʠʩʪʨʘʞʠʚʘˁʘ ʠʟ ʦʙʣʘʩʪʠ ʧʨʠʤʝʥʝ ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʥʘʩʪʘʚʠ 

ʧʦʢʘʟʫʿʝ ʜʘ ʩʪʫʜʝʥʪʠ ʢʦʿʠ ʢʦʨʠʩʪʝ ʪʝʭʥʦʣʦʛʠʿʫ ʫ ʩʚʦʤʝ ʫʯʝˁʫ ʧʦʩʪʠʞʫ 

ʙʦˀʝ ʠʟʣʘʟʥʝ ʨʝʟʫʣʪʘʪʝ ʫ ʦʜʥʦʩʫ ʥʘ ʩʪʫʜʝʥʪʝ ʢʦʿʠ ʫ ʩʚʦʤ ʫʯʝˁʫ ʥʝ ʢʦʨʠʩʪʝ 

ʪʝʭʥʦʣʦʛʠʿʫ (Waxman, Connell, Gray 2002). 

ɱʝʜʥʘ ʦʜ ʛʣʘʚʥʠʭ ʧʨʝʧʨʝʢʘ ʫ ʨʘʟʫʤʝʚʘˁʫ ʥʘʩʪʘʚʝ ʠʥʪʝʛʨʘʣʥʦʛ ʠ 

ʜʠʬʝʨʝʥʮʠʿʘʣʥʦʛ ʨʘʯʫʥʘ ʿʝ ʚʝʣʠʢʠ ʦʧʩʝʛ ʩʣʦʞʝʥʠʭ, ʘʧʩʪʨʘʢʪʥʠʭ 

ʤʘʪʝʤʘʪʠʯʢʠʭ ʧʦʿʤʦʚʘ ʠ ʜʠʥʘʤʠʯʢʠʭ ʢʦʥʮʝʧʘʪʘ, ʢʦʿʠ ʩʝ ʫʛʣʘʚʥʦʤ ʥʠʩʫ 

ʠʟʫʯʘʚʘʣʠ ʫ ʧʨʝʪʭʦʜʥʦʤ ʰʢʦʣʦʚʘˁʫ. ɿʘʪʠʤ, ʫ ʥʘʩʪʘʚʠ ʚʠʩʦʢʦʰʢʦʣʩʢʝ 

ʤʘʪʝʤʘʪʠʢʝ ʿʦʰ ʫʚʝʢ ʜʦʤʠʥʠʨʘʿʫ ʪʨʘʜʠʮʠʦʥʘʣʥʝ ʤʝʪʦʜʝ ʨʘʜʘ. 

 

2. ʅʫʤʝʨʠʯʢʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ ʧʦʚʨʰʠʥʝ 

 

ʇʠʪʘˁʘ ʢʦʿʘ ʩʝ ʧʦʩʝʙʥʦ ʥʘʛʣʘʰʘʚʘʿʫ ʫ ʥʘʩʪʘʚʠ ʠʥʪʝʛʨʘʣʥʦʛ ʨʘʯʫʥʘ 

ʩʫ: ʐʪʘ ʿʝ ʧʨʠʤʠʪʠʚʥʘ ʬʫʥʢʮʠʿʘ? ʐʪʘ ʿʝ ʥʝʦʜʨʝʹʝʥʠ ʠʥʪʝʛʨʘʣ? ʐʪʘ ʿʝ 

ʦʜʨʝʹʝʥʠ ʠʥʪʝʛʨʘʣ? ʂʘʢʦ ʩʝ ʠʟʨʘʯʫʥʘʚʘ ʧʦʚʨʰʠʥʘ ʨʘʚʥʦʛ ʣʠʢʘ? 

ʀʟʨʘʯʫʥʘʪʠ ʧʦʚʨʰʠʥʫ ʬʠʛʫʨʝ ʫ ʨʘʚʥʠ, ʦʛʨʘʥʠʯʝʥʫ ʛʨʘʬʠʮʠʤʘ ʚʠʰʝ 

ʬʫʥʢʮʠʿʘ. ʀʟʨʘʯʫʥʘʪʠ ʟʘʧʨʝʤʠʥʫ ʨʦʪʘʮʠʦʥʦʛ ʪʝʣʘ ʢʦʿʝ ʥʘʩʪʘʿʝ ʨʦʪʘʮʠʿʦʤ 

ʬʠʛʫʨʝ ʌ ʦʢʦ ʦʩʝ ʆx. ʀʟʨʘʯʫʥʘʪʠ ʜʫʞʠʥʫ ʣʫʢʘ ʢʨʠʚʝ. ʏʝʤʫ ʩʣʫʞʠ 

ʥʫʤʝʨʠʯʢʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ ʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ? 

ʇʦʩʝʙʥʦ ʩʝ ʠʩʪʠʯʝ ʜʘ ʿʝ ʨʝʟʫʣʪʘʪ ʨʝʰʘʚʘˁʘ ʥʝʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ 

ʢʣʘʩʘ ʬʫʥʢʮʠʿʘ, ʜʦʢ ʿʝ ʨʝʟʫʣʪʘʪ ʨʝʰʘʚʘˁʘ ʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ ʙʨʦʿ, ʢʘʦ ʠ 

ʜʘ ʩʝ ʥʫʤʝʨʠʯʢʝ ʤʝʪʦʜʝ ʧʨʠʤʝˁʫʿʫ ʩʘʤʦ ʟʘ ʠʟʨʘʯʫʥʘʚʘˁʝ ʦʜʨʝʹʝʥʠʭ 

ʠʥʪʝʛʨʘʣʘ. 

ʋ ʚʝ˂ʠʥʠ ʩʣʫʯʘʿʝʚʘ, ʧʨʠʤʝʥʘ ʦʩʥʦʚʥʝ ʪʝʦʨʝʤʝ ʠʥʪʝʛʨʘʣʥʦʛ ʨʘʯʫʥʘ 

ʥʝ ʤʦʞʝ ʜʦʚʝʩʪʠ ʜʦ ʨʝʟʫʣʪʘʪʘ. ʅʝʢʘʜʘ ʿʝ ʧʦʩʪʫʧʘʢ ʧʨʦʥʘʣʘʞʝˁʘ 

ʧʨʠʤʠʪʠʚʥʠʭ ʬʫʥʢʮʠʿʘ ʚʝʦʤʘ ʢʦʤʧʣʠʢʦʚʘʥ ʠʣʠ ʥʝʤʦʛʫ˂. ʏʝʩʪʦ ʩʝ ʿʘʚˀʘ ʠ 

ʩʠʪʫʘʮʠʿʘ ʢʘʜʘ ʥʠʿʝ ʧʦʟʥʘʪ ʘʥʘʣʠʪʠʯʢʠ ʦʙʣʠʢ ʧʦʜʠʥʪʝʛʨʘʣʥʝ ʬʫʥʢʮʠʿʝ, ʚʝ˂ 

ʩʫ ʟʘʜʘʪʝ ˁʝʥʝ ʚʨʝʜʥʦʩʪʠ ʫ ʢʦʥʘʯʥʦ ʤʥʦʛʦ ʪʘʯʘʢʘ ʧʦʩʤʘʪʨʘʥʦʛ ʠʥʪʝʨʚʘʣʘ 

ʠʥʪʝʛʨʘʮʠʿʝ.  

ʆʩʥʦʚʥʠ ʟʘʜʘʪʘʢ ʥʫʤʝʨʠʯʢʝ ʠʥʪʝʛʨʘʮʠʿʝ ʿʝʩʪʝ ʧʨʠʙʣʠʞʥʦ 

ʠʟʨʘʯʫʥʘʚʘˁʝ ʚʨʝʜʥʦʩʪʠ ʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ ñ
b

a

dxxf )(  ʠʟ ʚʨʝʜʥʦʩʪʠ 

ʧʦʜʠʥʪʝʛʨʘʣʥʝ ʬʫʥʢʮʠʿʝ ʜʘʪʠʭ ʪʘʙʝʣʦʤ ʫʨʝʹʝʥʠʭ ʧʘʨʦʚʘ 
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nixfx ii >,1,0)),(,( = , ʧʨʠ ʯʝʤʫ ʩʝ ʧʨʝʪʧʦʩʪʘʚˀʘ ʜʘ ʿʝ bxxa n¢¢ ,0  

ɺʝʣʠʢʠ ʙʨʦʿ ʢʚʘʜʨʘʪʫʨʥʠʭ ʬʦʨʤʫʣʘ ʩʝ ʙʘʟʠʨʘ ʥʘ ʘʧʨʦʢʩʠʤʘʮʠʿʠ 

ʧʦʜʠʥʪʝʛʨʘʣʥʝ ʬʫʥʢʮʠʿʝ ʠʥʪʝʨʧʦʣʘʮʠʦʥʠʤ ʧʦʣʠʥʦʤʦʤ 

nmxPxf m ¢º ),()(  , ʢʦʛʘ ʿʝ ʣʘʢʦ ʠʥʪʝʛʨʘʣʠʪʠ ññ º

b

a

m

b

a

dxxPdxxf )()( . 

ʆʩʥʦʚʥʘ ʠʜʝʿʘ ʥʫʤʝʨʠʯʢʝ ʠʥʪʝʛʨʘʮʠʿʝ ʿʝ ʠʟʨʘʯʫʥʘʚʘˁʝ ʠʥʪʝʛʨʘʣʘ 

ʢʦʨʠʰ˂ʝˁʝʤ ʚʨʝʜʥʦʩʪʠ ʬʫʥʢʮʠʿʝ ʥʘ ʥʝʢʦʤ ʢʦʥʘʯʥʦʤ ʩʢʫʧʫ ʪʘʯʘʢʘ 

nixfx ii >,1,0)),(,( = . ʆʚʘʢʚʝ ʬʦʨʤʫʣʝ ʟʘ ʧʨʠʙʣʠʞʥʫ ʠʥʪʝʛʨʘʮʠʿʫ 

ʬʫʥʢʮʠʿʘ ʿʝʜʥʝ ʧʨʦʤʝʥˀʠʚʝ ʯʝʩʪʦ ʩʝ ʟʦʚʫ ʠ ʢʚʘʜʨʘʪʫʨʥʝ ʬʦʨʤʫʣʝ ʟʙʦʛ 

ʠʥʪʝʨʧʨʝʪʘʮʠʿʝ ʠʥʪʝʛʨʘʣʘ ʢʘʦ ʧʦʚʨʰʠʥʝ ʠʩʧʦʜ ʢʨʠʚʝ. 

ɼʘ ʙʠ ʫʙʣʘʞʠʣʠ ʪʝʢhʦ˂ʝ ʫ ʨʘʟʫʤʝʚʘˁʫ ʥʘʩʪʘʚʝ ʜʠʬʝʨʝʥʮʠʿʘʣʥʦʛ ʠ 

ʠʥʪʝʛʨʘʣʥʦʛ ʨʘʯʫʥʘ, ʥʘʩʪʘʚʥʠʮʠ ʯʝʩʪʦ ʫʧʘʜʘʿʫ ʫ ʟʘʤʢʫ, ʩʪʘʚˀʘʿʫʠ˂ ʘʢʮʝʥʘʪ 

ʥʘ ʩʝʨʠʿʫ ʨʫʪʠʥʩʢʠʭ ʧʨʘʚʠʣʘ ʢʦʿʝ ʩʪʫʜʝʥʪʠ ʪʨʝʙʘ ʜʘ ʫʩʚʦʿʝ, ʪhʦ ʥʘʞʘʣʦʩʪ 

ʥʝ ʜʦʧʨʠʥʦʩʠ ʩʫʪhʠʥʩʢʦʤ, ʢʦʥʮʝʧʪʫʘʣʥʦʤ ʨʘʟʫʤʝʚʘˁʫ ʤʘʪʝʨʠʿʝ.  

ɼʝʰʘʚʘ ʩʝ ʜʘ ʥʝʢʠ ʩʪʫʜʝʥʪʠ ʩʦʣʠʜʥʦ ʦʚʣʘʜʘʿʫ ʩʢʫʧʦʤ ʨʫʪʠʥʩʢʠʭ 

ʧʨʘʚʠʣʘ, ʜʘ ʫʩʧʝʰʥʦ ʨʝʰʘʚʘʿʫ ʯʘʢ ʠ ʩʣʦʞʝʥʝ ʠʟʚʦʜʝ/ʠʥʪʝʛʨʘʣʝ, ʘ ʜʘ ʧʨʠ 

ʪʦʤ ʫʦʧʰʪʝ ʥʝ ʨʘʟʫʤʝʿʫ ʩʫʰʪʠʥʫ ʧʨʦʮʝʩʘ ʜʠʬʝʨʝʥʮʠʨʘˁʘ/ʠʥʪʝʛʨʘˀʝˁʘ, 

ˁʠʭʦʚʫ ʜʠʥʘʤʠʯʥʦʩʪ ʠ ʧʨʠʤʝʥʫ.
1
 

ʋ ʮʠˀʫ ʙʦˀʝʛ ʢʦʥʮʝʧʪʫʘʣʥʦʛ ʨʘʟʫʤʝʚʘˁʘ ʧʨʘʚʠʣʘ ʢʦʿʘ ʩʣʫʞʝ ʟʘ 

ʥʫʤʝʨʠʯʢʫ ʘʧʨʦʢʩʠʤʘʮʠʿʫ ʧʦʚʨʰʠʥʝ, ʫ ʩʣʝʜʝ˂ʠʤ ʜʝʣʦʚʠʤʘ ʨʘʜʘ ʩʝ 

ʜʝʤʦʥʩʪʨʠʨʘ ʫʧʦʪʨʝʙʘ ɱʘʚʘ ʘʧʣʝʪʘ. ʀʟʙʦʨ ʪʘʢʚʠʭ ʘʣʘʪʘ ʟʘ ʧʨʝʜʩʪʘʚˀʘˁʝ 

ʪʠʭ ʧʨʦʮʝʩʘ ʿʝ ʧʦʛʦʜʘʥ ʟʘ ʦʚʫ ʥʘʩʪʘʚʥʫ ʿʝʜʠʥʠʮʫ, ʿʝʨ ʥʘ ʠʥʪʝʨʘʢʪʠʚʘʥ, 

ʚʠʟʫʝʣʘʥ ʠ ʘʥʠʤʠʨʘʥ ʥʘʯʠʥ ʩʠʤʫʣʠʨʘ ʩʘʤʫ ʩʫʰʪʠʥʫ ʦʚʠʭ ʜʠʥʘʤʠʯʥʠʭ ʠ 

ʘʢʪʠʚʥʠʭ ʧʨʦʮʝʩʘ.  

 

3. Jaʚa aʧʣʝʪʠ ʫ ʬʫʥʢʮʠʿʠ ʨʠʤʘʥʦʚʠʭ ʩʫʤʘ  

 

ʅʘʿʿʝʜʥʦʩʪʘʚʥʠʿʠ ʥʘʯʠʥ ʥʫʤʝʨʠʯʢʝ ʘʧʨʦʢʩʠʤʘʮʠʿʝ ʦʜʨʝʹʝʥʦʛ 

ʠʥʪʝʛʨʘʣʘ ñ
b

a

dxxf )( ʿʝʩʪʝ ʧʨʝʢʦ ʈʠʤʘʥʦʚʠʭ ʩʫʤʘ. ʋʧʦʪʨʝʙʦʤ ɱʘʚʘ ʘʧʣʝʪʘ 

ʩʪʫʜʝʥʪ ˂ʝ ʿʘʩʥʦ ʩʘʛʣʝʜʘʪʠ ʥʘʯʠʥ ʢʦʥʩʪʨʫʢʮʠʿʝ ʈʠʤʘʥʦʚʠʭ ʩʫʤʘ ʠ ˁʠʭʦʚʫ 

ʛʝʦʤʝʪʨʠʿʩʢʫ ʠʥʪʝʨʧʨʝʪʘʮʠʿʫ. ɿʘ ʥʝʧʨʝʢʠʜʥʫ ʬʫʥʢʮʠʿʫ )(xf ʥʘ ʠʥʪʝʨʚʘʣʫ 

bxa ¢¢ , ʜʝˀʝˁʝʤ ʠʥʪʝʨʚʘʣʘ ],[ ba  ʥʘ nʤʘˁʠʭ ʠʥʪʝʨʚʘʣʘ ʰʠʨʠʥʝ 

n

ab
x

-
=D , ʧʨʠ ʯʝʤʫ ʩʫ ʢʨʘʿˁʝ ʪʘʯʢʝ ʩʚʠʭ ʠʥʪʝʨʚʘʣʘ 

1,1,,,0 -=D+=== nixiaxbxax in , ʣʝʚʘ (LRS) ʠ ʜʝʩʥʘ ʈʠʤʘʥʦʚʘ ʩʫʤʘ 

(RRS) ʩʝ ʜʝʬʠʥʠʰʫ ʢʘʦ 

                                                 
1
 <http://archives.math.utk.edu/visual.calculus/4/simpson.4/index.html> 
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[ ])()()()()()()( 110110

1

0

--

-

=

+++D=D++D+D=D=ä nn

n

i

i xfxfxfxxxfxxfxxfxxfLRS >>  

[ ])()()()()()()( 1121

1

xfxfxfxxxfxxfxxfxxfRRS nnn

n

i

i +++D=D++D+D=D= -

=

ä >> . 

ʆʜʥʦʩʥʦ ʬʫʥʢʮʠʿʘ ʿʝ ʠʥʪʝʛʨʘʙʠʣʥʘ ʘʢʦ ʠ ʩʤʘʦ ʘʢʦ ʧʦʩʪʦʿʠ 

ʟʘʿʝʜʥʠʯʢʘ ʛʨʘʥʠʯʥʘ ʚʨʝʜʥʦʩʪ ʈʠʤʘʥʦʚʠʭ ʩʫʤʘ : 

ö
÷

õ
æ
ç

å
D=ö

÷

õ
æ
ç

å
D= ääñ

-

=
¤>-

=
¤>-

xxfxxfdxxf
n

i

i
n

n

i

i
n

b

a

1

01

)(lim)(lim)( . 

ʂʘʢʦ ʙʠ ʠʟʨʘʯʫʥʘʚʘˁʝ ʩʫʤʘ ʟʘ ʚʝʣʠʢʫ ʚʨʝʜʥʦʩʪ ʧʦʜʝʦʢʘ n, ʙʠʣʦ 

ʥʝʤʦʛʫ˂ʝ ʠʟʨʘʯʫʥʘʪʠ ʨʫʯʥʦ, ʫʧʨʘʚʦ ʫ ʦʚʦʤ ʩʣʫʯʘʿʫ ʩʝ ʧʨʝʧʦʨʫʯʫʿʝ 

ʫʧʦʪʨʝʙʘ ʨʘʯʫʥʘʨʘ. 

ʎʠˀ ʘʧʣʝʪʘ ʿʝ ʜʘ ʜʝʤʦʥʩʪʨʠʨʘʿʫ ʥʘ ʢʦʿʠ ʥʘʯʠʥ ʈʠʤʘʥʦʚʝ ʩʫʤʝ 

ʘʧʨʦʢʩʠʤʠʨʘʿʫ ʚʨʝʜʥʦʩʪ ʦʜʨʝʹʝʥʦʛ ʠʥʪʝʛʨʘʣʘ. ɸʧʣʝʪʠ ʩʫ ʜʠʟʘʿʥʠʨʘʥʠ ʟʘ 

ʚʠʟʫʝʣʥʦ ʠʩʪʨʘʞʠʚʘˁʝ ʈʠʤʘʥʦʚʠʭ ʩʫʤʘ ʠ ʧʦʤʘʞʫ ʨʘʟʚʠʿʘˁʫ ʚʠʪʫʝʣʥʝ 

ʠʥʪʫʠʮʠʿʝ ʦʚʦʛ ʤʘʪʝʤʘʪʠʯʢʦʛ ʢʦʥʮʝʧʪʘ. ʇʨʠ ʪʦʤʝ ʩʫ ʤʦʛʫ˂ʥʦʩʪʠ ʨʘʯʫʥʘʨʘ 

ʥʘ ʧʦˀʫ ʝʢʩʧʝʨʠʤʝʥʪʠʩʘˁʘ ʟʘʠʩʪʘ ʬʘʩʮʠʥʘʥʪʥʝ. ʉʪʫʜʝʥʪ ʣʘʢʦ ʚʠʟʫʝʣʥʦ 

ʫʦʯʘʚʘ ʜʘ ʢʘʢʦ ʩʝ ʙʨʦʿ ʧʨʘʚʦʫʛʘʦʥʠʢʘ ʢʦʿʠ ʠʩʮʨʧˀʫʿʫ ʧʦʚʨʰʠʥʫ ʧʦʚʝ˂ʘʚʘ, 

ʘʧʨʦʢʩʠʤʘʮʠʿʘ ʩʝ ʧʦʙʦˀʰʘʚʘ. 

ʋʦʙʠʯʘʿʝʥʦ, ʘʧʣʝʪʠ ʜʦʟʚʦˀʘʚʘʿʫ ʜʘ ʢʦʨʠʩʥʠʢ ʧʨʦʠʟʚʦˀʥʦ ʟʘʜʘʿʝ 

ʬʫʥʢʮʠʿʫ, ʧʦʯʝʪʥʫ ʠ ʢʨʘʿˁʫ ʪʘʯʢʫ ʠʥʪʝʨʚʘʣʘ, ʢʘʦ ʠ ʙʨʦʿ ʧʦʜʝʦʢʘ (ʩʣʠʢʘ ʙʨ. 

1).
2
 

 

 
 

ʉʣʠʢʘ 1 

 

                                                 
2
 <http://symbolicalgebra.etf.rs/GG_integrali/rimanove_sume.html> 
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ʊʘʢʦʝ́, ʤʦʛʫ ʩʝ ʢʦʨʠʩʪʠʪʠ ʨʝʩʫʨʩʠ ʥʘ ʘʜʨʝʩʘʤʘ: 

<http://www.plu.edu/~heathdj/java/calc2/Riemann.html>, 

<www.calculusapplets.com/riemann.html>, 

<www.intmath.com/Integration/Riemann-sums.php>, 

<http://www.plu.edu/~heathdj/java/calc2/Riemann.html>. 

 

ʇʦʿʝʜʠʥʠ ʠʥʪʝʨʘʢʪʠʚʥʠ ʘʧʣʝʪʠ ʦʤʦʛʫ˂ʘʚʘʿʫ ʠʩʪʨʘʞʠʚʘˁʝ ʠ 

ʠʟʨʘʯʫʥʘʚʘˁʝ ʚʝʦʤʘ ʢʦʤʧʣʝʢʩʥʠʭ ʢʨʠʚʠʭ, ʢʘʦ ʥʘ ʧʨʠʤʝʨ ʠʟʨʘʯʫʥʘʚʘˁʝ 

ñ
-

10

10

3 )sin(5.0 dxxx (ʩʣʠʢʘ 2).
3
 

 

 
 

ʉʣʠʢʘ 2 

 

ʋ ʩʣʫʯʘʿʫ ʠʟʨʘʯʫʥʘʚʘˁʘ ʧʦʚʨʰʠʥʝ ʠʟʤʝʹʫ ʜʚʝ ʢʨʠʚʝ, ʥʝʢʘʜʘ ʿʝ 

ʪʝʰʢʦ, ʠʣʠ ʯʘʢ ʥʝʤʦʛʫ˂ʝ ʧʨʝʮʠʟʥʦ ʜʦ˂ʠ ʜʦ ʧʨʝʩʝʯʥʠʭ ʪʘʯʘʢʘ. ʊʘʜʘ ʙʠ ʙʠʣʦ 

ʧʨʝʧʦʨʫʯˀʠʚʦ ʢʦʨʠʩʪʠʪʠ ʠʣʠ ʛʨʘʬʠʯʢʠ ʢʘʣʢʫʣʘʪʦʨ, ʠʣʠ ʥʝʢʠ ʜʨʫʛʠ ʘʣʘʪ, 

ʨʘʜʠ ʜʦʙʠʿʘˁʘ ʧʨʝʩʝʯʥʠʭ ʪʘʯʘʢʘ, ʘ ʟʘʪʠʤ ʥʘʩʪʘʚʠʪʠ ʧʨʦʮʝʜʫʨʦʤ 

ʘʧʨʦʢʩʠʤʠʨʘˁʘ ʠʣʠ ʠʟʨʘʯʫʥʘʚʘˁʘ ʪʨʘʞʝʥʝ ʧʦʚʨʰʠʥʝ (ʩʣʠʢʘ 3).
4
 

 

                                                 
3
 <www.math.tamu.edu/AppliedCalc/Classes/Riemann/index.html> 

4
 <http://curvebank.calstatela.edu/areabetcur/areabetcur.htm> 
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ʉʣʠʢʘ 3 

 

4. ʀʥʪʝʨʘʢʪʠʚʥʠ ʧʨʠʩʪʫʧ ʪʨʘʧʝʟʥʦʤ ʠ ʉʠʤʧʩʦʥʦʚʦʤ ʧʨʘʚʠʣʫ 

 

 ʊʨʘʧʝʟʥʦ ʧʨʘʚʠʣʦ ʟʘ ʥʫʤʝʨʠʯʢʫ ʠʥʪʝʛʨʘʮʠʿʫ ʦʤʦʛʫ˂ʘʚʘ 

ʘʧʨʦʢʩʠʤʠʨʘˁʝ ʪʨʘʞʝʥʝ ʧʦʚʨʰʠʥʝ ʩʫʤʦʤ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʦʚʨʰʠʥʘ 

ʧʦʿʝʜʠʥʠʭ ʪʨʘʧʝʟʘ, ʦʜʥʦʩʥʦ ö
ö

÷

õ

æ
æ

ç

å
++= ä

-

=

n

n

j

jn yyy
h

T
1

1

0 2
2

. 

 ʂʦʨʠʩʥʦ ʙʠ ʙʠʣʦ ʥʘ ʧʨʠʤʝʨʫ ʢʦʿʠ ʿʝ ʨʫʯʥʦ ʫʨʘʹʝʥ, 

ʨʝʮʠʤʦñ +

9

0

3 )3( dxx  , ʟʘ 5=n , ʩʚʝ ʪʦ ʚʠʟʫʝʣʥʦ ʠʩʪʨʘʞʠʪʠ ʧʦʤʦ˂ʫ 

ʠʥʪʝʨʘʢʪʠʚʥʦʛ ʘʧʣʝʪʘ. 

ʋ ʦʚʦʤ ʩʣʫʯʘʿʫ, ʜʦʙʠʿʘʤʦ 

5

9
,5 =

-
==

n

ab
hn  

,732)9(,248.376)4(

,464.160)3(,656.49)
5

18
()2(,832.8)(,3)0(

54

3210

====

=========

fyhfy

hfyfhfyhfyfy

 

ʧʘ ʿʝ ʘʧʨʦʢʩʠʤʘʪʠʚʥʘ ʚʨʝʜʥʦʩʪ ʩʫʤʝ ʪʨʘʧʝʟʘ 

.86.1732)]248.376464.160656.49832.8(27323[
10

9
5 =+++++=T  

ʀʟʨʘʯʫʥʘʚʘˁʝʤ ʪʘʯʥʝ ʚʨʝʜʥʦʩʪʠ ʠʥʪʝʛʨʘʣʘ ʧʨʠʤʝʥʦʤ ɳʫʪʥ-

ʃʘʿʙʥʠʮʦʚʝ ʬʦʨʤʫʣʝ ʜʦʙʠʿʘʤʦ 25.16673
4

)3(

9

0

49

0

3 =+=+ñ x
x

dxx , ʧʘ ʿʝ 
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ʜʦʙʠʿʝʥʘ ʨʘʟʣʠʢʘ 61.6525.166786.1732 =- , ʠ ʧʨʦʮʝʥʘʪ ʛʨʝʰʢʝ 

%935.3
25.1667

61.65
= (ʩʣʠʢʘ 4).

5
 

 
 

ʉʣʠʢʘ 4 

 

 ʋ ʉʠʤʧʩʦʥʦʚʦʤ ʧʨʘʚʠʣʫ ʩʝ ʢʦʨʠʩʪʝ ʧʘʨʘʙʦʣʝ (ʢʚʘʜʨʘʪʥʘ 

ʘʧʨʦʢʩʠʤʘʮʠʿʘ, ʫʤʝʩʪʦ ʣʠʥʝʘʨʥʝ) ʟʘ ʘʧʨʦʢʩʠʤʘʮʠʿʫ ʩʚʘʢʦʛ ʜʝʣʘ ʢʨʠʚʝ, ʧʨʠ 

ʯʝʤʫ ʙʨʦʿ ʪʘʯʘʢʘ ʧʦʜʝʦʢʘ ʤʦʨʘ ʙʠʪʠ ʧʘʨʘʥ, 

))(4)(2(
3

1312420 nnnn yyyyyyyy
x

I +++++++
D
= -- >> .  ʉʣʠʢʘ 5

6
 ʩʝ 

ʦʜʥʦʩʠ ʥʘ ʚʠʟʫʝʣʠʟʘʮʠʿʫ ʧʨʠʤʝʥʝ ʉʠʤʧʩʦʥʦʚʦʛ ʧʨʘʚʠʣʘ ʥʘ ʧʨʠʤʝʨʫ 

ʠʟʨʘʯʫʥʘʚʘˁʘ dxxñ
3

0

2)sin( . 

                                                 
5
 <http://mathforum.org/mathtools/cell/c,15.16,ALL ,ALL /> 

6
 <http://archives.math.utk.edu/visual.calculus/4/simpson.4/index.html> 
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ʉʣʠʢʘ 5. 

 

ɿʘʪʠʤ ʙʠ ʙʠʣʦ ʧʦʞʝˀʥʦ ʠʣʫʩʪʨʦʚʘʪʠ ʫʧʦʨʝʜʥʦ ʨʝʰʘʚʘˁʝ ʥʝʢʦʛ 

ʧʦʟʥʘʪʦʛ ʧʨʦʙʣʝʤʘ, ʥʘ ʧʨʠʤʝʨ ,2sin
0

ñ =

p

xdx  ʢʦʨʠʩʪʝ˂ʠ ʥʘʿʧʨʝ ʪʨʘʧʝʟʥʦ, ʘ 

ʧʦʪʦʤ ʉʠʤʧʩʦʥʦʚʦ ʧʨʘʚʠʣʦ. 

ʂʦʨʠʩʪʝ˂ʠ ʪʨʘʧʝʟʥʦ ʧʨʘʚʠʣʦ ʜʦʙʠ˂ʝ ʩʝ, ʟʘ ʥʘ ʧʨʠʤʝʨ 

021.99989960   I 128, =n  86,1.99959838   I 64, =n ºº , ʜʦʢ ʢʦʨʠʩʪʝ˂ʠ 

ʉʠʤʧʩʦʥʦʚʦ ʧʨʘʚʠʣʦ ʟʘ ʠʩʪʠ ʙʨʦʿ ʧʦʜʝʦʢʘ, ʜʦʙʠʿʘ ʩʝ ʙʦˀʘ ʘʧʨʦʢʩʠʤʘʮʠʿʘ 

402.00000000  I 128, =n  45,2.00000006  I 64, =n ºº  (ʩʣʠʢʘ 6) (ɼʠʢʦʚʠ˂, 

ɹʘʥʢʦʚʠ˂ 2009). ʋ ʦʚʦʤ ʩʣʫʯʘʿʫ, ʉʠʤʩʦʥʦʚʦ ʧʨʘʚʠʣʦ ʿʝ ʙʦˀʠ ʠʟʙʦʨ ʤʝʪʦʜʝ 

ʿʝʨ ʩʝ ʛʝʥʝʨʘʣʥʦ ʙʘʟʠʨʘ  ʥʘ ʘʧʨʦʢʩʠʤʘʮʠʿʠ ʢʨʠʚʝ ʣʫʢʦʚʠʤʘ ʧʘʨʘʙʦʣʘ. 

ʅʘʨʘʚʥʦ, ʜʘ ʙʠ ʫ ʩʣʫʯʘʿʝʚʠʤʘ ʣʠʥʝʘʨʥʠʭ ʬʫʥʢʮʠʿʘ, ʠʟʣʦʤˀʝʥʠʭ ʢʨʠʚʠʭ, 

ʧʨʠʤʝʥʘ ʊʨʘʧʝʟʥʦʛ ʧʨʘʚʠʣʘ ʜʘʣʘ ʙʦˀʝ ʨʝʟʫʣʪʘʪʝ. 

    
 

ʉʣʠʢʘ 6. 

 

 ʅʘ ʢʨʘʿʫ, ʩʪʫʜʝʥʪʠ ʪʨʝʙʘ ʜʘ ʫʦʯʝ ʨʘʟʣʠʢʫ ʜʘ ʿʝ ʢʦʜ ʧʨʘʚʦʫʛʘʦʥʦʛ 

ʧʨʘʚʠʣʘ ʬʫʥʢʮʠʿʘ ʘʧʨʦʢʩʠʤʠʨʘʥʘ ʢʦʥʩʪʘʥʪʦʤ ʥʘ ʿʝʜʥʦʤ ʧʦʜʠʥʪʝʨʚʘʣʫ 

ʧʦʜʝʣʝ, ʢʦʜ ʪʨʘʧʝʟʥʦʛ ʧʨʘʚʠʣʘ ʿʝ ʘʧʨʦʢʩʠʤʘʮʠʿʘ ʚʨʰʝʥʘ ʣʠʥʝʘʨʥʦʤ 
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ʬʫʥʢʮʠʿʦʤ, ʘ ʢʦʜ ʉʠʤʧʩʦʥʦʚʦʛ ʧʨʘʚʠʣʘ ʩʝ ʧʦʜʨʘʟʫʤʝʚʘ ʠʥʪʝʨʧʦʣʘʮʠʿʘ 

ʧʦʣʠʥʦʤʦʤ ʜʨʫʛʦʛ ʩʪʝʧʝʥʘ. 

 ʊʘʢʦʹʝ, ʩʘʚʨʝʤʝʥʠ ʥʘʩʪʘʚʥʠ ʪʨʝʥʜʦʚʠ ʪʨʝʙʘ ʜʘ ʫʪʠʯʫ, ʢʘʜ ʛʦʜ ʿʝ 

ʪʦ ʤʦʛʫ˂ʝ, ʥʘ ʩʤʘˁʝˁʝ ʚʨʝʤʝʥʘ ʫʪʨʦʰʝʥʦʛ ʥʘ ʤʘʥʠʧʫʣʘʪʠʚʥʠ ʧʨʠʩʪʫʧ, ʫʟ 

ʤʦʛʫ˂ʥʦʩʪ ʙʨʟʦʛ ʛʝʥʝʨʠʩʘˁʘ ʚʠʟʫʝʣʥʦʛ ʨʝʰʝˁʘ. 

 ʉ ʦʙʟʠʨʦʤ ʥʘ ʚʠʩʦʢʫ ʘʧʩʪʨʘʢʪʥʦʩʪ ʥʘʚʝʜʝʥʝ ʤʘʪʝʨʠʿʝ, ʧʦʩʪʦʿʠ 

ʧʦʪʨʝʙʘ ʟʘ ʠʟʥʘʣʘʞʝˁʝʤ ʥʦʚʠʭ ʤʝʪʦʜʦʣʦʛʠʿʘ ʨʘʜʘ, ʢʦʨʠʩʪʝ˂ʠ ʩʘʚʨʝʤʝʥʝ ʠ 

ʢʚʘʣʠʪʝʪʥʦ ʧʨʠʤʝˁʝʥʝ ʤʦʛʫ˂ʥʦʩʪʠ ʪʝʭʥʦʣʦʛʠʿʝ. ʋ ʧʨʝʪʭʦʜʥʦ ʥʘʚʝʜʝʥʠʤ 

ʧʨʠʤʝʨʠʤʘ ʧʦʪʝʥʮʠʨʘ ʩʝ ʥʘ ʢʦʤʙʠʥʦʚʘʥʦʤ ʧʨʠʩʪʫʧʫ ʧʨʦʙʣʝʤʫ: 

ʪʨʘʜʠʮʠʦʥʘʣʥʦʤ ʠ ʧʦʤʦ˂ʫ ʪʝʭʥʦʣʦʛʠʿʝ.  

 

5. ɿʘʢˀʫʯʘʢ  

 

ʇʦʢʘʟʘʥʦ ʿʝ ʜʘ ʟʘ ʥʝʢʝ ʪʝʤʝ ʠʥʪʝʛʨʘʣʥʦʛ ʨʘʯʫʥʘ ʥʘʩʪʘʚʥʠʮʠ ʤʦʛʫ 

ʨʝʣʘʪʠʚʥʦ ʣʘʢʦ ʠʥʪʝʛʨʠʩʘʪʠ ʨʘʩʧʦʣʦʞʠʚʘ ʪʝʭʥʦʣʦʰʢʘ ʨʝʰʝˁʘ ʫ ʨʝʜʦʚʥʫ 

ʥʘʩʪʘʚʫ, ʯʠʤʝ ʩʪʫʜʝʥʪʠʤʘ ʧʨʫʞʘʿʫ ʚʠʰʝ ʤʦʛʫ˂ʥʦʩʪʠ ʟʘ ʩʦʧʩʪʚʝʥʦ 

ʠʩʪʨʘʞʠʚʘˁʝ ʠ ʜʫʙˀʝ ʨʘʟʫʤʝʚʘˁʝ ʤʘʪʝʨʠʿʝ. ʅʘ ʪʘʿ ʥʘʯʠʥ, ʩʪʫʜʝʥʪʫ ˂ʝ ʙʠʪʠ 

ʜʦʩʪʫʧʥʘ ʚʠʰʝʩʪʨʫʢʘ ʨʝʧʨʝʟʝʥʪʘʮʠʿʘ ʜʘʪʦʛ ʢʦʥʮʝʧʪʘ: ʚʝʨʙʘʣʥʦ, 

ʘʣʛʝʙʘʨʩʢʠ, ʥʫʤʝʨʠʯʢʠ ʠ ʛʨʘʬʠʯʢʠ. 

ʋ ʦʚʦʤ ʨʘʜʫ ʿʝ ʧʦʢʘʟʘʥʦ ʢʘʢʦ ʩʦʬʪʚʝʨʩʢʦ ʦʢʨʫʞʝˁʝ ʤʦʞʝ ʣʘʢʦ ʠ 

ʙʨʟʦ ʦʧʣʝʤʝʥʠʪʠ ʠ ʫʥʘʧʨʝʜʠʪʠ ʪʨʘʜʠʮʠʦʥʘʣʥʠ ʧʨʠʩʪʫʧ ʤʝʪʦʜʘʤʘ 

ʥʫʤʝʨʠʯʢʝ ʠʥʪʝʛʨʘʮʠʿʝ. ɸʫʪʦʨʠ ʨʘʜʘ ʩʤʘʪʨʘʿʫ ʜʘ ʥʝ ʪʨʝʙʘ ʬʘʚʦʨʠʟʦʚʘʪʠ 

ʫʧʦʪʨʝʙʫ ʪʝʭʥʦʣʦʰʢʠʭ ʨʝʩʫʨʩʘ ʫ ʥʘʩʪʘʚʠ, ʘʣʠ ʜʘ ʠʭ ʪʨʝʙʘ ʢʦʨʠʩʪʠʪʠ ʢʘʜ 

ʛʦʜ ʜʦʧʨʠʥʦʩʝ ʙʦˀʝʤ ʨʘʟʫʤʝʚʘˁʫ ʥʘʨʦʯʠʪʦ ʩʣʦʞʝʥʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ 

ʢʦʥʮʝʧʘʪʘ. 

 ʇʦʛʦʜʥʦ ʩʦʬʪʚʝʨʩʢʦ ʦʢʨʫʞʝˁʝ, ʢʘʢʚʦ ʩʫ, ʥʘ ʧʨʠʤʝʨ, ɱʘʚʘ ʘʧʣʝʪʠ, 

ʦʤʦʛʫ˂ʘʚʘ ʥʘʩʪʘʚʥʠʢʫ ʜʘ ʝʬʠʢʘʩʥʦ ʧʨʠʣʘʛʦʜʠ ʦʜʨʝʹʝʥʠ ʥʘʩʪʘʚʥʠ ʩʘʜʨʞʘʿ ʠ 

ʥʘʩʪʘʚʥʝ ʤʝʪʦʜʝ ʧʦʿʝʜʠʥʘʯʥʠʤ ʧʦʪʨʝʙʘʤʘ ʩʪʫʜʝʥʘʪʘ. ʇʦʢʘʟʘʥʦ ʿʝ ʜʘ ʪʘʢʚʦ 

ʦʢʨʫʞʝˁʝ ʦʤʦʛʫ˂ʘʚʘ ʜʘ ʩʝ ʩʪʫʜʝʥʪʠʤʘ ʜʝʤʦʥʩʪʨʠʨʘ ʜʫʙˀʝ ʨʘʟʫʤʝʚʘˁʝ 

ʦʜʨʝʹʝʥʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʢʦʥʮʝʧʘʪʘ, ʢʦʿʝ ʥʠʿʝ ʤʦʛʫ˂ʝ ʥʘ ʪʨʘʜʠʮʠʦʥʘʣʥʠ 

ʥʘʯʠʥ. ɹʦ ʘˀ ʚʠʟʫʝʣʠʟʘʮʠʿʘ ʦʜʨʝʹʝʥʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʢʦʥʮʝʧʘʪʘ ʜʦʜʘʿʝ ʥʦʚʫ 

ʜʠʤʝʥʟʠʿʫ ʫ ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ. ʉʤʘʪʨʘʤʦ ʜʘ ʙʠ ʙʠʣʦ ʢʦʨʠʩʥʦ ʜʘ 

ʥʘʩʪʘʚʥʠʮʠ ʤʘʪʝʤʘʪʠʢʝ ʪʨʝʙʘ ʜʘ ʫʩʘʚʨʰʝ ʩʚʦʿʝ ʚʝʰʪʠʥʝ ʫ ʧʨʠʤʝʥʠ 

ʪʝʭʥʦʣʦʛʠʿʝ ʫ ʥʘʩʪʘʚʠ, ʜʘ ʠʭ ʧʨʝʥʝʩʫ ʩʪʫʜʝʥʪʠʤʘ ʠ ʪʠʤʝ ʩʪʚʦʨʝ ʤʦʛʫ˂ʥʦʩʪʠ 

ʟʘ ʘʪʨʘʢʪʠʚʥʠʿʫ ʠ ʝʬʠʢʘʩʥʠʿʫ ʥʘʩʪʘʚʫ. 
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ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʀʩʪʦʯʥʦʤ ʉʘʨʘʿʘʚʫ 

ʌʠʣʦʟʦʬʩʢʠ ʬʘʢʫʣʪʝʪ ʇʘʣʝ 

ʂʘʪʝʜʨʘ ʟʘ ʤʘʪʝʤʘʪʠʢʫ ʠ ʨʘʯʫʥʘʨʩʪʚʦ 

 

ʇʨʝʛʣʝʜʥʠ ʨʘʜ 

 

ʀʅɺɽʈɿʀɱɸ ʋ ʇʈʆɻʈɸʄʉʂʆʄ ɸʃɸʊʋ ɻɽʆɻɽɹʈɸ 

 
1. ʋʚʦʜ 

 

ɻʝʦʛʝʙʨʘ ʿʝ ʠʥʪʝʨʘʢʪʠʚʥʠ ʤʘʪʝʤʘʪʠʯʢʠ ʩʦʬʪʚʝʨʩʢʠ ʘʣʘʪ ʢʦʿʠ 

ʧʦʚʝʟʫʿʝ ʛʝʦʤʝʪʨʠʿʫ, ʘʣʛʝʙʨʫ ʠ ʘʥʘʣʠʟʫ ʘ ʯʠʿʘ ʿʝ ʦʩʥʦʚʥʘ ʥʘʤʿʝʥʘ ʫʧʦʪʨʝʙʘ 

ʫ ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ ʥʘ ʩʚʠʤ ʥʠʚʦʠʤʘ ʦʙʨʘʟʦʚʘˁʘ. ʈʘʟʚʦʿ ʦʚʦʛ ʩʦʬʪʚʝʨʘ 

ʟʘʧʦʯʝʦ ʿʝ 2001. ʠ ʜʦ ʩʘʜʘ ʿʝ ʠʟʜʘʪʦ ʥʝʢʦʣʠʢʦ ʟʚʘʥʠʯʥʠʭ ʚʝʨʟʠʿʘ, ʘ ʘʢʪʫʝʣʥʘ 

ʿʝ ʚʝʨʟʠʿʘ 4, ʢʦʿʘ ʿʝ ʦʙʿʘʚˀʝʥʘ 20. ʩʝʧʪʝʤʙʨʘ 2011. ʛʦʜʠʥʝ. ʋ ʦʚʦʤ ʨʘʜʫ ʙʠ˂ʝ 

ʦʧʠʩʘʥa ʠʥʚʝʨʟʠʿa ʫ ɻʝʦʛʝʙʨʠ (GeoGebra) ʢʦʿʘ je ʧʦʪʧʫʥʦ ʠʤʧʣʝʤʝʥʪʠʨʘʥʘ 

ʦʜ ʚʝʨʟʠʿʝ 4, ʘ ʯʠʿʦ ʿʠʤʧʣʝʤʝʥʪʘʮʠʿʠ ʿʝ ʜʘʦ ʜʦʧʨʠʥʦʩ ʠ ʘʫʪʦʨ ʦʚʦʛ ʨʘʜʘ.  

 

2. ʀʥʚʝʨʟʠʿʘ 

 

ʀʥʚʝʨʟʠʿʘ ʩʝ ʤʦʞʝ ʜʝʬʠʥʠʩʘʪʠ ʢʘʦ ʠʥʚʦʣʫʮʠʦʥʘ ʪʨʘʥʩʬʦʨʤʘʮʠʿʘ 

ʢʦʿʘ ʧʨʝʩʣʠʢʘʚʘ ʩʢʫʧ ʪʘʯʘʢʘ ʈ ʫ ʩʢʫʧ ʪʘʯʘʢʘ ʈ' ʫ ʦʜʥʦʩʫ ʥʘ ʢʨʫʞʥʠʮʫ  

K(O, k) ʪʘʢʦ ʜʘ ʚʘʞʠ  

 

  (7)  

ʦʜʥʦʩʥʦ 
**

 (8)  

 

ʆʧʰʪʘ ʿʝʜʥʘʯʠʥʘ ʟʘ ʠʟʨʘʯʫʥʘʚʘˁʝ ʢʦʦʨʜʠʥʘʪʘ (x', y') ʪʘʯʢʝ ʈ' 

ʠʥʚʝʨʟʥʝ ʪʘʯʢʠ P(x, y) ʫ ʦʜʥʦʩʫ ʥʘ ʢʨʫʞʥʠʮʫ ʩʘ ʮʝʥʪʨʦʤ ʫ (x0, y0) ʠ 

ʧʦʣʫʧʨʝʯʥʠʢʦʤ k ʛʣʘʩʠ: 

 

  (9)  

  

  (10)  

 

ɼʠʨʝʢʪʥʦ ʠʟ ʜʝʬʠʥʠʮʠʿʝ ʠʥʚʝʨʟʠʿʝ ʤʦʛʫ ʩʝ ʦʜʨʝʜʠʪʠ ʦʙʿʝʢʪʠ ʫ ʢʦʿʝ 

ʩʝ ʠʥʚʝʨʟʥʦ ʧʨʝʩʣʠʢʘʚʘʿʫ ʦʩʥʦʚʥʠ ʛʝʦʤʝʪʨʠʿʩʢʠ ʦʙʿʝʢʪʠ (ʧʨʘʚʘ, ʜʫʞ, 

ʢʨʫʞʥʠ ʣʫʢ, ʧʦʣʠʛʦʥ ʠ ʢʨʫʞʥʠʮʘ). ʋ ʪʘʙʝʣʠ 1 ʜʘʪ ʿʝ ʧʨʠʢʘʟ ʦʩʥʦʚʥʠʭ 

ʛʝʦʤʝʪʨʠʿʩʢʠʭ ʦʙʿʝʢʘʪʘ ʠ ʦʙʿʝʢʘʪʘ ʢʦʿʠ ʥʘʩʪʘʿʫ ˁʠʭʦʚʦʤ ʠʥʚʝʨʟʠʿʦʤ. 

                                                 
*
 ddrakulic@gmail.com 

**
 ʌʦʨʤʘʣʥʘ ʜʝʬʠʥʠʮʠʿʘ ʠʥʚʝʨʟʠʿʝ ʤʦʞʝ ʩʝ ʧʨʦʥʘ˂ʠ ʫ: Lopandiĺ 1981. 
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ʆʙʿʝʢʘʪ ʆʙʿʝʢʘʪ ʢʦʿʠ ʩʝ ʜʦʙʠʿʘ ʠʥʚʝʨʟʠʿʦʤ 

ʇʨʘʚʘ ʇʨʘʚʘ ʠʣʠ ʢʨʫʞʥʠʮʘ 

ɼʫʞ ɼʫʞ ʠʣʠ ʢʨʫʞʥʠ ʣʫʢ 

ʇʦʣʠʛʦʥ (ʥʠʟ ʜʫʞʠ) ʅʠʟ ʜʫʞʠ ʠʣʠ ʣʫʢʦʚʘ 

ʂʨʫʞʥʠʮʘ ʇʨʘʚʘ ʠʣʠ ʢʨʫʞʥʠʮʘ 

ʂʨʫʞʥʠ ʣʫʢ ʂʨʫʞʥʠ ʣʫʢ ʠʣʠ ʜʫʞ 

ʂʦʥʫʩʥʠ ʧʨʝʩʿʝʢ ɸʣʛʝʙʘʨʩʢʝ ʢʨʠʚʝ ʪʨʝ˂ʝʛ ʠʣʠ ʯʝʪʚʨʪʦʛ ʩʪʝʧʝʥʘ 

 

ʊʘʙʝʣʘ 1: ʆʙʿʝʢʪʠ ʢʦʿʠ ʥʘʩʪʘʿʫ ʠʥʚʝʨʟʠʿʦʤ ʦʩʥʦʚʥʠʭ ʛʝʦʤʝʪʨʠʿʩʢʠʭ 

ʦʙʿʝʢʘʪʘ 

 

ʀʥʚʝʨʟʠʿʘ ʩʝ ʥʘʿʯʝ˂ʰʝ ʢʦʨʠʩʪʠ ʫ ʢʦʥʩʪʨʫʢʪʠʚʥʠʤ ʟʘʜʘʮʠʤʘ ʠ 

ʥʘʿʠʣʫʩʪʨʘʪʠʚʥʠʿʘ ʧʨʠʤʿʝʥʘ ʿʝ ʫ ʨʿʝʰʘʚʘˁʫ 10 ɸʧʦʣʦʥʠʿʝʚʠʭ
1
 ʧʨʦʙʣʝʤʘ ʦ 

ʜʦʜʠʨʫ ʢʨʫʛʦʚʘ. ɿʙʦʛ ʪʦʛʘ ʠʥʚʝʨʟʠʿʘ ʘʣʛʝʙʘʨʩʢʠʭ ʢʨʠʚʠʭ ʥʠʿʝ ʪʘʢʦ ʯʝʩʪʘ ʫ 

ʤʘʪʝʤʘʪʠʯʢʦʿ ʣʠʪʝʨʘʪʫʨʠ ʘ ˁʝʥ ʨʝʟʫʣʪʘʪ ʥʠʿʝ ʪʘʢʦ ʠʥʪʫʠʪʠʚʘʥ ʢʘʦ ʢʦʜ 

ʦʩʪʘʣʠʭ ʦʙʿʝʢʘʪʘ. 

ʅʝʢʘ ʿʝ ʜʘʪʘ ʘʣʛʝʙʘʨʩʢʘ ʢʨʠʚʘ ʧʨʦʠʟʚʦˀʥʦʛ ʩʪʝʧʝʥʘ ʫ ʠʤʧʣʠʮʠʪʥʦʤ 

ʦʙʣʠʢʫ  
  (11)  

 

ʆʙʿʝʢʘʪ ʢʦʿʠ ʥʘʩʪʘʿʝ ʠʥʚʝʨʟʠʿʦʤ ʦʚʝ ʘʣʛʝʙʘʨʩʢʝ ʢʨʠʚʝ ʫ ʦʜʥʦʩʫ ʥʘ 

ʢʨʫʞʥʠʮʫ ʩʘ ʮʝʥʪʨʦʤ ʫ (x0,y0) ʧʦʣʫʧʨʝʯʥʠʢʘ k ʜʦʙʠʿʘ ʩʝ ʢʘʜʘ ʩʝ ʿʝʜʥʘʯʠʥʝ 

ʟʘ ʠʟʨʘʯʫʥʘʚʘˁʝ ʢʦʦʨʜʠʥʘʪʘ ʠʥʚʝʨʟʥʝ ʪʘʯʢʝ (3) ʠ (4) ʫʚʨʩʪʝ ʫ ʿʝʜʥʘʯʠʥʫ 

ʢʨʠʚʝ (5). ʊʘʜʘ ʩʝ ʜʦʙʠʿʘ ʿʝʜʥʘʯʠʥʘ ʦʙʣʠʢʘ 

 

  (12)  

 

ʦʜʘʢʣʝ ʩʝ ʟʘʢˀʫʯʫʿʝ ʜʘ ʩʝ ʠʥʚʝʨʟʠʿʦʤ ʘʣʛʝʙʘʨʩʢʝ ʢʨʠʚʝ 

ʧʨʦʠʟʚʦˀʥʦʛ ʩʪʝʧʝʥʘ n ʜʦʙʠʿʘ ʘʣʛʝʙʘʨʩʢʘ ʢʨʠʚʘ ʩʪʝʧʝʥʘ n+2. 

ʀʘʢʦ ʠʥʚʝʨʟʠʿʘ ʟʘ ʧʨʦʠʟʚʦˀʥʠ ʦʙʿʝʢʘʪ ʥʠʿʝ ʙʠʣʘ ʠʤʧʣʝʤʝʥʪʠʨʘʥʘ ʫ 

ʨʘʥʠʿʠʤ ʚʝʨʟʠʿʘʤʘ ɻʝʦʛʝʙʨʝ, ʧʦʩʪʦʿʘʣʘ ʿʝ ʤʦʛʫ˂ʥʦʩʪ ʢʦʥʩʪʨʫʢʮʠʿʝ ʠʥʚʝʨʟʥʝ 

ʩʣʠʢʝ ʟʘ ʩʚʝ ʦʙʿʝʢʪʝ ʦʩʠʤ ʟʘ ʢʦʥʫʩʥʝ ʧʨʝʩʿʝʢʝ. ʀʤʧʣʝʤʝʥʪʘʮʠʿʘ ʨʘʜʘ ʩʘ 

ʘʣʛʝʙʘʨʩʢʠʤ ʢʨʠʚʠʤʘ ʧʨʦʠʟʚʦˀʥʦʛ ʩʪʝʧʝʥʘ ʫ ɻʝʦʛʝʙʨʠ 4 ʦʪʚʦʨʠʣʘ 

ʤʦʛʫ˂ʥʦʩʪ ʠʤʧʣʝʤʝʥʪʘʮʠʿʝ ʠʥʚʝʨʟʠʿʝ ʟʘ ʩʚʝ ʦʙʿʝʢʪʝ. 

 

3. ʀʥʚʝʨʟʠʿʘ ʫ ɻʝʦʛʝʙʨʠ 

 

ʀʥʚʝʨʟʠʿʘ ʫ ɻʝʦʛʝʙʨʠ, ʢʘʦ ʠ ʚʝ˂ʠʥʘ ʦʧʝʨʘʮʠʿʘ, ʤʦʞʝ ʩʝ ʠʟʚʨʰʠʪʠ ʥʘ 

ʜʚʘ ʥʘʯʠʥʘ ï ʙʠʨʘˁʝʤ ʢʦʤʘʥʜʝ Reflect Object in a Circle
2
 ʫ ʧʘʣʝʪʠ ʘʣʘʪʘ ʠʣʠ 

ʫʥʦʩʦʤ ʢʦʤʘʥʜʝ reflect[<Object>, <Circle>]
3
 ʫ ʢʦʤʘʥʜʥʫ ʣʠʥʠʿʫ.  

                                                 
1
 Apollonius of  Perga (ʧʨʠʙʣʠʞʥʦ 262. ʛ. ʧ. ʥ. ʝ ï 190. ʛ. ʧ. ʥ. ʝ.), ʛʨʯʢʠ 

ʤʘʪʝʤʘʪʠʯʘʨ ʠ ʘʩʪʨʦʥʦʤ. 
2
 ʋ ʚʝʨʟʠʿʠ ʥʘ ʩʨʧʩʢʦʤ ʿʝʟʠʢʫ Inverzija u odnosu na kruģnicu. 
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ʆʙʿʝʢʪʠ ʢʦʿʠ ʩʝ ʤʦʛʫ ʠʥʚʝʨʟʥʦ ʧʨʝʩʣʠʢʘʪʠ ʩʫ: 

ï ʪʘʯʢʝ, 

ï ʜʫʞʠ, 

ï ʧʨʘʚʝ, 

ï ʢʦʤʧʣʝʢʩʥʠ ʙʨʦʿʝʚʠ, 

ï ʧʦʣʠʛʦʥʠ, 

ï ʢʨʫʞʥʠʮʝ ʠ ʜʠʿʝʣʦʚʠ ʢʨʫʞʥʠʮʝ, 

ï ʢʦʥʫʩʥʠ ʧʨʝʩʿʝʮʠ, 

ï ʬʫʥʢʮʠʿʝ ʿʝʜʥʝ ʧʨʦʤʿʝʥˀʠʚʝ, 

ï ʧʘʨʘʤʝʪʘʨʩʢʝ ʢʨʠʚʝ ʠ 

ï ʠʤʧʣʠʮʠʪʥʝ (ʘʣʛʝʙʘʨʩʢʝ) ʢʨʠʚʝ ʜʚʠʿʝ ʧʨʦʤʿʝʥˀʠʚʝ. 

 

ʋʤʿʝʩʪʦ ʟʘʢˀʫʯʢʘ 

  

ɻʝʦʛʝʙʨʘ ʿʝ ʧʨʚʠ ʤʝʹʫ ʩʦʬʪʚʝʨʩʢʠʤ ʘʣʘʪʠʤʘ ʟʘ ʜʠʥʘʤʠʯʢʝ 

ʛʝʦʤʝʪʨʠʿʩʢʝ ʢʦʥʩʪʨʫʢʮʠʿʝ ʦʪʚʦʨʝʥʦʛ ʢʦʜʘ ʢʦʿʘ ʦʤʦʛʫ˂ʘʚʘ ʠʥʚʝʨʟʠʿʫ ʟʘ 

ʧʨʦʠʟʚʦˀʥʝ ʛʝʦʤʝʪʨʠʿʩʢʝ ʦʙʿʝʢʪʝ. ʆʚʦ ʦʪʚʘʨʘ ʤʦʛʫ˂ʥʦʩʪʠ ʧʨʠʤʿʝʥʝ 

ʧʦʤʝʥʫʪʦʛ ʘʣʘʪʘ ʫ ʥʘʧʨʝʜʥʠʿʠʤ ʢʦʥʩʪʨʫʢʮʠʿʘʤʘ, ʢʘʦ ʠ ʠʩʪʨʘʞʠʚʘˁʠʤʘ 

ʚʝʟʘʥʠʤ ʟʘ ʛʝʦʤʝʪʨʠʿʫ ʪʨʦʫʛʣʘ.  

ʅʘ ʩʣʠʮʠ 1 ʧʨʠʢʘʟʘʥ ʿʝ ʜʠʦ ɾʘʨʛʦʥʦʚʦʛ
4
 ʨʿʝʰʝˁʘ ɸʧʦʣʦʥʠʿʝʚʦʛ 

ʧʨʦʙʣʝʤʘ ʪʨʠ ʢʨʫʞʥʠʮʝ, ʢʦʥʩʪʨʫʠʩʘʥʦʛ ʫ ʘʣʘʪʫ ɻʝʦʛʝʙʨʘ. ʅʘʩʫʧʨʦʪ 

ʪʨʘʜʠʮʠʦʥʘʣʥʠʤ ʤʝʪʦʜʘʤʘ ʢʦʥʩʪʨʫʢʮʠʿʝ, ʢʦʿʝ ʟʘʭʪʠʿʝʚʘʿʫ ʜʦʩʪʘ ʚʨʝʤʝʥʘ ʠ 

ʪʨʫʜʘ, ʦʚʘ ʢʦʥʩʪʨʫʢʮʠʿʘ ʿʝ ʪʝʭʥʠʯʢʠ ʣʘʢʘ ʠ ʙʨʟʘ ʫʟ ʧʦʤʦ˂ ʧʦʩˀʝʜˁʝ ʚʝʨʟʠʿʝ 

ɻʝʦʛʝʙʨʝ. 

                                                                                                                        
3
 ʋ ʚʝʨʟʠʿʠ ʥʘ ʩʨʩʢʦʤ ʿʝʟʠʢʫ ogledanje[<Objekat>, <Kruznica>]. 

4
 Joseph Diaz Gergonne (1771ï1859), ʬʨʘʥʮʫʩʢʠ ʤʘʪʝʤʘʪʠʯʘʨ. 
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ʉʣʠʢʘ 1: ɾʘʨʛʦʥʦʚʦ ʨʿʝʰʝˁʝ ɸʧʦʣʦʥʠʿʝʚʦʛ ʧʨʦʙʣʝʤʘ ʪʨʠ ʢʨʫʛʘ. ʅʘ 

ʩʣʠʮʠ ʩʫ ʧʨʠʢʘʟʘʥʘ ʜʚʘ ʦʜ ʤʦʛʫ˂ʠʭ  
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ɺʠʩʦʢʘ ʧʦʩʣʦʚʥʦ-ʪʝʭʥʠʯʢʘ ʰʢʦʣʘ ʩʪʨʫʢʦʚʥʠʭ ʩʪʫʜʠʿʘ 

ʋʞʠʮʝ 

 

ʉʪʨʫʯʥʠ ʨʘʜ 

 

ʀʅʊɽʈʇʆʃɸʎʀɱɸ ʈɸʎʀʆʅɸʃʅɽ  

ʌʋʅʂʎʀɱɽ ʉɸ ɼɺɽ ʅɽɿɸɺʀʉʅɽ ʇʈʆʄɽʅɲʀɺɽ 

ʇʆʄʆɴʋ ʇʆʃʀʅʆʄʀɱɸʃʅɽ ʌʋʅʂʎʀɱɽ 

 
 

1. ʋʚʦʜ 

 

ɿʘ ʦʜʨʝʹʠʚʘˁʝ ʘʜʝʢʚʘʪʥʦʛ ʦʙʣʠʢʘ ʧʦʣʠʥʦʤʠʿʘʣʥʠʭ ʬʫʥʢʮʠʿʘ 

ʢʦʨʠʰ˂ʝʥʠ ʩʫ ʚʠʰʝʬʘʢʪʦʨʥʠ ʧʣʘʥʦʚʠ ʧʨʚʦʛ ʠ ʚʠʰʝʛ ʨʝʜʘ, ʢʘʦ ʠ 

ʩʪʘʪʠʩʪʠʯʢʘ ʪʝʦʨʠʿʘ ʚʠʰʝʬʘʢʪʦʨʥʝ ʨʝʛʨʝʩʠʦʥʝ ʘʥʘʣʠʟʝ. ʋ ʧʦʩʪʫʧʢʫ 

ʠʥʪʝʨʧʦʣʘʮʠʿʝ ʢʦʨʠʰ˂ʝʥʠ ʩʫ ʧʦʣʠʥʦʤʠ ʯʝʪʚʨʪʦʛ ʨʝʜʘ. ʇʨʦʮʝʜʫʨʦʤ 

ʤʘʪʝʤʘʪʠʯʢʦʛ ʤʦʜʝʣʠʨʘˁʘ ʩʫ ʦʜʨʝʹʝʥʠ ʧʘʨʘʤʝʪʨʠ ʤʦʜʝʣʘ ʦʜʥʦʩʥʦ 

ʢʦʝʬʠʮʠʿʝʥʪʠ ʧʦʣʠʥʦʤʘ. ʋ ʧʦʩʪʫʧʢʫ ʤʘʪʝʤʘʪʠʯʢʦʛ ʤʦʜʝʣʠʨʘˁʘ, ʢʨʝʥʫʣʦ 

ʩʝ ʦʜ ʧʨʦʩʪʠʿʝʛ ʦʙʣʠʢʘ ʧʦʣʠʥʦʤʠʿʘʣʥʝ ʬʫʥʢʮʠʿʝ, ʘ ʫ ʥʘʨʝʜʥʠʤ ʮʠʢʣʫʩʠʤʘ, 

ʠʰʣʦ ʩʝ ʜʦ ʩʣʦʞʝʥʠʿʠʭ ʦʙʣʠʢʝ ʧʦʣʠʥʦʤʠʿʘʣʠʭ ʬʫʥʢʮʠʿʘ ʚʠʰʝʛ ʨʝʜʘ, ʩʚʝ 

ʜʦʢ ʩʝ ʥʠʿʝ ʜʦʙʠʦ ʘʜʝʢʚʘʪʘʥ ʤʘʪʝʤʘʪʠʯʢʠ ʤʦʜʝʣ. 

 

2.  ʇʦʩʪʫʧʘʢ ʠʥʪʝʨʧʦʣʘʮʠʿʝ ʟʘʜʘʪʝ ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ ʩʘ ʜʚʝ 
ʥʝʟʘʚʠʩʥʝ ʧʨʦʤʝʥˀʠʚʝ ʧʦʤʦ˂ʫ ʧʦʣʠʥʦʤʠʿʘʣʥʝ ʬʫʥʢʮʠʿʝ 

 

ʎʠˀ ʦʚʦʛ ʨʘʜʘ ʿʝ ʙʠʦ ʜʘ ʩʝ ʨʘʮʠʦʥʘʣʥʠʭ ʬʫʥʢʮʠʿʘ  
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22 6

1

4

1

)5.02.01(

20
yxyx

yx
z ++

++
=                 (1)    

 

ʠʥʪʝʨʧʦʣʠʨʘ ʩʘ ʧʦʣʠʥʦʤʠʿʘʣʥʦʤ ʬʫʥʢʮʠʿʦʤ ʫ ʧʦʜʨʫʯʿʫ ʢʦʿʝ ʿʝ 

ʜʝʬʠʥʠʩʘʥʦ ʠʥʪʝʨʚʘʣʦʤ: 

).2,1(

)2,1(

-Í

-Í

y

x
 

ʅʘʿʧʨʝ ʧʦʤʦ˂ʫ ʧʨʦʛʨʘʤʩʢʦʛ ʘʣʘʪʘ MATLAB ʜʘʪ ʿʝ ʛʨʘʬʠʯʢʠ ʧʨʠʢʘʟ 

ʫ 3D ʧʨʦʩʪʦʨʫ ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ z ʫ ʜʝʬʠʥʠʩʘʥʦʤ ʧʦʜʨʫʯʿʫ (ʩʣ. 1). 

 

                                                 
*
 prof.ivkovic@gmail.com 
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ʉʣʠʢʘ 1. 

 

ʋ ʜʘˀʝʤ ʧʦʩʪʫʧʢʫ, ʪʘʢʦʹʝ ʢʦʨʠʰ˂ʝˁʝʤ ʧʨʦʛʨʘʤʩʢʦʛ ʘʣʘʪʘ 

MATLAB, ʧʨʠʢʘʟʘʥ ʿʝ ʫ 3D ʧʨʦʩʪʦʨʫ ʟʘʢʦʥʠʪʦʩʪ ʟʘʜʘʪʝ ʨʘʮʠʦʥʘʣʥʝ 

ʬʫʥʢʮʠʿʝ z ʫ ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ x ʟʘ ʜʠʩʢʨʝʪʥʝ ʚʨʝʜʥʦʩʪʠ y ʥʘ 

ʠʥʪʝʨʚʘʣʫ )2,1(-Íy ʩʘ ʢʦʨʘʢʦʤ ʨʘʯʫʥʘˁʘ  1.0=Dy , (ʩʣ. 2). 

 

 
ʉʣʠʢʘ 2. 

 



ʀʥʪʝʨʧʦʣʘʮʠʿʘ ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ ʩʘ ʜʚʝ 
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ʅʘ ʩʣ. 3 ʧʨʠʢʘʟʘʥʘ ʿʝ ʟʘʢʦʥʠʪʦʩʪ ʟʘʜʘʪʝ ʬʫʥʢʮʠʿʝ z ʫ 3D ʧʨʦʩʪʦʨʫ ʫ 

ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ x ʟʘ ʜʠʩʢʨʝʪʥʝ ʚʨʝʜʥʦʩʪʠ { }.2,1,0,1-=y  

 

 
ʉʣʠʢʘ 3. 

 

ʅʘ ʩʣ. 4 ʧʨʠʢʘʟʘʥʘ ʿʝ ʫ 2D ʧʨʦʩʪʦʨʫ ʟʘʢʦʥʠʪʦʩʪ ʟʘʜʘʪʝ ʬʫʥʢʮʠʿʝ z ʫ 

ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ x ʟʘ ʜʠʩʢʨʝʪʥʝ ʚʨʝʜʥʦʩʪʠ { }.2,1,0,1-=y  

 

 
ʉʣʠʢʘ 4. 
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ʅʘ ʩʣ. 5 ʜʘʪ ʿʝ ʛʨʘʬʠʯʢʠ ʧʨʠʢʘʟ ʟʘʜʘʪʝ ʬʫʥʢʮʠʿʝ z ʢʘʦ ʠ ʧʦʣʠʥʦʤʠ 

ʯʝʪʚʨʪʦʛ ʩʪʝʧʝʥʘ, ʜʦʙʠʿʝʥʠ ʫ ʧʦʩʪʫʧʢʫ ʤʘʪʝʤʘʪʠʯʢʦʛ ʤʦʜʝʣʠʨʘˁʘ, ʩʘ 

ʢʦʿʠʤʘ ʿʝ ʠʟʚʨʰʝʥʘ ʠʥʪʝʨʧʦʣʘʮʠʿʘ ʟʘʜʘʪʝ ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ z ʫ 

ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ x ʟʘ ʚʨʝʜʥʦʩʪʠ { }.2,1,0,1-=y  

 

 
ʉʣʠʢʘ 5. 

 

ʆʧʰʪʠ ʦʙʣʠʢ ʧʦʣʠʥʦʤʘ ʯʝʪʚʨʪʦʛ ʩʪʝʧʝʥʘ ʢʦʿʠ ʩʫ ʧʨʠʢʘʟʘʥʠ ʥʘ ʩʣ. 5 

ʩʝ ʤʦʞʝ ʥʘʧʠʩʘʪʠ ʢʘʦ: 
1 1 1 2 1 3 1 4

1 0 1 2 3 4

2 2 2 2 2 3 2 4

2 0 1 2 3 4

3 3 3 2 3 3 3 4

3 0 1 2 3 4

4 4 4 2 4 3 4 4

4 0 1 2 3 4

, 1

, 0

, 1

, 2.

z b b x b x b x b x y

z b b x b x b x b x y

z b b x b x b x b x y

z b b x b x b x b x y

= + + + + =-

= + + + + =

= + + + + =

= + + + + =

             (2)     
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ʋ ʜʘˀʝʤ ʧʦʩʪʫʧʢʫ ʪʨʝʙʘ ʦʜʨʝʜʠʪʠ ʟʘʢʦʥʠʪʦʩʪ ʧʘʨʘʤʝʪʘʨʘ 

}{ 43210 ,,,, bbbbb  ʫ ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ y. 

ʅʘ ʩʣ. 6 ʧʨʠʢʘʟʘʥʝ ʩʫ ʚʨʝʜʥʦʩʪʠ ʧʘʨʘʤʝʪʘʨʘ }{ 43210 ,,,, bbbbb  ʢʦʿʠ 

ʧʨʦʠʩʪʠʯʫ ʠʟ ʧʦʣʠʥʦʤʘ ʯʝʪʚʨʪʦʛ ʩʪʝʧʝʥʘ ʟʘ ʚʨʝʜʥʦʩʪʠ { }2,1,0,1-=y , ʩʣ. 

5. 

ʊʘʢʦʹʝ, ʥʘ ʩʣ. 6 ʧʨʠʢʘʟʘʥʘ ʿʝ ʟʘʢʦʥʠʪʦʩʪ ʧʘʨʘʤʝʪʘʨʘ 

}{ 43210 ,,,, bbbbb  ʢʦʿʘ ʿʝ ʠʩʢʘʟʘʥʘ ʫ ʦʙʣʠʢʫ ʧʦʣʠʥʦʤʘ ʧʝʪʦʛ ʩʪʝʧʝʥʘ ʫ 

ʟʘʚʠʩʥʦʩʪʠ ʦʜ ʧʨʦʤʝʥˀʠʚʝ y.  

 
ʉʣʠʢʘ 6. 
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ʂʘʜʘ ʩʝ ʟʘʢʦʥʠʪʦʩʪ ʦʚʠʭ ʧʘʨʘʤʝʪʘʨʘ ʫʙʘʮʠ ʫ ʠʟʨʘʟ (2) ʜʦʙʠ˂ʝ ʩʝ: 

   
2 3 4 5

2 3 4 5

2 2 3 4 5

3

19.12342 0.67435 10.2169 1.625161 3.888621 1.42207

( 0.0677 0.06096 0.392015 0.047261 0.08499 0.01885 )

( 3.38496 0.169362 2.849963 0.53091 0.94868 0.353341 ) (3)

(0.113

z y y y y y

x y y y y y

x y y y y y

x

= - - + + - +

- - + + - + +

- + + - - + +

2 3 4 5

4 2 3 4 5

015 0.00395 0.12758 0.022709 0.048275 0.01707)

(0.254673 0.02202 0.21444 0.05132 0.070484 0.02724 )

y y y y y

x y y y y y

- - + + - +

- - + + -

 

ʅʘ ʩʣ. 7 ʫ 3D ʧʨʦʩʪʦʨʫ ʧʨʠʢʘʟʘʥʘ ʿʝ ʟʘʜʘʪʘ ʨʘʮʠʦʥʘʣʥʘ ʬʫʥʢʮʠʿʘ 

(1), ʧʦʣʠʥʦʤʠʿʘʣʥʘ ʬʫʥʢʮʠʿʘ ʧʝʪʦʛ ʨʝʜʘ ʩʘ ʢʦʿʦʤ ʿʝ ʠʟʚʨʰʝʥʘ 

ʠʥʪʝʨʧʦʣʘʮʠʿʘ (3) ʠ ʛʨʝʰʢʘ ʠʥʪʝʨʧʦʣʘʮʠʿʝ ʢʘʦ ʨʘʟʣʠʢʘ ʠʟʤʝʹʫ ʟʘʜʘʪʝ 

ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ (1) ʠ ʧʦʣʠʥʦʤʠʿʘʣʥʝ ʬʫʥʢʮʠʿʝ (3). 

ɻʨʝʰʢʘ ʠʥʪʝʨʧʦʣʘʮʠʿʝ ʿʝ ʟʘʥʝʤʘʨˀʠʚʦ ʤʘʣʘ ʰʪʦ ʩʝ ʠ ʚʠʟʫʝʣʥʦ 

ʤʦʞʝ ʚʠʜʝʪʠ ʥʘ ʩʣ. 7. 

 

 
ʉʣʠʢʘ 7. 

 

3. ɿʘʢˀʫʯʘʢ 

 

ʋ ʦʚʦʤ ʨʘʜʫ ʧʨʠʢʘʟʘʥ ʿʝ ʧʨʠʤʝʨ ʫ ʢʦʤʝ ʿʝ ʟʘʜʘʪʘ ʨʘʮʠʦʥʘʣʥʘ 

ʬʫʥʢʮʠʿʘ ʧʨʝʜʩʪʘʚˀʝʥʘ ʥʘ ʘʜʝʢʚʘʪʘʥ ʥʘʯʠʥ ʧʦʤʦ˂ʫ ʤʘʪʝʤʘʪʠʯʢʦʛ ʤʦʜʝʣʘ ʫ 

ʦʙʣʠʢʫ ʧʦʣʠʥʦʤʠʿʘʣʥʝ ʬʫʥʢʮʠʿʝ ʧʝʪʦʛ ʨʝʜʘ ʫ ʜʝʬʠʥʠʩʘʥʦʤ ʧʦʜʨʫʯʿʫ. 

ʊʘʢʦʹʝ, ʫ ʦʚʦʤ ʨʘʜʫ ʥʘ ʚʠʟʫʝʣʘʥ ʥʘʯʠʥ ʫ 3D ʧʨʦʩʪʦʨʫ ʧʨʠʢʘʟʘʥʘ ʿʝ ʛʨʝʰʢʘ 

ʠʥʪʝʨʧʦʣʘʮʠʿʝ ʢʦʿʘ ʿʝ ʟʘʥʝʤʘʨˀʠʚʦ ʤʘʣʘ ʯʠʤʝ ʿʝ ʧʦʩʪʠʛʥʫ ʮʠˀ ʦʚʦʛ ʨʘʜʘ. 

ɼʦʧʨʠʥʦʩ ʦʚʦʛ ʨʘʜʘ ʿʝ ʫ ʪʦʤʝ ʰʪʦ ʩʝ ʧʨʝʢʦ ʦʚʦʛ ʧʨʠʤʝʨʘ ʧʦʢʘʟʫʿʝ 

ʜʘ ʩʝ ʙʠʣʦ ʢʦʿʘ ʨʘʮʠʦʥʘʣʘʥʘ ʬʫʥʢʮʠʿʘ ʤʦʞʝ ʧʨʝʜʩʪʘʚʠʪʠ ʩʘ 

ʧʦʣʠʥʦʤʠʿʘʣʥʦʤ ʬʫʥʢʮʠʿʦʤ ʥʘ ʘʜʝʢʚʘʪʘʥ ʥʘʯʠʥ. 

ʇʨʘʢʪʠʯʘʥ ʟʥʘʯʘʿ ʦʚʦʛ ʨʘʜʘ ʿʝ ʚʝʣʠʢʠ. ʅʘ ʧʨʠʤʝʨ, ʘʢʦ ʿʝ ʧʦʪʨʝʙʥʦ 

ʠʥʪʝʛʨʘʣʠʪʠ ʧʦʜʠʥʪʝʛʨʘʣʥʫ ʬʫʥʢʮʠʿʫ, ʢʦʿʘ ʿʝ ʫ ʦʙʣʠʢʫ ʨʘʮʠʦʥʘʣʥʝ 



ʀʥʪʝʨʧʦʣʘʮʠʿʘ ʨʘʮʠʦʥʘʣʥʝ ʬʫʥʢʮʠʿʝ ʩʘ ʜʚʝ 
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ʬʫʥʢʮʠʿʝ, ʫ ʥʝʢʦʤ ʜʝʬʠʥʠʩʘʥʦʤ ʠʥʪʝʨʚʘʣʫ, ʦʥʜʘ ʪʦ ʤʦʞʝ ʙʠʪʠ ʪʝʞʘʢ ʧʦʩʘʦ 

ʠ ʫ ʚʝ˂ʠʥʠ ʩʣʫʯʘʿʝʚʘ ʩʝ ʦʚʘʿ ʧʨʦʙʣʝʤ ʩʚʦʜʠ ʜʘ ʩʝ ʥʝ ʤʦʞʝ ʨʝʰʠʪʠ ʫ 

ʢʦʥʘʯʥʦʤ ʦʙʣʠʢʫ. ʄʝʹʫʪʠʤ, ʘʢʦ ʧʦʜʠʥʪʝʛʨʘʣʥʫ ʨʘʮʠʦʥʘʣʥʫ ʬʫʥʢʮʠʿʫ 

ʠʥʪʝʨʧʦʣʠʨʘʤʦ ʩʘ ʧʦʣʠʥʦʤʠʿʘʣʥʦʤ ʬʫʥʢʮʠʿʦʤ ʫ ʧʦʜʨʫʯʿʫ ʥʘ ʢʦʤʝ ʩʝ ʚʨʰʠ 

ʠʥʪʝʛʨʘˀʝˁʝ, ʦʥʜʘ ʠʥʪʝʛʨʘˀʝˁʝ ʩʘ ʧʦʣʠʥʦʤʠʿʘʣʥʦʤ ʬʫʥʢʮʠʿʦʤ ʧʦʩʪʘʿʝ 

ʚʨʣʦ ʿʝʜʥʦʩʪʘʚʥʦ, ʘ ʨʝʰʝˁʝ ʩʝ ʩʚʦʜʠ ʥʘ ʢʦʥʘʯʘʥ ʦʙʣʠʢ.  
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1. Background 

 

It is almost impossible to find domain, whether it be in technical or 

social sciences, where the concept of elasticity is not present. This all-out 

presence springs from the fact that all measures of elasticity whether they be 

analytic (elasticity coefficient) or graphic have advantage over other variability 

measures: they represent statistical invariants. 

The theory of ĂThe Complete or Total Coefficient of the Aggregate 

Demand Elasticityñ was introduced and published in three follow-up papers. 

With the Average Base Index and Average Chain Index (the final form of which 

was constructed on the smooth arc of the hypercurve (S. Sekulovic, [4]) this 

theory was developed in  with the usual or standard metric/norm. In it, only 

implicit definition of the Fractional Market Shares with their inception formula 

in non-analytic form was introduced. Need for its improvement towards easier 

practical use has become imperative.  

 

2. Structural Identity Formulas ï Concept and Interpretation 

 

Definition 2.1. Formulas 

 

 
 

are called the Structural Identity Formulas (SIF). 

                                                 
*
 slobodan.sekulovic@gmail.com 
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Theorem 2.1. (SIF Theorem). SIF satisfy the following identity: 

 

                      (2) 

Proof. We shall derive the proof by mathematical induction: 

 

1Á For  expression (2) becomes 

 

  

  

Thus it is valid for . 

 

2Á Suppose that (2) is valid for , i. e. 

 

 
 

3Á Let us prove that expression (2) is valid for . We have 

 

 
 

Note that expression (4) can also be written as 

  

 
or 

 

 
 

By assumption (3) the expression in the bracket is equal to one and 

thereby 

 

  

 

Thus expression (2) is valid for , and consequently represents 

an identity for . We shall call it the Structural Identity (SI). 
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3. The SIF Interpretations 

 

Exposition in this paragraph will bring out some interpretations many of 

which can be very usuful in its domain. We shall consider the following four: 

 

(i) the SIF and the Figurate Numbers; 

(ii)  the geometrical interpretation; 

(iii)  a technical interpretation; 

(iv) the statistical interpretation with application in economics. 

 

3.1. The SIF and the Figurate Numbers 

 

It has been demonstrated that the following identity is valid: 

 

 
 

For ,  it assumes the form: 

              

 

 

Let , . Substituting it into (8) we 

obtain: 

 

 
 

Adding up (9) for all  yields: 
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For different values of  expression (10) yields some interesting 

formulas: 

 

Let . Then 

 
since  

  

 

This is to say that for  expression (10) yields the formula for the 

n-th Triangular Numbers. 

For  we have 

 

 
where: 

 

 
 

By solving (12) for  we arrive at the following 

expression: 

 

 
 

This is to say that for  expression (10) yields (14), the right-hand 

side of which is known as the formula for the n-th Tetrahedral Numbers. 

 

For  expression (10) becomes 

 

 
 



Structural identity formulas and series with  

application to elasticity with the statistical index 

 231 

where: 

 

  

 

By solving (15) for  we have: 

 

 
 

By analogy we can generate the formula for the computation of the sum 

  

for  The formula can be very useful and applicable in 

solving many problems in mathematics and its applications. 

 

3.2. The Geometrical Interpretation 

 

Here, we shall demonstrate that the coefficients of any arbitrary convex 

linear combination of a finite number of vectors , ,...,  can be 

expressed by SIF. 

 

X2

X1

X3

M1

M2

M3

M4

O1

O2 O3

 

Fig. 1. 

 

Let us consider the space convex polygon, which is bounded by the 

polygonal line . By Fig. 1, we are about to calculate the radius 
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vector  of any arbitrary point of the given space convex polygon. The radius 

vector  of the point  divides the line segment  in the ratio 

  

From Fig. 1 we have 

 

  
 

  

 

  
 

and finally 

 
 

By analogy, the position vector  of the point  divides the line 

segment  in the ratio 

  

and has the form 

 

 
 

or (after substituting (17) into (18)) 

                                                                   

  

 

By proceeding similarly, the radius vector  of the point  divides the 

line segment  in the ratio 

 

  

 

and has the form 

 

 
 

or (after substituting (19) into (20) and arranging) 
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The computed radius vector  is a function of: 

 

a) radius vectors of the points , , , 

; 

b) weights, i.e. the convex linear combination cofficients 

 

 
 

By analogy we introduce , ,...,  and obtain the convex linear 

combination coefficients which mimic the SIF. And that is what we set out to 

demonstrate. 

 

3.3. Technical Interpretation 

 

This interpretation asserts how and why individual voltage drops in a 

simple electric circuit can be expressed by SIF. 

 

 

Fig. 2. 
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Fig. 2 shows the circuit diagram of a simple circuit composed of: 

(a) battery power supply ; 

(b) series connection of m circuit components, resistors  

 with  variable resistance. 

 

Applying Kirchoffôs voltage law to the circuit by starting at the positive 

terminal a of the battery, traversing the loop clockwise, and taking the voltage 

drops as positive, we have the following balance equation 

 

 
or 

 

 
 

 Note that by simple arrangements of the balance equation, individual 

voltage drops   can also be expressed as a percentage of , 

i.e. 

 

 
  

Let  (4 resistors in the circuit). Consider the following ratios: 

 

 

 
 

After substituting expressions for the resistance relatives ,  and  

into (22) and  

arranging we have: 
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By analogy, for k=m we take the following ratios into consideration 

 

 
 

from which we derive expressions for the resistance relatives  ,  , ... , 

. After substituting the resistance relatives into (22) and arranging, percentage 

voltage drops  assume the SIF form. 

 

3.4. The Statistical Interpretation with Application in Economics 

 

The statistical interpretation (with application in economics) of the SIF 

springs from economic system which is far more susceptable to human 

subjective perception than the technical system from the previous exposition. To 

illustrate this, we opt for an example related to market competition. 

Suppose: 

a1) Geographical, i.e. the spatial dimension of the market under 

observation is     

   clearly defined; 

a2) Time frame, i.e. the period of observation  is set up; 

a3) Present in the market is a limited number m of independent firms 

which  

   constitute an industry. They compete over the same payment limited  

   available demand with their homogenous and brand-name 

goods/services. 

 

On these grounds, the aggregate demand of the set of homogenous 

(competitive) and brand-name goods/services is defined as 

 

 



 

Slobodan Sekuloviĺ i dr. 

 236 

wherein the system
1
: 

 

 
 

represents the subfunctions, i.e. demand functions  for the brand-name 

product ;  is the price vector which reflects the price level  of 

each rival product  respectively. The theorem follows: 

 

Theorem 3.1. (Fractional Market Shares Theorem). If demand functions 

 are related by expression 

 

 
throughout the observed market in the observed time period, then the 

share of an industryôs sales made by each (firm) is given by the formula: 

 

 
We leave out the proof which is straightforward, and it only employs 

simple arrangements of the balance equation (24) and expression (26). From the 

mathematical point of view, formula (27) holds true. But, the formula (22) 

which depicts a technical system holds true as well, and yet technical laws and 

conditions which generate it are deterministic by their nature, whereas the 

conditions which give rise to (26) and consequently (27) are more or less 

probabilistic ones. This translates into understanding that formula (22) and its 

analogon, the SIF, can stand up under scrutiny, whereas the extent to which (26) 

that is (27) is reliable is influenced by the market conditions which calls for two 

notes: 

a4) Expression (26), i.e. 

 
exploits a Ăsilent assumptionñ that the price competition has primary 

sway in the observed market, and in the observed time period. The impact of 

other variables (e.g., quality, design, service abilities etc.) in terms of boosting 

stronger preference for consumption of one given brand-name product over the 

                                                 
1
 In broader sense 

, i.e. each 

demand function  for the specific brand-name product  is a composite function which 

indirectly depends on time. Also, other mathematical considerations such as continuity, 

differentiability etc., are not vital for the point we want to make.              10 
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other, can be disregarded because the brand-name products are identical in this 

respect. However, this is only approximate truth in reality! 

a5) Suppose consideration a4) utterly holds. Even then, degeneration of 

expression (26) resulting from persistant unallowed practices (e.g., price fixing, 

i.e. prices unilaterally set by large corporations, selling items below cost to 

lessen competition and to injure competitors, etc.) and in particular from the 

monopolistic practices can take place. The regulations prohibiting unallowed 

practices should be vigorously enforced. Yet, it is not easy to identify 

monopolistic practices with certainty. A number of indicators for empirical 

identification whether an industry is monopolized or competitive has been 

launched. The level of an                                                              industry 

concentration (the share of an industryôs sales controled by a few largest firms) 

is among traditional ones. However, historical evidence has it that the antitrust 

cases related to and derived from a significant level (60% or more) of an 

industry concentration ''... rested more upon consensus than upon evidence ... 

that this level of industry concentration allowed a substantial amount of 

noncompetitive behaviorñ
2
. In general, all measures indicators of monopolistic 

power differ in their perception: what does generate, that is what does the market 

power arise out of (e.g., market share, governmental regulations which favor or 

tend to impair competition, etc.)?! 

Having taken the market conditions a4) and a5) into consideration, we 

proceed to establishing the connection between expression (27) and the SIF. Let 

 (4 competitors in the observed market). Consider the following ratios: 

 

 

 

After substituting expressions for the price relatives  and  into 

(27) and arranging we have: 

 

                                                 
2
 George J. Stigler (1988), Memoirs of an Unregulated Economist, New York: 

Basic Books, Inc., Publishers, p. 100. 
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By analogy, for  we take the following rations into account 

 

 
 

from which we derive expressions for the price relatives . 

After substituting the price relatives into (27) and arranging, the Fractional 

Market Shares  assume the SIF form. And that is what we laid out to 

demonstrate. 

 

4. Series with Probability Normed Coefficients 

 

Definition 4.1. Infinite series 

 

 
 

wherein 

 
 

is called the Series with Probability Normed Coefficients or the 

Structural Series (SS). 

 

 

Theorem 4.1. (SS Theorem). The Structural Series converges for all 

. It converges to 1 if the series  converges, and if  

diverges it converges to zero. 
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Proof. Let the series  be convergent. Then infinite product 

 converges as well, and the following inequality is valid: 

 

 
  

Multiplying expression (30) by  yields 

 

 
 

or 

 
 

Based on the First Comparision Principle for the series with positive 

terms, it follows from expression (31) that SS is convergent. Its partial sums 

form the bounded and monotone-increasing sequence: 

 
 

and  

 

 
 

Since obviously 

 

 
 

then 

 
 

Now, let the series  be divergent. Then infinite product 

 diverges as well and  for every . 

Consequently, SS converges to zero. Thus the proof is complete. 
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Corollary 4.1. Let  be a function defined by  

 

 
Then the family, defined by 

 

                  ,  

 

where  and  

 

  

 

is a partitioning of a set  induced by function . 

                                                                 

Proof. This follows easily from the definition of the Strucutral Series 

(SS) and the SS Theorem. 

 

Corollary 4.2. Let , be a family of 

functions defined by 

 

 
 

Then 

(i)  

(ii)  for every 

. 

 

Proof: (i) Note that 

 
 

Then we employ the steps of SS Theorem to get: 

  

So (i) is proved. 
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(ii) Follows directly from (i). 

 

Corollary 4.3. Let  be a function defined by  

 
Then 

(i) the family, defined by , where 

 and 

 is a partitioning of a set 

 induced by function , 

(ii) function  is a restriction of  to , i.e. . 

 

Proof. Follows easily from the definition of SS, SS Theorem and 

Corollary 4.1. 

 

5. Final comments  

 

There is considerable evidence to support a conjecture that the results 

obtained in this paper for the concept of the Complete or Total Coefficient of 

Aggregate Demand Elasticity, initially developed in R
n
 with the usual or 

standard metric/norm, can be applied and extended to more generalized situation 

- to probabilistic normed (PN) spaces in the sense of C. Alsina, B. Schweizer 

and A. Sklar.  

PN spaces are real linear spaces in which the norm of each vector is an 

appropriate probability distribution function rather than a number. Such spaces 

were first introduced by A. N. Ġerstnev (Dokl. Akad. Nauk SSSR 149 [1963], 

280ï283). But C. Alsina, B. Schweizer and A. Sklar (Aequationes Math. 

46 [1993], no. 1ï2, 91ï98) developed a new definition of PN spaces which 

includes the definition of Ġerstnev as a special case (see [6ï8]). 
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ʉʝʢʮʠʿʘ ʟʘ ʤʝʪʦʜʠʢʫ ʥʘʩʪʘʚʝ 

ʤʘʪʝʤʘʪʠʢʝ ʠ ʠʥʬʦʨʤʘʪʠʢʝ 





ʅʝʣʘ ʊ. ʄʘʣʠʥʦʚʠ˂-ɱʦʚʘʥʦʚʠ˂
*
 

ʋʥʠʚʝʨʟʠʪʝʪ ʫ ʅʠʰʫ 

ʋʯʠʪʝˀʩʢʠ ʬʘʢʫʣʪʝʪ ɺʨʘˁʝ 

 

ʂʨʘʪʢʦ ʩʘʦʧʰʪʝˁʝ 

 

ʇʆɺɽɿɸʅʆʉʊ ʇʆʉʊʀɻʅʋɴɸ ʋʏɽʅʀʂɸ ʆ ʇʈʀʈʆɼʅʀʄ 

ɹʈʆɱɽɺʀʄɸ ʋ ʆʂɺʀʈʋ ʉɸɼʈɾɸɱʅʆɻ ʀ ʂʆɻʅʀʊʀɺʅʀʍ 

ɼʆʄɽʅɸ ʋ IV ʈɸɿʈɽɼʋ ʆʉʅʆɺʅɽ ʐʂʆʃɽ 

 
ʋ ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ ʟʥʘˁʘ ʩʝ ʩʪʠʯʫ ʢʘʦ ʩʠʩʪʝʤ ʧʦʿʤʦʚʘ ʠ 

ʯʠˁʝʥʠʮʘ, ʧʨʠ ʯʝʤʫ ʩʝ ʩʚʘʢʦ ʥʦʚʦ ʟʥʘˁʝ ʣʦʛʠʯʢʠ ʥʘʜʦʚʝʟʫʿʝ ʥʘ 

ʦʜʛʦʚʘʨʘʿʫ˂ʘ ʧʨʝʪʭʦʜʥʘ ʩʘʟʥʘˁʘ. ʉʘʜʨʞʘʿʠ ʿʝʜʥʝ ʪʝʤʘʪʩʢʝ ʮʝʣʠʥʝ 

ʩʪʨʫʢʪʫʠʨʘʥʠ ʩʫ ʪʘʢʦ ʜʘ ʩʝ ʣʘʥʯʘʥʦ ʤʦʛʫ ʧʦʚʝʟʘʪʠ ʫ ʥʠʟ ʯʠʿʠ ʩʝ ʩʚʘʢʠ ʯʣʘʥ 

ʤʦʞʝ ʠʟʚʝʩʪʠ ʪʿ. ʫʧʦʟʥʘʪʠ ʧʨʝʢʦ ʩʘʜʨʞʘʿʘ ʢʦʿʠ ʤʫ ʧʨʝʪʭʦʜʝ ʫ ʥʠʟʫ. 

ʇʦʿʤʦʚʠ ʩʝ ʫʚʦʜʝ ʧʦʩʪʫʧʥʦ ʠ ʨʘʩʧʦʨʝʹʝʥʠ ʩʫ ʪʘʢʦ ʜʘ ʩʝ ʟʥʘˁʘ ʧʨʦʛʨʘʤʩʢʠʭ 

ʮʝʣʠʥʘ ʩʪʝʯʝʥʘ ʫ ʿʝʜʥʦʤ ʨʘʟʨʝʜʫ ʥʘʜʦʛʨʘʹʫʿʫ ʠ ʧʨʦʰʠʨʫʿʫ ʫ ʥʘʨʝʜʥʠʤ 

ʨʘʟʨʝʜʠʤʘ.  

ʉ ʜʨʫʛʝ ʩʪʨʘʥʝ, ʧʦʿʤʦʚʠ ʩʝ ʫʚʦʜʝ ʫ ʩʢʣʘʜʫ ʩʘ ʥʠʚʦʠʤʘ ʟʥʘˁʘ ʢʦʿʠ ʩʝ 

ʠʤʘʿʫ ʧʦʩʪʠ˂ʠ ʫ ʧʨʦʮʝʩʫ ʫʯʝˁʘ, ʘ ʢʦʿʠ ʩʫ ʭʠʿʝʨʘʨʭʠʿʩʢʠ ʨʘʩʧʦʨʝʹʝʥʠ ʪʘʢʦ 

ʜʘ ʨʘʟʚʠʿʝʥʦʩʪ ʢʦʛʥʠʪʠʚʥʠʭ ʩʧʦʩʦʙʥʦʩʪʠ ʿʝʜʥʦʛ ʥʠʚʦʘ ʫʢˀʫʯʫʿʝ 

ʨʘʟʚʠʿʝʥʦʩʪ ʠʩʪʠʭ ʥʘ ʥʠʞʝʤ ʧʦ ʢʦʤʧʣʝʢʩʥʦʩʪʠ ʥʠʚʦʫ.  

ʊʦ ʟʥʘʯʠ ʜʘ ʩʝ ʦʜʨʝʹʫʿʫ ʟʘʜʘʮʠ ʟʘ ʧʦʿʝʜʠʥʠ ʧʨʝʜʤʝʪ, ʘʣʠ ʠ ʟʘ ʩʚʘʢʠ 

ʨʘʟʨʝʜ ʠ ʪʦ ʪʘʢʦ ʜʘ ʩʝ ʧʨʝʮʠʟʠʨʘʿʫ: ʩʘʜʨʞʘʿʠ ʧʨʦʛʨʘʤʘ, ʦʜʥʦʩʥʦ ʰʪʘ 

ʫʯʝʥʠʢ ʪʨʝʙʘ ʜʘ ʟʥʘ, ʢʚʘʥʪʫʤ (ʢʦʣʠʢʦ) ʠ ʥʠʚʦ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ, ʘʣʠ ʥʝ ʩʘ 

ʩʪʘʥʦʚʠʰʪʘ ʰʪʘ ʥʘʩʪʘʚʥʠʢ ʜʘ ʧʨʝʜʘʿʝ, ʚʝ˂ ʰʪʘ ʫʯʝʥʠʢ ʪʨʝʙʘ ʜʘ ʟʥʘ. 

ʉʘʜʨʞʘʿʠ ʩʫ ʫʩʣʦʚˀʝʥʠ ʧʨʦʛʨʘʤʩʢʠʤ ʟʘʜʘʮʠʤʘ ʜʘʪʠʤ ʫ ʅʘʩʪʘʚʥʦʤ 

ʧʨʦʛʨʘʤʫ ʤʘʪʝʤʘʪʠʢʝ ʟʘ ʦʩʥʦʚʥʫ ʰʢʦʣʫ, ʘ ʥʠʚʦʠ ʟʥʘˁʘ (ʢʦʛʥʠʪʠʚʥʠ 

ʜʦʤʝʥʠ), ʥʝʢʦʤ ʦʜ ʩʘʚʨʝʤʝʥʠʭ ʪʘʢʩʦʥʦʤʠʿʘ.  

ʋ ʫʨʝʹʠʚʘˁʫ ʙʠʣʦ ʢʦʿʝ ʦʜ ʥʘʚʝʜʝʥʠʭ ʢʦʤʧʦʥʝʥʪʠ ʫʚʝʢ ʪʨʝʙʘ 

ʧʦʣʘʟʠʪʠ ʦʜ ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʥʘʫʯʥʝ ʤʝʪʦʜʦʣʦʛʠʿʝ. ʅʘʿʢʦʤʧʣʠʢʦʚʘʥʠʿʝ, ʘ 

ʜʝʣʦʤ ʠ ʥʘʿʜʫʙʠʦʟʥʠʿʝ ʿʝ ʦʜʨʝʹʠʚʘˁʝ ʦʙʨʘʟʦʚʥʠʭ ʥʠʚʦʘ (ʢʦʛʥʠʪʠʚʥʠ 

ʜʦʤʝʥʠ). ɸʤʝʨʠʯʢʠ ʥʘʫʯʥʠʢ ɹʝˁʘʤʠʥ ʉ. ɹʣʫʤ (Bloom 1981) ʿʝ ʿʝʜʘʥ ʦʜ 

ʘʫʪʦʨʘ ʢʦʿʠ ʿʝ, ʟʘʿʝʜʥʦ ʩʘ ʩʚʦʿʠʤ ʩʘʨʘʜʥʠʮʠʤʘ, ʤʝʹʫ ʧʨʚʠʤʘ ʫʩʧʝʦ ʜʘ 

ʩʠʩʪʝʤʘʪʠʟʫʿʝ ʮʠˀʝʚʝ ʠ ʟʘʜʘʪʢʝ ʥʘʩʪʘʚʝ. ʀʤʘʿʫ˂ʠ ʫ ʚʠʜʫ ʯʠˁʝʥʠʮʫ ʜʘ ʩʝ 

ʟʥʘˁʘ ʢʦʿʘ ʩʫ ʦʨʛʘʥʠʟʦʚʘʥʘ ʫ ʥʝʢʘʢʘʚ ʩʠʩʪʝʤ ʙʦˀʝ ʫʩʚʘʿʘʿʫ ʠ ʙʨʞʝ ʧʘʤʪʝ ʦʜ 

ʠʟʦʣʦʚʘʥʠʭ ʠ ʥʝʧʦʚʝʟʘʥʠʭ ʯʠˁʝʥʠʮʘ, ʦʥ ʿʝ ʨʘʟʨʘʜʠʦ ʪʘʢʩʦʥʦʤʠʿʫ ʫ 

ʦʙʣʘʩʪʠ ʢʦʛʥʠʪʠʚʥʦʛ ʧʦʜʨʫʯʿʘ ʢʦʿʘ ʩʘʜʨʞʠ ʚʘʩʧʠʪʥʦ-ʦʙʨʘʟʦʚʥʝ ʮʠˀʝʚʝ 

ʧʦʨʝʹʘʥʝ ʫ ʭʠʿʝʨʘʨʭʠʿʩʢʠ ʥʠʟ, ʦʜ ʥʘʿʿʝʜʥʦʩʪʘʚʥʠʿʠʭ (ʧʘʤ˂ʝˁʝ, ʨʘʟʫʤʝʚʘˁʝ, 

ʧʨʠʤʝʥʘ) ʧʘ ʜʦ ʦʥʠʭ ʥʘʿʚʠʰʠʭ ʠ ʥʘʿʩʣʦʞʝʥʠʿʠʭ (ʘʥʘʣʠʟʘ, ʩʠʥʪʝʟʘ, 

ʝʚʘʣʫʘʮʠʿʘ), ʛʜʝ ʜʦʤʠʥʠʨʘʿʫ ʚʠʰʠ ʢʦʛʥʠʪʠʚʥʠ ʧʨʦʮʝʩʠ.  

ʉ ʦʙʟʠʨʦʤ ʥʘ ʩʪʨʫʢʪʫʨʫ ʩʘʜʨʞʘʿʘ ʢʦʿʠ ʩʝ ʠʟʫʯʘʚʘʿʫ ʫ ʧʦʯʝʪʥʦʿ 

ʥʘʩʪʘʚʠ ʤʘʪʝʤʘʪʠʢʝ, ʢʘʦ ʠ ʭʠʿʝʨʘʨʭʠʿʩʢʫ ʦʜʨʝʹʝʥʦʩʪ ʢʦʛʥʠʪʠʚʥʠʭ ʥʠʚʦʘ, 

ʦʯʝʢʫʿʝ ʩʝ ʜʘ ʩʫ ʟʥʘˁʘ ʢʦʿʘ ʫʯʝʥʠʮʠ ʩʪʠʯʫ ʧʦʚʝʟʘʥʘ, ʢʘʢʦ ʫ ʩʘʜʨʞʘʿʥʦʤ, 

                                                 
*
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ʪʘʢʦ ʠ ʫ ʢʦʛʥʠʪʠʚʥʠʤ ʜʦʤʝʥʠʤʘ, ʦʜʥʦʩʥʦ ʦʯʝʢʫʿʝ ʩʝ ʜʘ ʫʯʝʥʠʮʠ ʟʥʘˁʘ 

ʩʪʠʯʫ ʢʘʦ ʩʠʩʪʝʤ ʯʠˁʝʥʠʮʘ ʠ ʛʝʥʝʨʘʣʠʟʘʮʠʿʘ ʰʪʦ ˂ʝ ʩʝ ʠʩʧʠʪʘʪʠ ʦʚʠʤ 

ʠʩʪʨʘʞʠʚʘˁʝʤ. ʇʨʦʙʣʝʤ ʿʝ ʘʢʪʫʝʣʘʥ ʩ ʘʩʧʝʢʪʘ ʧʝʜʘʛʦʰʢʦʛ, ʧʨʘʢʪʠʯʥʦʛ ʠ 

ʜʨʫʰʪʚʝʥʦʛ ʟʥʘʯʘʿʘ. ʇʝʜʘʛʦʰʢʠ ʟʥʘʯʘʿ ʟʘʩʥʠʚʘ ʩʝ ʥʘ ʧʦʪʨʝʙʠ ʟʘ ʧʨʦʤʝʥʦʤ 

ʮʠˀʝʚʘ ʠ ʟʘʜʘʪʘʢʘ ʦʙʨʘʟʦʚʘˁʘ ʢʦʿʠ ʧʨʝʪʝʥʜʫʿʫ ʥʘ ʢʚʘʣʠʪʝʪʥʠʿʝ ʪʿ. 

ʩʘʚʨʝʤʝʥʠʿʝ ʦʙʨʘʟʦʚʘˁʝ. ʇʨʘʢʪʠʯʥʠ ʟʥʘʯʘʿ ʦʛʣʝʜʘ ʩʝ ʫ ʧʨʠʧʨʝʤʘˁʫ ʠ 

ʦʨʛʘʥʠʟʘʮʠʿʠ ʥʘʩʪʘʚʝ ʫ ʢʦʿʦʿ ʩʝ ʟʥʘˁʘ ʠʟ ʤʘʪʝʤʘʪʠʢʝ ʫʩʚʘʿʘʿʫ ʢʘʦ ʩʠʩʪʝʤ 

ʧʦʿʤʦʚʘ, ʘ ʥʝ ʢʘʦ ʩʢʫʧ ʠʟʦʣʦʚʘʥʠʭ ʯʠˁʝʥʠʮʘ. ɼʨʫʰʪʚʝʥʠ ʟʥʘʯʘʿ ʧʨʦʠʩʪʠʯʝ 

ʠʟ ʯʠˁʝʥʠʮʝ ʜʘ ʝʬʠʢʘʩʥʠʿʝ ʦʙʨʘʟʦʚʘˁʝ ʫʪʠʯʝ ʥʘ ʬʦʨʤʠʨʘˁʝ ʠ ʨʘʟʚʠʿʘˁʝ 

ʟʨʝʣʝ ʣʠʯʥʦʩʪʠ ʫʯʝʥʠʢʘ, ʢʘʢʦ ʙʠ ʬʦʨʤʠʨʘʣʠ ʢʨʠʪʠʯʘʥ ʠ ʥʝʟʘʚʠʩʪʘʥ ʩʪʘʚ ʫ 

ʧʨʦʮʝˁʠʚʘˁʫ ʠ ʦʜʨʝʹʠʚʘˁʫ ʩʦʧʩʪʚʝʥʦʛ ʧʦʥʘʰʘˁʘ ʫ ʨʘʟʣʠʯʠʪʠʤ ʞʠʚʦʪʥʠʤ 

ʦʢʦʣʥʦʩʪʠʤʘ. 

 

1. Meʪʦʜʦʣʦʰʢʠ ʦʢʚʠʨ ʠʩʪʨʘʞʠʚʘˁʘ 

 

ʋ ʩʘʛʣʝʜʘʚʘˁʫ ʧʦʚʝʟʘʥʦʩʪʠ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ ʧʦʰʣʦ ʩʝ, ʩ ʿʝʜʥʝ 

ʩʪʨʘʥʝ, ʦʜ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʢʦʿʠ ʩʝ ʦʜʥʦʩʝ ʥʘ ʩʘʜʨʞʘʿʝ ʦ ʧʨʠʨʦʜʥʠʤ 

ʙʨʦʿʝʚʠʤʘ ʢʦʿʠ ʩʝ ʠʟʫʯʘʚʘʿʫ ʫ IV ʨʘʟʨʝʜʫ ʜʘʪʠʭ ʫ ʅʘʩʪʘʚʥʦʤ ʧʨʦʛʨʘʤʫ 

ʤʘʪʝʤʘʪʠʢʝ ʟʘ ʦʩʥʦʚʥʫ ʰʢʦʣʫ. ɳʠʤʘ ʿʝ ʦʜʨʝʹʝʥ ʩʘʜʨʞʘʿʥʠ ʜʦʤʝʥ, ʦʜʥʦʩʥʦ 

ʰʪʘ ʫʯʝʥʠʮʠ ʪʨʝʙʘ ʜʘ ʥʘʫʯʝ ʫ ʦʙʣʘʩʪʠ ʦʥʦʛʘ ʰʪʦ ʿʝ ʧʣʘʥʠʨʘʥʦ. ʉ ʜʨʫʛʝ 

ʩʪʨʘʥʝ, ʧʦʰʣʦ ʩʝ ʦʜ ʪʘʢʩʦʥʦʤʠʿʝ ʮʠˀʝʚʘ ʠ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ ʠ ʥʠʚʦʘ ʟʥʘˁʘ 

ʧʦ ʢʚʘʣʠʪʝʪʫ ʢʦʿʝ ʦʥʠ ʪʨʝʙʘ ʜʘ ʤʝʨʝ, ʦʜʥʦʩʥʦ ʢʦʛʥʠʪʠʚʥʠʭ ʜʦʤʝʥʘ. ʉ 

ʦʙʟʠʨʦʤ ʜʘ ʿʝ ʥʘʩʪʘʚʥʠʤ ʧʨʦʛʨʘʤʦʤ ʫ IV ʨʘʟʨʝʜʫ ʧʨʝʜʚʠʹʝʥʦ 132 ʯʘʩʘ ʟʘ 

ʦʙʣʘʩʪ ʢʦʿʘ ʩʝ ʦʜʥʦʩʠ ʥʘ ʩʘʜʨʞʘʿʝ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ, ʦʚʠʤ 

ʠʩʪʨʘʞʠʚʘˁʝʤ ʦʙʫʭʚʘ˂ʝʥʦ ʿʝ ʧʨʝʢʦ 75% ʩʘʜʨʞʘʿʘ ʢʦʿʠ ʩʝ ʠʟʫʯʘʚʘʿʫ ʫ ʦʚʦʤ 

ʨʘʟʨʝʜʫ. 

ʎʠ ˀʠʩʪʨʘʞʠʚʘˁʘ ʙʠʦ ʿʝ ʜʘ ʩʝ: ʠʟʨʘʜʠ ʪʘʢʩʦʥʦʤʩʢʠ ʤʦʜʝʣ ʢʦʿʠʤ ʙʠ 

ʩʝ ʤʝʨʠʦ ʥʠʚʦ ʟʥʘˁʘ ʫʯʝʥʠʢʘ ʧʦ ʢʚʘʣʠʪʝʪʫ, ʠʥʩʪʨʫʤʝʥʪʠ ʧʨʦʚʝʨʝ, ʫʪʚʨʜʠ 

ʩʪʝʧʝʥ ʦʩʪʚʘʨʝʥʦʩʪʠ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʫ 

ʯʝʪʚʨʪʦʤ ʨʘʟʨʝʜʫ ʟʘ ʩʚʘʢʫ ʢʘʪʝʛʦʨʠʿʫ ʟʥʘˁʘ ʜʘʪʫ ʫ ʪʘʢʩʦʥʦʤʩʢʦʤ ʤʦʜʝʣʫ 

ʠ ʥʘ ʦʩʥʦʚʫ ʪʦʛʘ ʜʘ ʩʝ ʫʪʚʨʜʠ ʧʦʚʝʟʘʥʦʩʪ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ, ʢʘʢʦ ʫ 

ʩʘʜʨʞʘʿʥʦʤ ʜʦʤʝʥʫ, ʪʘʢʦ ʠ ʫ ʢʦʛʥʠʪʠʚʥʠʤ ʜʦʤʝʥʠʤʘ ʦʜʨʝʹʝʥʠʤ 

ʢʦʥʩʪʨʫʠʩʘʥʠʤ ʪʘʢʩʦʥʦʤʩʢʠʤ ʤʦʜʝʣʦʤ.  

ʋ ʩʢʣʘʜʫ ʩʘ ʧʦʩʪʘʚˀʝʥʠʤ ʮʠˀʝʤ ʠʟʜʚʦʿʝʥʠ ʩʫ ʩʣʝʜʝ˂ʠ ʟʘʜʘʮʠ: 

ʫʪʚʨʜʠʪʠ ʧʦʚʘʟʘʥʦʩʪ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ ʤʝʹʫ ʢʦʛʥʠʪʠʚʥʠʤ ʜʦʤʝʥʠʤʘ, 

ʦʜʥʦʩʥʦ ʤʝʹʫ ʢʘʪʝʛʦʨʠʿʘʤʘ ʟʥʘˁʘ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ ʠ ʫʪʚʨʜʠʪʠ 

ʧʦʚʝʟʘʥʦʩʪ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ ʫ ʨʝʰʘʚʘˁʫ ʟʘʜʘʪʘʢʘ ʢʦʿʠ ʩʝ ʦʜʥʦʩʝ ʥʘ 

ʩʘʜʨʞʘʿʥʠ ʜʦʤʝʥ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ, ʦʜʥʦʩʥʦ ʠʟʤʝʹʫ ʧʨʦʛʨʘʤʩʢʠʭ 

ʟʘʜʘʪʘʢʘ ʠ ʪʦ ʟʘ ʩʚʘʢʫ ʢʘʪʝʛʦʨʠʿʫ ʟʥʘˁʘ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ. 

ʋ ʠʩʪʨʘʞʠʚʘˁʫ ʿʝ ʢʦʨʠʰ˂ʝʥʘ ʜʝʩʢʨʠʧʪʠʚʥʘ ʤʝʪʦʜʘ ʫ ʘʥʘʣʠʪʠʯʢʦʿ, 

ʢʦʤʧʘʨʘʪʠʚʥʦʿ ʠ ʢʣʘʩʠʬʠʢʘʮʠʦʥʦʿ ʚʘʨʠʿʘʥʪʠ. ɸʥʘʣʠʟʦʤ ʩʝ ʜʦʰʣʦ ʜʦ 

ʧʦʜʘʪʘʢʘ ʦ ʪʘʢʩʦʥʦʤʩʢʠʤ ʤʦʜʝʣʠʤʘ, ʮʠˀʝʚʠʤʘ ʠ ʧʨʦʛʨʘʤʩʢʠʤ ʟʘʜʘʮʠʤʘ 

ʥʘʩʪʘʚʝ, ʦʜʥʦʩʥʦ ʢʦʣʠʢʦ ʩʫ ʦʥʠ ʦʧʝʨʘʮʠʦʥʘʣʠʟʦʚʘʥʠ ʠ ʢʣʘʩʠʬʠʢʦʚʘʥʠ ʫ 

ʧʦʛʣʝʜʫ ʢʦʥʢʨʝʪʠʟʘʮʠʿʝ, ʨʝʘʣʠʟʘʮʠʿʝ ʠ ʤʦʛʫ˂ʥʦʩʪʠ ʧʨʦʚʝʨʝ ʦʩʪʚʘʨʝʥʦʩʪʠ 
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ʟʘʭʪʝʚʘ. ʂʣʘʩʠʬʠʢʘʮʠʿʦʤ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʜʘʪʠʭ ʫ ʅʘʩʪʘʚʥʦʤ 

ʧʨʦʛʨʘʤʫ ʤʘʪʝʤʘʪʠʢʝ ʟʘ ʦʩʥʦʚʥʫ ʰʢʦʣʫ ʢʦʥʩʪʨʫʠʩʘʥ ʿʝ ʪʘʢʩʦʥʦʤʩʢʠ ʤʦʜʝʣ 

ʧʨʝʤʘ ʥʠʚʦʠʤʘ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ.  

ʀʟʙʦʨ ʪʝʭʥʠʢʝ ʠ ʠʥʩʪʨʫʤʝʥʘʪʘ ʢʦʿʠ ʩʫ ʧʨʠʤʝˁʠʚʘʥʠ ʫ ʦʚʦʤ 

ʠʩʪʨʘʞʠʚʘˁʫ, ʠʟʚʨʰʝʥ ʿʝ ʫ ʩʢʣʘʜʫ ʩʘ ʧʨʠʨʦʜʦʤ ʧʨʦʙʣʝʤʘ ʠ ʤʝʪʦʜʘ ʫ 

ʠʩʪʨʘʞʠʚʘˁʫ. ʋʥʫʪʘʨ ʜʝʩʢʨʠʧʪʠʚʥʝ ʤʝʪʦʜʝ ʧʨʠʤʝˁʠʚʘʥʘ ʿʝ ʪʝʭʥʠʢʘ 

ʘʥʘʣʠʟʝ ʩʘʜʨʞʘʿʘ ʠ ʪʝʩʪʠʨʘˁʝ. 

ʊʝʭʥʠʢʘ ʘʥʘʣʠʟʝ ʩʘʜʨʞʘʿʘ ʢʦʨʠʰ˂ʝʥʘ ʿʝ ʜʘ ʙʠ ʩʝ ʜʦʰʣʦ ʜʦ 

ʧʦʜʘʪʘʢʘ ʦ ʦʧʠʩʠʤʘ ʥʠʚʦʘ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ ʢʦʿʠ ʦʙʝʟʙʝʹʫʿʫ ʦʩʥʦʚʫ ʟʘ 

ʜʦʥʦʰʝˁʝ ʟʘʢˀʫʯʘʢʘ ʦ ʫʩʧʝʭʫ ʫʯʝʥʠʢʘ, ʢʘʦ ʠ ʧʨʠʣʠʢʦʤ ʠʩʧʠʪʠʚʘˁʘ 

ʚʘʣʠʜʥʦʩʪʠ ʟʘʜʘʪʘʢʘ ʜʘʪʠʭ ʫ ʪʝʩʪʦʚʠʤʘ. ʃʦʛʠʯʢʦʤ ʘʥʘʣʠʟʦʤ ʠʩʧʠʪʘʥʘ ʿʝ 

ʩʘʜʨʞʘʿʥʘ ʚʘʣʠʜʥʦʩʪ ʜʘʪʠʭ ʟʘʜʘʪʘʢʘ ʢʦʿʦʤ ʿʝ ʫʪʚʨʹʝʥʦ ʜʘ ʣʠ ʟʘʜʘʮʠ 

ʦʙʫʭʚʘʪʘʿʫ ʩʚʝ ʟʘʭʪʝʚʝ ʜʘʪʝ ʫ ʦʜʛʦʚʘʨʘʿʫ˂ʠʤ ʧʨʦʛʨʘʤʩʢʠʤ ʟʘʜʘʮʠʤʘ ʠ ʜʘ ʣʠ 

ʩʫ ʫ ʩʢʣʘʜʫ ʩʘ ʥʠʚʦʠʤʘ ʟʥʘˁʘ ʢʦʿʝ ʪʨʝʙʘ ʜʘ ʤʝʨʝ, ʘ ʢʦʿʠ ʩʫ ʦʜʨʝʹʝʥʠ 

ʪʘʢʩʦʥʦʤʩʢʠʤ ʤʦʜʝʣʦʤ. 

ʊʝʭʥʠʢʘ ʪʝʩʪʠʨʘˁʘ ʠ ʪʝʩʪ ʢʘʦ ʤʝʨʥʠ ʠʥʩʪʨʫʤʝʥʪ ʢʦʨʠʰ˂ʝʥʠ ʩʫ 

ʟʘ ʫʪʚʨʹʠʚʘˁʝ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ. ʂʦʨʠʰ˂ʝʥ ʿʝ ʢʨʠʪʝʨʠʿʩʢʠ ʪʝʩʪ ʢʦʿʠʤ ʩʝ 

ʫʪʚʨʹʫʿʝ ʰʪʘ ʠ ʜʦ ʢʦʛ ʥʠʚʦʘ ʩʫ ʫʯʝʥʠʮʠ ʥʘʫʯʠʣʠ ʫ ʦʙʣʘʩʪʠ ʧʣʘʥʠʨʘʥʦʛ.  

 

ʊʘʢʩʦʥʦʤʩʢʠ ʤʦʜʝʣ ʠ ʢʨʠʪʝʨʠʿʩʢʠ ʪʝʩʪʦʚʠ ʟʥʘˁʘ 

 

ɿʘ ʧʦʪʨʝʙʝ ʠʩʪʨʘʞʠʚʘˁʘ ʢʦʥʩʪʨʫʠʩʘʥ ʿʝ ʪʘʢʩʦʥʦʤʩʢʠ ʤʦʜʝʣ 

ʦʙʨʘʟʦʚʥʠʭ ʮʠˀʝʚʘ ʠ ʟʘʜʘʪʘʢʘ ʫ ʢʦʛʥʠʪʠʚʥʦʤ ʧʦʜʨʫʯʿʫ, ʢʦʿʠ ʤʝʨʠ ʢʚʘʣʠʪʝʪ 

ʩʪʝʯʝʥʦʛ ʟʥʘˁʘ ʠ ʨʘʟʚʦʿ ʥʝʦʧʭʦʜʥʠʭ ʩʧʦʩʦʙʥʦʩʪʠ. ʂʘʪʝʛʦʨʠʿʝ ʩʫ 

ʭʠʿʝʨʘʨʭʠʿʩʢʠ ʧʦʨʝʹʘʥʝ ʧʨʝʤʘ ʥʠʚʦʠʤʘ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ. ʂʚʘʣʠʪʝʪ 

ʟʥʘˁʘ ʠʟʨʘʞʘʚʘ ʩʝ ʫ ʩʪʝʧʝʥʫ ʫʩʚʦʿʝʥʦʩʪʠ ʯʠˁʝʥʠʮʘ ʠ ʛʝʥʝʨʘʣʠʟʘʮʠʿʘ. 

ɿʘʚʠʩʥʦ ʦʜ ʩʪʝʧʝʥʘ ʫʩʚʦʿʝʥʦʩʪʠ, ʟʥʘˁʝ ʤʦʞʝ ʙʠʪʠ ʨʘʟʣʠʯʠʪʦʛ ʢʚʘʣʠʪʝʪʘ. 

ʊʘʢʩʦʥʦʤʠʿʘ ʩʘʜʨʞʠ ʧʝʪ ʛʣʘʚʥʠʭ ʢʘʪʝʛʦʨʠʿʘ: ʧʨʝʧʦʟʥʘʚʘˁʝ, ʨʝʧʨʦʜʫʢʮʠʿʘ, 

ʩʭʚʘʪʘˁʝ, ʫʦʧʰʪʘʚʘˁʝ ʠ ʧʨʠʤʝʥʘ ʠ ʨʝʰʘʚʘˁʝ ʧʨʦʙʣʝʤʘ. ɿʘ ʩʚʘʢʫ 

ʢʘʪʝʛʦʨʠʿʫ, ʜʝʬʠʥʠʩʘʥʝ ʩʫ ʧʦʪʢʘʪʝʛʦʨʠʿʝ ʢʦʿʝ ʙʣʠʞʝ ʦʜʨʝʹʫʿʫ ʩʘʜʨʞʘʿʝ 

ʦʙʨʘʟʦʚʥʠʭ ʮʠˀʝʚʘ ʩʚʘʢʝ ʢʘʪʝʛʦʨʠʿʝ, ʘ ʢʦʿʝ ʦʚʜʝ ʥʘʚʦʜʠʤʦ. 

 

1. ʇʨʝʧʦʟʥʘʚʘˁʝ 

1.1. ʋʧʦʟʥʘʪʠ ʧʦʿʝʜʠʥʦʩʪʠ ʩʘʜʨʞʘʿʘ (ʧʦʿʤʦʚʝ, ʯʠˁʝʥʠʮʝ, ʧʨʘʚʠʣʘ, 

ʧʦʿʘʚʝ): ʩʪʝ˂ʠ ʧʨʝʜʩʪʘʚʫ ʦ ʧʦʿʤʦʚʠʤʘ ʧʨʠʨʦʜʥʦʛ ʙʨʦʿʘ; ʧʨʝʧʦʟʥʘʪʠ 

ʧʨʝʜʤʝʪʝ (ʮʨʪʝʞʝ) ʢʦʿʠ ʫ ʩʝʙʠ ʩʘʜʨʞʝ ʧʦʿʘʤ, ʫ ʥʠʟʫ ʧʦʥʫʹʝʥʠʭ ʦʜʛʦʚʦʨʘ 

ʧʨʝʧʦʟʥʘʪʠ ʪʨʘʞʝʥʠ ʧʦʜʘʪʘʢ, ʧʨʘʚʠʣʦ, ʧʨʠʥʮʠʧ ʠ ʩʣ. 

1.2. ʀʤʝʥʦʚʘˁʝ ʧʦʿʝʜʠʥʦʩʪʠ ʩʘʜʨʞʘʿʘ (ʚʝʨʙʘʣʥʦ ʠ ʥʝʚʝʨʙʘʣʥʦ): 

ʚʝʨʙʘʣʥʦ ʠʤʝʥʦʚʘˁʝ ʧʦʿʤʦʚʘ ʧʨʠʨʦʜʥʦʛ ʙʨʦʿʘ, ʩʚʦʿʩʪʘʚʘ ʦʧʝʨʘʮʠʿʘ ʠ 

ʨʝʣʘʮʠʿʘ; ʥʝʚʝʨʙʘʣʥʦ (ʩʠʤʙʦʣʠʯʢʦ) ʟʘʧʠʩʠʚʘˁʝ ʧʦʿʤʦʚʘ, ʧʨʦʮʝʩʘ, ʧʨʘʚʠʣʘ. 

1.3. ɿʥʘˁʝ ʟʥʘʯʝˁʘ ʧʦʿʝʜʠʥʦʩʪʠ ʩʘʜʨʞʘʿʘ: ʟʥʘʯʝˁʝ ʙʨʦʿʘ, ʨʝʣʘʮʠʿʘ 

ʠ ʦʧʝʨʘʮʠʿʘ ʧʨʝʧʦʟʥʘʪʠ ʧʫʪʝʤ ʧʝʨʮʝʧʮʠʿʝ ʠ ʙʨʦʿʘˁʘ; ʟʥʘʪʠ ʟʥʘʯʝˁʝ 

ʚʝʨʙʘʣʥʠʭ ʠ ʥʝʚʝʨʙʘʣʥʠʭ ʩʠʤʙʦʣʘ. 
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2. ʈʝʧʨʦʜʫʢʮʠʿʘ 

2.1. ɿʥʘʪʠ ʧʨʘʚʠʣʘ ʧʦʚʝʟʠʚʘˁʘ ʯʠˁʝʥʠʮʘ ʛʨʘʹʝ ʫ ʮʝʣʠʥʫ: ʧʦʚʝʟʫʿʝ 

ʥʘʫʯʝʥʝ ʧʦʿʤʦʚʝ ʫ ʦʢʚʠʨʫ ʥʘʫʯʝʥʦʛ ʧʨʘʚʠʣʘ (ʦ ʨʝʣʘʮʠʿʘʤʘ ʠ ʦʧʝʨʘʮʠʿʘʤʘ) ʩ 

ʢʦʥʢʨʝʪʥʠʤ ʧʨʝʜʤʝʪʠʤʘ, ʘʣʠ ʿʦʰ ʥʝ ʨʘʟʫʤʝ ʪʘ ʥʘʫʯʝʥʘ ʧʨʘʚʠʣʘ; ʟʥʘ 

ʧʦʿʤʦʚʝ, ʯʠˁʝʥʠʮʝ, ʧʨʠʥʮʠʧʝ, ʧʨʘʚʠʣʘ ʠ ʤʦʞʝ ʜʘ ʠʭ ʨʝʧʨʦʜʫʢʫʿʝ ʥʘ 

ʨʝʧʨʝʟʝʥʪʘʪʠʚʥʠʤ ʧʨʠʤʝʨʠʤʘ, ʘʣʠ ʙʝʟ ʜʫʙˀʝʛ ʫʣʘʞʝˁʘ ʫ ˁʠʭʦʚʦ ʟʥʘʯʝˁʝ. 

2.2. ɿʥʘʪʠ ʤʝʪʦʜʝ ʢʣʘʩʠʬʠʢʦʚʘˁʘ ʜʝʣʦʚʘ ʩʘʜʨʞʘʿʘ ʧʨʠ ʩʪʚʘʨʘˁʫ 

ʮʝʣʠʥʝ: ʟʥʘʪʠ ʥʘʯʠʥʝ ʬʦʨʤʠʨʘˁʘ ʢʣʘʩʘ ʿʝʜʥʘʢʦʙʨʦʿʥʠʭ ʩʢʫʧʦʚʘ ʧʨʠ 

ʦʙʨʘʟʦʚʘˁʫ ʢʦʥʘʯʥʦʛ ʥʠʟʘ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ; ʟʥʘʪʠ ʧʦʩʪʫʧʘʢ ʥʘʩʪʘʥʢʘ 

ʚʠʰʝʮʠʬʨʝʥʦʛ ʙʨʦʿʘ ʧʦʤʦ˂ʫ ʙʨʦʿʝʚʥʠʭ ʢʣʘʩʘ. 

2.3. ɿʥʘʪʠ ʩʤʠʩʘʦ, ʣʦʛʠʢʫ ʧʦʚʝʟʠʚʘˁʘ ʜʝʣʦʚʘ ʩʘʜʨʞʘʿʘ ʫ ʮʝʣʠʥʫ: 

ʟʥʘʪʠ ʣʦʛʠʢʫ ʟʘʧʠʩʠʚʘˁʘ ʙʨʦʿʝʚʘ ʧʦʤʦ˂ʫ ʮʠʬʘʨʘ ʫ ʜʝʢʘʜʥʦʤ ʙʨʦʿʝʚʥʦʤ 

ʩʠʩʪʝʤʫ; ʟʥʘʪʠ ʣʦʛʠʢʫ ʨʝʹʘˁʘ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ ʫ ʢʦʥʘʯʘʥ ʙʨʦʿʝʚʥʠ ʥʠʟ; 

ʟʥʘʪʠ ʣʦʛʠʢʫ ʧʨʠʜʨʫʞʠʚʘˁʘ ʙʨʦʿʝʚʘ ʪʘʯʢʘʤʘ ʙʨʦʿʝʚʥʝ ʧʨʘʚʝ. 

2.4. ɿʥʘʪʠ ʧʠʩʤʝʥʦ ʠʣʠ ʫʩʤʝʥʦ ʦʙʿʘʩʥʠʪʠ ʛʨʘʜʠʚʦ ʧʨʝʤʘ 

Ăʦʨʠʛʠʥʘʣʫñ: ʟʥʘʪʠ ʚʝʨʥʦ ʦʙʨʘʟʣʦʞʠʪʠ ʩʚʦʿʠʤ ʨʝʯʠʤʘ ʠʣʠ ʥʘʚʦʹʝˁʝʤ 

ʧʨʠʤʝʨʘ, ʯʠˁʝʥʠʮʝ, ʧʦʚʝʟʘʥʦʩʪ ʯʠˁʝʥʠʮʘ, ʫʟʨʦʢʝ, ʧʦʩʣʝʜʠʮʝ ʠ ʟʘʢˀʫʯʢʝ; 

ʢʦʨʠʩʪʠʪʠ ʩʪʝʯʝʥʘ ʟʥʘˁʘ ʟʘ ʨʝʰʘʚʘˁʝ ʧʦʟʥʘʪʠʭ (ʰʘʙʣʦʥʩʢʠʭ) ʟʘʜʘʪʘʢʘ, ʘʣʠ 

ʥʝ ʠ ʢʦʜ ʨʝʰʘʚʘˁʘ ʩʘʩʚʠʤ ʥʦʚʠʭ ʠ ʥʝʧʦʟʥʘʪʠʭ. 

ɿʥʘˁʘ ʥʘ ʩʪʝʧʝʥʫ ʧʨʝʧʦʟʥʘʚʘˁʘ ʠ ʨʝʧʨʦʜʫʢʮʠʿʝ ʩʫ ʦʩʥʦʚʥʘ ʟʥʘˁʘ ʠ 

ʧʨʝʜʩʪʘʚˀʘʿʫ ʤʠʥʠʤʫʤ ʟʥʘˁʘ ʢʦʿʘ ʪʨʝʙʘ ʜʘ ʧʦʩʝʜʫʿʝ ʩʚʘʢʠ ʫʯʝʥʠʢ. 

 

3. ʉʭʚʘʪʘˁʝ 

3.1. ʇʨʝʚʦʹʝˁʝ ʥʘʫʯʝʥʠʭ ʩʘʜʨʞʘʿʘ ʠʟ ʿʝʜʥʦʛ ʫ ʜʨʫʛʦ ʧʦʜʨʫʯʿʝ: ʟʥʘʪʠ 

ʧʫʪʝʚʝ, ʥʘʯʠʥʝ, ʤʝʪʦʜʝ ʧʨʝʚʦʹʝˁʘ ʤʘʪʝʤʘʪʠʯʢʠʭ ʩʘʜʨʞʘʿʘ ʠʟ ʦʧʠʩʘ ʫ 

ʮʨʪʝʞ, ʠʣʫʩʪʨʘʮʠʿʫ, ʛʨʘʬʠʢʦʥ, ʩʭʝʤʫ, ʤʦʜʝʣ ʠʪʜ.; ʟʥʘʪʠ ʧʨʝʚʦʹʝˁʝ 

ʤʘʪʝʤʘʪʠʯʢʦʛ ʚʝʨʙʘʣʥʦʛ ʩʘʜʨʞʘʿʘ ʫ ʬʦʨʤʫ ʤʘʪʝʤʘʪʠʯʢʝ ʩʠʤʙʦʣʠʢʝ ʠ 

ʦʙʨʘʪʥʦ. 

3.2. ʊʫʤʘʯʝˁʝ ʩʘʜʨʞʘʿʘ: ʟʥʘʪʠ ʜʨʫʛʘʯʠʿʝ ʧʦʩʤʘʪʨʘˁʝ ʩʘʜʨʞʘʿʘ 

(ʩʧʦʩʦʙʥʦʩʪ ʨʝʜʝʬʠʥʠʩʘˁʘ); ʟʥʘʪʠ ʫʦʯʠʪʠ ʩʢʨʠʚʝʥʦ ʟʥʘʯʝˁʝ ʥʝʢʦʛ ʧʦʜʘʪʢʘ 

(ʩʧʦʩʦʙʥʦʩʪ ʫʚʠʹʘˁʘ ʥʝʦʙʠʯʥʦʛ); ʟʥʘʪʠ ʧʨʝʤʘ ʪʝʟʘʤʘ ʚʝʨʥʦ ʠʟʣʦʞʠʪʠ 

ʯʠˁʝʥʠʮʝ, ʠʟʚʝʩʪʠ ʧʦʩʣʝʜʠʮʝ ʠ ʟʘʢˀʫʯʢʝ. 

 

4. ʋʦʧʰʪʘʚʘˁʝ ʠ ʧʨʠʤʝʥʘ (ʦʧʝʨʘʪʠʚʥʦ ʟʥʘˁʝ) 

4.1. ʇʦʟʥʘʚʘˁʝ ʩʤʠʩʣʘ, ʣʦʛʠʢʝ ʫʦʧʰʪʘʚʘˁʘ: ʟʥʘʪʠ ʣʦʛʠʢʫ 

ʠʥʜʫʢʪʠʚʥʦʛ ʥʘʯʠʥʘ ʫʧʦʟʥʘʚʘˁʘ ʧʦʿʤʦʚʘ; ʧʦʟʥʘʚʘʪʠ ʩʤʠʩʘʦ ʛʝʥʝʨʘʣʠʟʘʮʠʿʝ 

ʧʨʠ ʫʩʚʘʿʘˁʫ ʧʨʘʚʠʣʘ, ʤʝʪʦʜʘ ʠ ʟʘʢʦʥʘ (ʦʩʦʙʠʥʘ) ʨʘʯʫʥʩʢʠʭ ʦʧʝʨʘʮʠʿʘ; 

ʠʟʣʦʞʠʪʠ ʩʘʜʨʞʘʿʝ ʣʦʛʠʯʢʠ ʠ ʩ ʨʘʟʫʤʝʚʘˁʝʤ. 

4.2. ɿʥʘʪʠ ʩʪʝʯʝʥʦ ʟʥʘˁʝ ʧʨʠʤʝˁʠʚʘʪʠ ʫ ʧʨʘʢʩʠ: ʧʨʠʤʝˁʠʚʘʪʠ 

ʟʥʘˁʝ ʫ ʩʠʪʫʘʮʠʿʘʤʘ ʩʣʠʯʥʠʤ ʫʧʦʟʥʘʪʠʤ; ʟʥʘʪʠ ʠʟʜʚʦʿʠʪʠ ʙʠʪʥʦ ʠ 

ʘʧʩʪʨʘʭʦʚʘʪʠ ʩʧʦʨʝʜʥʦ ʧʨʠ ʠʟʛʨʘʹʠʚʘˁʫ ʧʦʿʤʦʚʘ ʧʨʠʨʦʜʥʦʛ ʙʨʦʿʘ; ʟʥʘʪʠ 

ʣʦʛʠʯʢʠ ʧʦʩʪʫʧʘʢ ʜʦʣʘʞʝˁʘ ʜʦ ʨʝʰʝˁʘ ʟʘʜʘʪʢʘ. 

 



ʇʦʚʝʟʘʥʦʩʪ ʧʦʩʪʠʛʥʫ˂ʘ ʫʯʝʥʠʢʘ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʫ 

ʦʢʚʠʨʫ ʩʘʜʨʞʘʿʥʦʛ ʠ ʢʦʛʥʠʪʠʚʥʠʭ ʜʦʤʝʥʘ ʫ IV ʨʘʟʨʝʜʫ ʦʩʥʦʚʥʝ ʰʢʦʣʝ 
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5. ʂʨʝʘʪʠʚʥʦ (ʩʪʚʘʨʘʣʘʯʢʦ) ʨʝʰʘʚʘˁʝ ʧʨʦʙʣʝʤʘ 

5.1. ɸʥʘʣʠʟʘ ʩʘʜʨʞʘʿʘ ʧʨʦʙʣʝʤʘ ʠ ʧʨʦʙʣʝʤʩʢʝ ʩʠʪʫʘʮʠʿʝ: ʟʥʘʪʠ 

ʫʦʯʠʪʠ ʧʨʦʙʣʝʤʩʢʫ ʩʠʪʫʘʮʠʿʫ ʠ ʜʝʬʠʥʠʩʘʪʠ ʧʨʦʙʣʝʤ; ʨʘʰʯʣʘʥʠʪʠ ʧʨʦʙʣʝʤ 

ʥʘ ʧʦʟʥʘʪʝ ʝʣʝʤʝʥʪʝ (ʧʨʝʪʧʦʩʪʘʚʢʝ), ʦʪʢʨʠʪʠ ʦʜʥʦʩʝ ʤʝʹʫ ˁʠʤʘ ʠ ʥʘʯʠʥ 

ʧʦʚʝʟʠʚʘˁʘ. 

5.2. ʉʠʥʪʝʟʘ ʝʣʝʤʝʥʘʪʘ ʧʨʦʙʣʝʤʘ ʫ ʮʝʣʠʥʫ: ʟʥʘʪʠ ʦʙʿʝʜʠʥʠʪʠ 

ʝʣʝʤʝʥʪʝ ʫ ʮʝʣʠʥʫ (ʠʟʨʘʟ, ʬʦʨʤʫʣʫ); ʟʥʘʪʠ ʣʦʛʠʯʢʠ ʧʦʩʪʫʧʘʢ ʜʦʣʘʞʝˁʘ ʜʦ 

ʨʝʰʝˁʘ ʧʨʦʙʣʝʤʘ. 

5.3. ɽʚʘʣʫʘʮʠʿʘ (ʧʨʦʮʝʥʘ) ʨʝʰʝˁʘ: ʟʥʘʪʠ ʠʟʚʨʰʠʪʠ ʝʚʘʣʫʘʮʠʿʫ 

ʧʨʝʤʘ ʫʥʫʪʨʘʰˁʠʤ ʢʨʠʪʝʨʠʿʫʤʠʤʘ, ʪʿ. ʠʟʚʨʰʠʪʠ ʧʨʦʚʝʨʫ ʪʘʯʥʦʩʪʠ 

ʨʝʰʝˁʘ; ʟʥʘʪʠ ʧʨʦʮʝʥʠʪʠ ʰʪʘ ˂ʝ ʩʝ ʜʝʩʠʪʠ ʠʟʤʝʥʦʤ ʥʝʢʠʭ ʝʣʝʤʝʥʘʪʘ ʫ 

ʧʨʦʙʣʝʤʫ. 

ɸʥʘʣʦʛʥʦ ɹʣʫʤʦʚʦʿ ʪʘʢʩʦʥʦʤʠʿʠ ʫ ʢʦʛʥʠʪʠʚʥʦʤ ʧʦʜʨʫʯʿʫ, ʠ ʦʚʘ 

ʪʘʢʩʦʥʦʤʠʿʘ ʩʝ ʤʦʞʝ ʧʦʜʝʣʠʪʠ ʫ ʜʚʝ ʛʨʫʧʝ. ʋ ʧʨʚʫ ʛʨʫʧʫ ʫʣʘʟʝ ʥʠʞʝ 

ʢʘʪʝʛʦʨʠʿʝ ʟʥʘˁʘ ʠ ʿʝʜʥʦʩʪʘʚʥʠʿʠ ʦʙʣʠʮʠ ʧʦʥʘʰʘˁʘ (ʧʨʝʧʦʟʥʘʚʘˁʝ, 

ʨʝʧʨʦʜʫʢʮʠʿʘ, ʧʝʨʮʝʧʮʠʿʘ, ʧʘʤ˂ʝˁʝ), ʘ ʫ ʜʨʫʛʫ ʚʠʰʠ ʥʠʚʦʠ ʟʥʘˁʘ 

(ʩʭʚʘʪʘˁʝ, ʧʨʠʤʝʥʘ, ʫʦʧʰʪʘʚʘˁʝ, ʨʝʰʘʚʘˁʝ ʧʨʦʙʣʝʤʘ, ʠʥʪʝʣʝʢʪʫʘʣʥʝ 

ʩʧʦʩʦʙʥʦʩʪʠ). ʇʨʚʘ ʛʨʫʧʘ, ʩʭʦʜʥʦ ɹʣʫʤʦʚʦʿ ʪʘʢʩʦʥʦʤʠʿʠ ʫ ʢʦʛʥʠʪʠʚʥʦʤ 

ʨʘʟʚʦʿʫ ʢʦʿʦʤ ʩʝ ʩʪʠʯʫ ʦʩʥʦʚʥʘ ʟʥʘˁʘ ʥʘʟʚʘʥʘ ʿʝ ʛʨʫʧʘ ʟʘ ʩʪʠʮʘˁʝ ʟʥʘˁʘ, ʘ 

ʜʨʫʛʘ, ʛʨʫʧʘ ʟʘ ʩʪʠʮʘˁʝ ʟʥʘˁʘ ʩ ʨʘʟʫʤʝʚʘˁʝʤ, ʿʝʨ ʩʚʝ ʢʘʪʝʛʦʨʠʿʝ ʪʝ ʛʨʫʧʝ 

ʧʦʜʨʘʟʫʤʝʚʘʿʫ ʪʘʢʚʘ ʟʥʘˁʘ.  

ʋ ʪʘʙʝʣʠ 1 ʜʘʪ ʿʝ ʰʝʤʘʪʩʢʠ ʧʨʠʢʘʟ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ. 

 

ʊʘʙʝʣʘ 1: ʊʘʢʩʦʥʦʤʩʢʠ ʤʦʜʝʣ ʦʧʝʨʘʮʠʦʥʘʣʠʟʘʮʠʿʝ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ 

ɻʨʫʧʘ ʂʘʪʝʛʦʨʠʿʝ ʇʦʪʢʘʪʝʛʦʨʠʿʝ 

1
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1.00. ʇʨʝʧʦʟʥʘʚʘˁʝ 

1.10. ʇʦʟʥʘʚʘˁʝ ʧʦʿʝʜʠʥʦʩʪʠ 

1.20. ʀʤʝʥʦʚʘˁʝ ʧʦʿʝʜʠʥʦʩʪʠ 

1.30. ɿʥʘˁʝ ʟʥʘʯʝˁʘ ʧʦʿʝʜʠʥʦʩʪʠ 

2.00. ʈʝʧʨʦʜʫʢʮʠʿʘ 

2.10. ɿʥʘˁʝ ʧʨʘʚʠʣʘ ʧʦʚʝʟʠʚʘˁʘ 

2.20. ɿʥʘˁʝ ʤʝʪʦʜʘ ʢʣʘʩʠʬʠʢʦʚʘˁʘ 

2.30. ɿʥʘˁʝ ʣʦʛʠʢʝ ʧʦʚʝʟʠʚʘˁʘ 

2.40. ɿʥʘˁʝ ʦʙʿʘʰˁʘʚʘˁʘ 

2
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3.00. ʉʭʚʘʪʘˁʝ 
3.10. ʇʨʝʚʦʹʝˁʝ 

3.20. ʊʫʤʘʯʝˁʝ 

4.00. ʆʧʝʨʘʮʠʦʥʘʣʥʦʩʪ 
4.10. ʋʦʧʰʪʘʚʘˁʝ 

4.20. ʇʨʠʤʝʥʘ 

5.00. ʂʨʝʘʪʠʚʥʦ 

         ʨʝʰʘʚʘˁʝ 

         ʧʨʦʙʣʝʤʘ 

5.10. ɸʥʘʣʠʟʘ 

5.20. ʉʠʥʪʝʟʘ 

5.30. ɽʚʘʣʫʘʮʠʿʘ 

 

ʋ ʩʘʛʣʝʜʘʚʘˁʫ ʩʪʝʧʝʥʘ ʦʩʪʚʘʨʝʥʦʩʪʠ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ 

ʤʘʪʝʤʘʪʠʢʝ ʧʦʰʣʦ ʩʝ ʦʜ ʦʧʝʨʘʮʠʦʥʘʣʠʟʘʮʠʿʝ ʟʘʜʘʪʘʢʘ ʧʦʯʝʪʥʝ ʥʘʩʪʘʚʝ ʟʘ 

ʯʝʪʚʨʪʠ ʨʘʟʨʝʜ ʠ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ, ʫʧʨʘʚʦ ʟʙʦʛ ˁʠʭʦʚʝ ʠʟʫʟʝʪʥʝ 
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ʚʘʞʥʦʩʪʠ ʫ ʨʘʩʚʝʪˀʘʚʘˁʫ ʦʚʦʛ ʧʨʦʙʣʝʤʘ. ɽʚʘʣʫʘʮʠʿʘ ʿʝ ʚʨʰʝʥʘ ʧʨʝʤʘ 

ʢʘʪʝʛʦʨʠʿʘʤʘ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ. 

ɿʘ ʫʪʚʨʹʠʚʘˁʝ ʨʝʟʫʣʪʘʪʘ ʝʚʘʣʫʘʮʠʿʝ, ʢʦʥʩʪʨʫʠʩʘʥʠ ʩʫ ʢʨʠʪʝʨʠʿʩʢʠ 

ʪʝʩʪʦʚʠ ʟʥʘˁʘ ʢʦʿʠʤʘ ʩʝ ʫʪʚʨʹʫʿʝ ʰʪʘ ʠ ʜʦ ʢʦʛ ʥʠʚʦʘ ʩʫ ʫʯʝʥʠʮʠ ʥʘʫʯʠʣʠ 

ʫ ʦʙʣʘʩʪʠ ʦʥʦʛʘ ʰʪʦ ʿʝ ʧʣʘʥʠʨʘʥʦ ʫ ʦʜʨʝʹʝʥʦʤ ʧʨʝʜʤʝʪʫ (ɺʫʯʠ˂ 1979: 26ï

35). ɿʘ ʩʚʘʢʠ ʧʨʦʛʨʘʤʩʢʠ ʟʘʜʘʪʘʢ ʠʟʨʘʹʝʥʠ ʩʫ ʟʘʜʘʮʠ ʠ ʧʠʪʘˁʘ ʢʦʿʠʤʘ ʩʝ 

ʠʩʧʠʪʫʿʝ ʜʘ ʣʠ ʿʝ ʮʠˀ ʧʦʩʪʠʛʥʫʪ ʠʣʠ ʥʠʿʝ. 

ʇʨʦʛʨʘʤʩʢʠ ʟʘʜʘʮʠ ʢʦʿʠʤʘ ʩʝ ʠʩʢʘʟʫʿʝ ʰʪʘ ʫʯʝʥʠʮʠ ʪʨʝʙʘ ʜʘ ʟʥʘʿʫ 

ʥʘʢʦʥ ʦʙʨʘʜʝ ʩʘʜʨʞʘʿʘ, ʜʝʬʠʥʠʩʘʥʠ ʩʫ ʥʘ ʥʠʚʦʫ ʨʘʟʨʝʜʘ ʠ ʥʘʚʦʜʠʤʦ ʠʭ 

ʨʘʜʠ ʜʘˀʝ ʘʥʘʣʠʟʝ ʠ ʠʥʪʝʨʧʨʝʪʘʮʠʿʝ ʨʝʟʫʣʪʘʪʘ ʠʩʪʨʘʞʠʚʘˁʘ. ʋʯʝʥʠʮʠ 

ʪʨʝʙʘ ʜʘ: 

4.1 ʫʩʧʝʰʥʦ ʦʚʣʘʜʘʿʫ ʯʠʪʘˁʝʤ ʠ ʧʠʩʘˁʝʤ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ ʫ 
ʜʝʢʘʜʥʦʤ ʙʨʦʿʝʚʥʦʤ ʩʠʩʪʝʤʫ; 

4.2 ʫʧʦʟʥʘʿʫ ʫʨʝʹʝʥʦʩʪ ʩʢʫʧʘ N, ʦʜʥʦʩʥʦ No; 

4.3 ʥʘʫʯʝ ʜʘ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʧʨʠʜʨʫʞʫʿʫ ʪʘʯʢʝ ʙʨʦʿʝʚʥʝ 
ʧʨʘʚʝ;  

4.4 ʨʘʟʫʤʝʿʫ ʠʟʚʦʜˀʠʚʦʩʪ ʨʘʯʫʥʩʢʠʭ ʦʧʝʨʘʮʠʿʘ ʫ ʩʢʫʧʫ N; 

4.5 ʧʨʠʤʝˁʫʿʫ ʫ ʟʘʜʘʮʠʤʘ ʢʦʤʫʪʘʪʠʚʥʦʩʪ, ʘʩʦʮʠʿʘʪʠʚʥʦʩʪ ʠ 

ʜʠʩʪʨʠʙʫʪʠʚʥʦʩʪ ʦʧʝʨʘʮʠʿʘ (ʙʝʟ ʫʧʦʪʨʝʙʝ ʦʚʠʭ ʥʘʟʠʚʘ), ʢʘʦ ʠ 

ʜʨʫʛʘ ʩʚʦʿʩʪʚʘ ʦʧʝʨʘʮʠʿʘ ʨʘʜʠ ʣʘʢʰʝʛ ʠ ʙʨʞʝʛ ʨʘʯʫʥʘˁʘ; ʫʤʝʿʫ 

ʜʘ ʯʠʪʘʿʫ ʠ ʟʘʧʠʰʫ ʧʦʤʦ˂ʫ ʩʣʦʚʘ ʦʩʥʦʚʥʘ ʩʚʦʿʩʚʪʚʘ ʨʘʯʫʥʩʢʠʭ 

ʦʧʝʨʘʮʠʿʘ; 

4.6 ʫʦʯʘʚʘʿʫ ʬʫʥʢʮʠʦʥʘʣʥʫ ʟʘʚʠʩʥʦʩʪ ʥʘ ʧʨʠʤʝʨʠʤʘ ʟʘʚʠʩʥʦʩʪʠ 
ʠʟʤʝʹʫ ʨʝʟʫʣʪʘʪʘ ʠ ʢʦʤʧʦʥʝʥʘʪʘ ʦʧʝʨʘʮʠʿʝ; 

4.7 ʟʥʘʿʫ ʜʘ ʯʠʪʘʿʫ, ʩʘʩʪʘʚˀʘʿʫ ʠ ʠʟʨʘʯʫʥʘʚʘʿʫ ʚʨʝʜʥʦʩʪ ʠʟʨʘʟʘ ʩʘ 

ʚʠʰʝ ʦʧʝʨʘʮʠʿʘ; ʢʘʦ ʠ ʜʘ ʫʧʦʟʥʘʿʫ ʧʨʦʤʝʥˀʠʚʫ ʥʘ ʧʦʛʦʜʥʠʤ 

ʧʨʠʤʝʨʠʤʘ; 

4.8 ʟʥʘʿʫ ʜʘ ʨʝʰʘʚʘʿʫ ʿʝʜʥʘʯʠʥʝ ʠ ʥʝʿʝʜʥʘʯʠʥʝ ʫʧʦʟʥʘʪʠʭ ʦʙʣʠʢʘ ʫ 
ʩʢʫʧʫ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ; 

4.9 ʫʩʧʝʰʥʦ ʨʝʰʘʚʘʿʫ (ʧʦʤʦ˂ʫ ʠʟʨʘʟʘ ʠ ʿʝʜʥʘʯʠʥʘ) ʟʘʜʘʪʢʝ ʜʘʪʝ ʫ 
ʪʝʢʩʪʫʘʣʥʦʿ ʬʦʨʤʠ. 

ɼʦ ʢʦʛ ʥʠʚʦʘ ʩʫ ʫʯʝʥʠʮʠ ʦʩʪʚʘʨʠʣʠ ʧʨʦʛʨʘʤʩʢʝ ʟʘʜʘʪʢʝ, ʦʜʨʝʹʫʿʝ ʩʝ 

ʪʘʢʩʦʥʦʤʩʢʠʤ ʤʦʜʝʣʦʤ. ʇʨʝʤʘ ʪʦʤʝ, ʧʠʪʘˁʘ ʠ ʟʘʜʘʮʠ ʟʘ ʧʦʪʨʝʙʝ ʪʝʩʪʠʨʘˁʘ 

ʨʘʹʝʥʠ ʩʫ ʧʨʝʤʘ ʟʘʭʪʝʚʠʤʘ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʠ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ. 

ʂʦʥʩʪʨʫʠʩʘʥʦ ʿʝ ʧʝʪ ʢʨʠʪʝʨʠʿʩʢʠʭ ʪʝʩʪʦʚʘ ʟʘ ʩʚʘʢʠ ʨʘʟʨʝʜ: ʪʝʩʪ 

ʧʨʝʧʦʟʥʘʚʘˁʘ, ʪʝʩʪ ʨʝʧʨʦʜʫʢʮʠʿʝ, ʪʝʩʪ ʩʭʚʘʪʘˁʘ, ʪʝʩʪ 

ʦʧʝʨʘʮʠʦʥʘʣʥʦʩʪʠ ʠ ʪʝʩʪ ʨʝʰʘʚʘˁʘ ʧʨʦʙʣʝʤʘ. ʉʚʘʢʠ ʦʜ ˁʠʭ ʤʝʨʠʦ ʿʝ 

ʦʜʛʦʚʘʨʘʿʫ˂ʫ ʢʘʪʝʛʦʨʠʿʫ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ ʜʘʪʫ ʫ ʪʘʢʩʦʥʦʤʩʢʦʤ ʤʦʜʝʣʫ.  

ɹʨʦʿ ʟʘʜʘʪʘʢʘ ʫ ʩʚʘʢʦʤ ʪʝʩʪʫ ʟʘʚʠʩʠʦ ʿʝ ʦʜ ʟʘʭʪʝʚʘ ʢʦʿʠ ʩʫ 

ʦʙʫʭʚʘ˂ʝʥʠ ʜʘʪʠʤ ʧʨʦʛʨʘʤʩʢʠʤ ʟʘʜʘʪʢʦʤ. ɿʘʜʘʮʠ ʩʫ, ʪʘʢʦʹʝ, ʙʦʜʦʚʘʥʠ 

ʧʨʝʤʘ ʟʘʭʪʝʚʠʤʘ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ, ʿʝʨ ʩʚʘʢʠ ʦʜ ʠʟʨʘʹʝʥʠʭ ʪʝʩʪʦʚʘ 

ʤʝʨʠ ʠʩʪʠ ʢʚʘʣʠʪʝʪ ʟʥʘˁʘ, ʧʘ ʥʠʿʝ ʙʠʣʦ ʦʧʨʘʚʜʘʥʦ ʨʘʥʛʠʨʘʪʠ ʠʭ ʧʦ 

ʢʦʤʧʣʝʢʩʥʦʩʪʠ. ʊʘʢʦ ʿʝ ʩʚʘʢʠ ʟʘʜʘʪʘʢ ʫ ʪʝʩʪʫ ʙʦʜʦʚʘʥ ʤʘʢʩʠʤʘʣʥʦ, ʩʘ 



ʇʦʚʝʟʘʥʦʩʪ ʧʦʩʪʠʛʥʫ˂ʘ ʫʯʝʥʠʢʘ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʫ 

ʦʢʚʠʨʫ ʩʘʜʨʞʘʿʥʦʛ ʠ ʢʦʛʥʠʪʠʚʥʠʭ ʜʦʤʝʥʘ ʫ IV ʨʘʟʨʝʜʫ ʦʩʥʦʚʥʝ ʰʢʦʣʝ 
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ʦʥʦʣʠʢʦ ʧʦʝʥʘ ʢʦʣʠʢʠ ʩʫ ʟʘʭʪʝʚʠ ʧʨʦʛʨʘʤʩʢʦʛ ʟʘʜʘʪʢʘ ʥʘ ʢʦʿʠ ʩʝ ʦʜʥʦʩʠ 

ʩʘʜʨʞʘʿ. 

ʋ ʪʝʩʪʦʚʠʤʘ ʩʫ ʙʠʣʠ ʟʘʩʪʫʧˀʝʥʠ: ʟʘʜʘʮʠ ʘʣʪʝʨʥʘʪʠʚʥʦʛ 

(ʜʚʦʩʪʨʫʢʦʛ) ʠʟʙʦʨʘ, ʟʘʜʘʮʠ ʚʠʰʝʩʪʨʫʢʦʛ ʠʟʙʦʨʘ, ʟʘʜʘʮʠ ʜʦʧʫˁʘʚʘˁʘ, 

ʟʘʜʘʮʠ ʦʪʢʨʠʚʘˁʘ ʚʝʟʘ ʠ ʦʜʥʦʩʘ ʤʝʹʫ ʜʘʪʠʤ ʝʣʝʤʝʥʪʠʤʘ ʠ ʟʘʜʘʮʠ ʩʘ 

ʢʦʥʩʪʨʫʢʮʠʿʦʤ ʦʜʛʦʚʦʨʘ (ʟʘʜʘʮʠ ʦʪʚʦʨʝʥʦʛ ʪʠʧʘ) ʢʦʿʝ ʩʘʯʠˁʘʚʘʿʫ ʟʘʜʘʮʠ 

ʢʦʿʠ ʥʘʣʘʞʫ ʜʘ ʩʝ ʢʨʘʪʢʦ ʦʜʛʦʚʦʨʠ ʥʘ ʜʘʪʦ ʧʠʪʘˁʝ ʠ ʟʘʜʘʮʠ ʟʘ ʨʝʰʘʚʘˁʝ 

(ʩʘ ʩʣʦʞʝʥʠʿʠʤ ʦʜʛʦʚʦʨʦʤ). ɿʘʜʘʮʠ ʘʣʪʝʨʥʘʪʠʚʥʦʛ ʠ ʚʠʰʝʩʪʨʫʢʦʛ ʠʟʙʦʨʘ, 

ʜʦʧʫˁʘʚʘˁʘ ʠ ʦʪʢʨʠʚʘˁʘ ʚʝʟʘ ʠ ʦʜʥʦʩʘ ʢʦʨʠʰ˂ʝʥʠ ʩʫ ʫ ʪʝʩʪʦʚʠʤʘ 

ʧʨʝʧʦʟʥʘʚʘˁʘ, ʿʝʨ ʧʦʩʪʫʧʘʢ ʜʦʣʘʞʝˁʘ ʜʦ ˁʠʭʦʚʦʛ ʨʝʰʝˁʘ ʧʦʜʨʘʟʫʤʝʚʘ 

ʟʥʘˁʝ ʥʘ ʥʠʚʦʫ ʧʨʝʧʦʟʥʘʚʘˁʘ. ɿʘʜʘʮʠ ʜʦʧʫˁʘʚʘˁʘ, ʢʦʨʠʰ˂ʝʥʠ ʩʫ ʠ ʫ 

ʪʝʩʪʦʚʠʤʘ ʨʝʧʨʦʜʫʢʮʠʿʝ, ʘʣʠ ʩʘʤʦ ʫ ʩʣʫʯʘʿʝʚʠʤʘ ʫ ʢʦʿʠʤʘ ʩʫ ʫʯʝʥʠʮʠ 

ʪʨʝʙʘʣʦ ʜʘ ʥʘ ʦʩʥʦʚʫ ʜʘʪʠʭ ʧʦʜʘʪʘʢʘ ʫ ʟʘʜʘʪʢʫ ʠʟʚʝʜʫ ʟʘʢˀʫʯʢʝ 

ʜʦʧʫˁʫʿʫ˂ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʠʩʢʘʟʝ. ʋ ʩʚʠʤ ʦʩʪʘʣʠʤ ʪʝʩʪʦʚʠʤʘ ʢʦʨʠʰ˂ʝʥʠ ʩʫ 

ʩʘʤʦ ʟʘʜʘʮʠ ʦʪʚʦʨʝʥʦʛ ʪʠʧʘ ʧʨʠʣʘʛʦʹʝʥʠ ʢʘʪʝʛʦʨʠʿʠ ʟʥʘˁʘ ʢʦʿʫ ʩʫ ʤʝʨʠʣʠ. 

ʇʨʠ ʚʨʝʜʥʦʚʘˁʫ ʩʪʝʧʝʥʘ ʦʩʪʚʘʨʝʥʦʩʪʠ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ, 

ʠʟʤʝʹʫ ʦʩʪʘʣʠʭ, ʫʟʝʪʝ ʩʫ ʫ ʦʙʟʠʨ ʠ ʩʣʝʜʝ˂ʝ ʢʦʤʧʦʥʝʥʪʝ ʚʨʝʜʥʦʚʘˁʘ: ʫ ʢʦʿʦʿ 

ʤʝʨʠ ʿʝ ʫʯʝʥʠʢ ʫʩʚʦʿʠʦ ʠ ʨʘʟʫʤʝʦ ʟʥʘˁʘ ʢʦʿʘ ʧʨʦʠʩʪʠʯʫ ʠʟ ʧʨʦʛʨʘʤʩʢʠʭ 

ʟʘʜʘʪʘʢʘ; ʢʦʣʠʢʦ ʩʫ ʪʘ ʟʥʘˁʘ ʧʨʠʤʝʥˀʠʚʘ ʠ ʬʫʥʢʮʠʦʥʘʣʥʘ, ʦʜʥʦʩʥʦ ʢʘʢʦ 

ʫʯʝʥʠʮʠ ʫʤʝʿʫ ʜʘ ʢʦʨʠʩʪʝ ʩʪʝʯʝʥʘ ʟʥʘˁʘ ʫ ʨʝʰʘʚʘˁʫ ʨʘʟʥʠʭ ʧʨʦʙʣʝʤʘ ʠ 

ʫʩʚʘʿʘˁʫ ʥʦʚʠʭ ʤʘʪʝʤʘʪʠʯʢʠʭ ʟʥʘˁʘ; ʦʩʧʦʩʦʙˀʝʥʦʩʪ ʫʯʝʥʠʢʘ ʜʘ ʨʝʣʘʪʠʚʥʦ 

ʙʨʟʦ, ʪʘʯʥʦ, ʩʧʨʝʪʥʦ ʠ ʜʦ ʦʜʨʝʹʝʥʦʛ ʩʪʝʧʝʥʘ ʫʚʝʞʙʘʥʦʩʪʠ ʠʟʚʦʜʝ ʧʦʿʝʜʠʥʝ 

ʠʥʪʝʣʝʢʪʫʘʣʥʝ, ʧʨʘʢʪʠʯʥʝ ʠ ʜʨʫʛʝ ʦʧʝʨʘʮʠʿʝ (ʥʧʨ. ʧʠʩʤʝʥʦ ʠʩʢʘʟʠʚʘˁʝ 

ʟʥʘˁʘ, ʪʝʭʥʠʢʫ ʨʝʰʘʚʘˁʘ ʤʘʪʝʤʘʪʠʯʢʠʭ ʧʨʦʙʣʝʤʘ, ʩʣʫʞʝˁʝ ʩʠʤʙʦʣʠʤʘ, 

ʦʚʣʘʜʘʚʘˁʝ ʨʘʟʥʠʤ ʘʣʛʦʨʠʪʤʠʤʘ ʠʪʜ.); ʬʦʨʤʠʨʘʥʦʩʪ ʦʜʨʝʹʝʥʠʭ ʢʦʨʠʩʥʠʭ 

ʥʘʚʠʢʘ: ʿʘʩʥʦ ʠ ʢʦʥʮʠʟʥʦ ʧʠʩʤʝʥʦ ʠʟʨʘʞʘʚʘˁʝ, ʫʨʝʜʥʦʩʪ ʠ ʩʠʩʪʝʤʘʪʠʯʥʦʩʪ 

ʫ ʨʘʜʫ, ʦʜʛʦʚʦʨʥʦʩʪ ʠ ʩʘʤʦʩʪʘʣʥʦʩʪ ʫ ʨʘʜʫ ʠ ʜʨ.; ʜʦʧʨʠʥʦʩ ʥʘʩʪʘʚʝ 

ʤʘʪʝʤʘʪʠʢʝ ʫ ʨʘʟʚʠʿʘˁʫ ʩʧʦʩʦʙʥʦʩʪʠ ʫʯʝʥʠʢʘ: ʠʥʪʝʣʝʢʪʫʘʣʥʠʭ (ʘʥʘʣʠʟʘ, 

ʩʠʥʪʝʟʘ, ʧʨʠʤʝʥʘ), ʤʝʥʪʘʣʥʠʭ (ʣʦʛʠʯʢʦʛ ʤʠʰˀʝˁʘ, ʨʘʩʫʹʠʚʘˁʘ, 

ʟʘʢˀʫʯʠʚʘˁʘ, ʩʪʚʘʨʘʣʘʯʢʦʛ ʤʠʰˀʝˁʘ), ʧʝʨʮʝʧʪʠʚʥʠʭ (ʧʦʩʤʘʪʨʘˁʝ, 

ʦʧʘʞʘˁʝ) ʠ ʜʨ. 

ʀʥʪʝʨʧʨʝʪʘʮʠʿʘ ʨʝʟʫʣʪʘʪʘ ʩ ʦʙʟʠʨʦʤ ʥʘ ʚʨʩʪʫ ʪʝʩʪʘ ʦʜʥʦʩʠʣʘ ʩʝ ʥʘ 

ʧʨʦʮʝʥʘʪ ʨʝʰʝʥʦʩʪʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠʭ ʟʘʜʘʪʘʢʘ. ɽʚʘʣʫʘʮʠʿʘ ʩʝ ʦʜʥʦʩʠʣʘ ʥʘ 

ʩʪʝʧʝʥ ʦʩʪʚʘʨʝʥʦʩʪʠ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ. 

ʅʘʿʚʝ˂ʠ ʙʨʦʿ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʫ ʦʢʚʠʨʫ ʿʝʜʥʦʛ ʨʘʟʨʝʜʘ ʦʤʦʛʫ˂ʘʚʘ 

ʙʨʟʫ, ʥʝʧʦʩʨʝʜʥʫ ʝʚʘʣʫʘʮʠʿʫ. ʈʘʜʠ ʩʝ ʦ ʢʨʘʿˁʦʿ ʝʚʘʣʫʘʮʠʿʠ, ʧʘ ʩʝ ʟʘ ʩʚʘʢʠ 

ʧʨʦʛʨʘʤʩʢʠ ʟʘʜʘʪʘʢ ʤʦʛʫ ʧʦʩʪʠʟʘʪʠ ʠ ʚʠʰʠ ʥʠʚʦʠ ʟʥʘˁʘ ʧʦ ʢʚʘʣʠʪʝʪʫ ʦʜ 

ʦʥʠʭ ʢʦʿʠ ʩʫ ʩʘʜʨʞʘʥʠ ʫ ˁʝʤʫ. ʅʘʠʤʝ, ʟʥʘˁʘ ʢʦʿʘ ʩʝ ʩʪʠʯʫ ʥʘ ʧʦʯʝʪʢʫ 

ʰʢʦʣʩʢʝ ʛʦʜʠʥʝ ʥʘ ʿʝʜʥʦʤ ʥʠʚʦʫ, ʙʠ˂ʝ ʚʠʰʝʛ ʥʠʚʦʘ ʥʘ ʢʨʘʿʫ, ʿʝʨ ˂ʝ ʙʠʪʠ 

ʠʥʪʝʛʨʠʩʘʥʘ ʫ ʩʠʩʪʝʤ ʟʥʘˁʘ ʢʦʿʘ ʩʣʝʜʝ. 

ʋʟʦʨʢʦʤ ʩʫ ʦʙʫʭʚʘ˂ʝʥʠ ʫʯʝʥʠʮʠ ʪʨʠ ʦʩʥʦʚʥʝ ʰʢʦʣʝ ʠʟ ɺʨʘˁʘ ʫ 

ʧʦʧʫʣʘʮʠʿʠ ʫʯʝʥʠʢʘ ʇʯʠˁʩʢʦʛ ʦʢʨʫʛʘ ʫ ʉʨʙʠʿʠ. ʋʢʫʧʥʦ ʿʝ ʪʝʩʪʠʨʘʥʦ 315 

ʫʯʝʥʠʢʘ IV ʨʘʟʨʝʜʘ, ʰʪʦ ʟʥʘʪʥʦ ʧʨʝʤʘʰʫʿʝ ʩʪʦʧʫ ʙʠʨʘˁʘ 0.05, ʦʜʥʦʩʥʦ 5%, 

ʩ ʦʙʟʠʨʦʤ ʜʘ ʿʝ ʧʦʧʫʣʘʮʠʿʫ ʯʠʥʠʣʦ 3.548 ʫʯʝʥʠʢʘ. ʀʩʪʨʘʞʠʚʘˁʝ ʿʝ 
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ʦʙʘʚˀʝʥʦ ʫ ʧʝʨʠʦʜʫ ʤʘʿïʿ ʫʥ ʰʢʦʣʩʢʝ 2005/2006. ʛʦʜʠʥʝ. ʊʝʩʪʦʚʠ ʩʫ ʨʘʹʝʥʠ 

ʨʝʜʦʤ, ʧʦʯʝʚʰʠ ʦʜ ʪʝʩʪʘ ʧʨʝʧʦʟʥʘʚʘˁʘ, ʧʘ ʩʚʝ ʜʦ ʪʝʩʪʘ ʢʨʝʘʪʠʚʥʦʛ 

ʨʝʰʘʚʘˁʘ ʧʨʦʙʣʝʤʘ ʢʦʿʠ ʧʨʝʪʧʦʩʪʘʚˀʘ ʟʥʘˁʝ ʥʘ ʥʘʿʚʠʰʝʤ ʥʠʚʦʫ ʧʦ 

ʢʚʘʣʠʪʝʪʫ. 

 

2. ɸʥʘʣʠʟʘ ʨʝʟʫʣʪʘʪʘ ʠʩʪʨʘʞʠʚʘˁʘ 

 

ɼʘ ʙʠ ʩʝ ʫʪʚʨʜʠʣʘ ʧʦʚʝʟʘʥʦʩʪ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ ʫ ʩʘʜʨʞʘʿʥʦʤ ʜʦʤʝʥʫ 

ʢʘʦ ʠ ʫ ʢʦʛʥʠʪʠʚʥʠʤ ʜʦʤʝʥʠʤʘ, ʙʠʣʦ ʿʝ ʧʦʪʨʝʙʥʦ ʠʩʧʠʪʘʪʠ ʩʪʝʧʝʥ 

ʦʩʪʚʘʨʝʥʦʩʪʠ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʢʦʿʠ ʩʝ 

ʠʟʫʯʘʚʘʿʫ ʫ IV ʨʘʟʨʝʜʫ ʦʩʥʦʚʥʝ ʰʢʦʣʝ. ʆʚʦ ʟʙʦʛ ʪʦʛʘ ʜʘ ʙʠ ʩʝ ʫʪʚʨʜʠʣʦ ʜʘ 

ʣʠ ʫʯʝʥʠʮʠ ʤʦʛʫ ʜʘ ʦʩʪʚʘʨʝ ʩʚʝ ʧʨʦʛʨʘʤʩʢʝ ʟʘʜʘʪʢʝ ʜʘʪʝ ʫ ʅʘʩʪʘʚʥʦʤ 

ʧʨʦʛʨʘʤʫ ʤʘʪʝʤʘʪʠʢʝ ʟʘ ʦʩʥʦʚʥʫ ʰʢʦʣʫ ʫ ʢʘʪʝʛʦʨʠʿʠ ʟʥʘˁʘ ʢʦʿʫ 

ʧʨʝʪʧʦʩʪʘʚˀʘʿʫ. ʆʩʪʚʘʨʝʥʦʩʪ ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʦʧʨʘʚʜʘʣʘ ʙʠ 

ʠʩʧʠʪʠʚʘˁʝ ʧʦʚʝʟʘʥʦʩʪʠ ʟʥʘˁʘ ʢʦʿʘ ʫʯʝʥʠʮʠ ʩʪʠʯʫ ʦ ʦʚʠʤ ʧʦʿʤʦʚʠʤʘ ʠ 

ʛʝʥʝʨʘʣʠʟʘʮʠʿʘʤʘ. ʈʝʟʫʣʪʘʪʠ ʠʩʪʨʘʞʠʚʘˁʘ ʩʪʝʧʝʥʘ ʦʩʪʚʘʨʝʥʦʩʪʠ 

ʧʨʦʛʨʘʤʩʢʠʭ ʟʘʜʘʪʘʢʘ ʥʘʩʪʘʚʝ ʦ ʧʨʠʨʦʜʥʠʤ ʙʨʦʿʝʚʠʤʘ ʫ III ʨʘʟʨʝʜʫ ʦʩʥʦʚʥʝ 

ʰʢʦʣʝ ʜʘʪʠ ʩʫ ʫ Ăʊʘʢʩʦʥʦʤʩʢʦʤ ʤʦʜʝʣʫ ʠ ʩʪʝʧʝʥʫ ʦʩʪʚʘʨʝʥʦʩʪʠ ʟʘʜʘʪʘʢʘ 

ʥʘʩʪʘʚʝ ʤʘʪʝʤʘʪʠʢʝ ʫ III ʨʘʟʨʝʜʫ ʦʩʥʦʚʥʝ ʰʢʦʣʝñ (ɹʦʛʜʘʥʦʚʠ˂ ʠ 

ʄʘʣʠʥʦʚʠ˂-ɱʦʚʘʥʦʚʠ˂ 2009: 618ï631). ʀʩʪʠ ʧʦʩʪʫʧʮʠ ʢʦʨʠʰ˂ʝʥʠ ʩʫ ʠ ʟʘ 

ʜʦʙʠʿʘˁʝ ʨʝʟʫʣʪʘʪʘ ʢʦʿʠ ʩʝ ʦʜʥʦʩʝ ʥʘ ʩʪʝʧʝʥ ʦʩʪʚʘʨʝʥʦʩʪʠ ʫ IV ʨʘʟʨʝʜʫ, ʘ 

ʢʦʿʝ ʟʙʦʛ ʦʙʠʤʥʦʩʪʠ ʨʘʜʘ ʦʚʜʝ ʥʝ ʥʘʚʦʜʠʤʦ (ʄʘʣʠʥʦʚʠ˂-ɱʦʚʘʥʦʚʠ˂ 2008). 

ʅʘ ʦʩʥʦʚʫ ʜʦʙʠʿʝʥʠʭ ʨʝʟʫʣʪʘʪʘ ʠʟʨʘʹʝʥʝ ʩʫ ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʇʠʨʩʦʥʦʚʝ 

ʢʦʨʝʣʘʮʠʦʥʝ ʤʘʪʨʠʮʝ.  

ʇʠʨʩʦʥʦʚʘ ʢʦʨʝʣʘʮʠʦʥʘ ʤʘʪʨʠʮʘ ʢʦʿʘ ʫʢʘʟʫʿʝ ʥʘ ʧʦʚʝʟʘʥʦʩʪ ʫʩʧʝʭʘ 

ʫʯʝʥʠʢʘ ʫ ʨʝʰʘʚʘˁʫ ʟʘʜʘʪʘʢʘ ʫ ʪʝʩʪʦʚʠʤʘ ʢʦʿʘ ʩʝ ʦʜʥʦʩʠ ʥʘ ʢʘʪʝʛʦʨʠʿʝ 

ʟʥʘˁʘ ʪʘʢʩʦʥʦʤʩʢʦʛ ʤʦʜʝʣʘ, ʦʜʥʦʩʥʦ ʥʘ ʧʦʚʝʟʘʥʦʩʪ ʫʩʧʝʭʘ ʫʯʝʥʠʢʘ ʫ 

ʢʦʛʥʠʪʠʚʥʠʤ ʜʦʤʝʥʠʤʘ, ʜʘʪʘ ʿʝ ʫ ʪʘʙʝʣʠ 2. 

 




